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PEEFAOE. 



The distinctive features of the following work belong partly 
to the course of which it forms a part, and need but a brief 
statement. 

I. The device by which mathematical teaching is to be most 
promoted is, the author conceives, to be found in the minute sub- 
division of subjects, and the drill of the student in the separate 
details before combining them into a whole. The system to which 
we are thus led is seen in the arrangement of Chapters L, II., and Y. 

II. By exercises in which the subject is taken up in a concrete 
form, the formation of mathematical conceptions is greatly facili- 
tated. An application of this principle is seen in the cases where 
the student is exercised in finding the values of trigonometric func- 
tions by construction and measurement. 

TIT. The problems for exercise are quite varied in their charac- 
ter, and are intended to test not only the student's knowledge of 
the usual methods of computation, but his ability to grasp them 
and trace them out in the numerous forms they may assume in 
practical applications. 

IV. In the arrangement, strictly logical order has been sub- 
ordinated to order of teaching. In accordance with this principle, 
all the simpler applications of the trigonometric functions have 
been disposed of before their complex relations. 

V. The scope of the work is generally limited to the subjects 
and treatment necessary in the fullest course of mathematics 
usually taught in our colleges and technological schools. The 
concluding chapter of each part perhaps exceeds the limit thus 
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iv PREFACE. 

set. That of Fart I. is an introduction to the employment of 
imaginary quantities in trigonometric developments, while that of 
Part II. is an introduction to the higher forms of solid geometry. 
VI. To the usual list of subjects treated, has been added i 
chapter on the theory of polygons. This theory is closely con 
nected with a variety of subjects, including geometry, quaternions, 
mechanics, graphical statics, surveying, and navigation, and there- 
fore deserves a more prominent place than has hitherto been 
assigned to it. 
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Elements of Trigonometry 



PART I. 
PLANE TRIGONOMETRY. 



CHAPTER I. 

OF QOMOMETRY, OB THE MEASURE OF ANGLES. 



1. Definition. Trigonometry is that branch of geometry 
in which the relations of lines and angles are treated by algebraic 
methods. 

2. JDef. An angle is the figure formed by two straight lines 
^emanating from the same point,' called the vertex of the angle. 

Def. The lines which form an angle are called its sides. 

3« Measures of Angles. An angle is measured by the length 
of a circular arc having its centre at the g 

vertex of the angle and its ends on the sides 
of the angle. / 

If the angle to be measured is AOB, : 

we conceive that with an arbitrary radius j ^ p — A 

Oa an arc is drawn from a to b. \ 

We regard as the positive direction that jf^ y 

in which the arc is described by a motion 
opposite to that of the hands of a watch, and as the negative direc- 
tion that in which the hands move. 

Hence we may consider the angle as measured either by the 
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2 PLANE TRIGONOMETRY. 

arc ab considered as positive, or the conjugate arc aMb considered 
as negative. The numerical sum of these two arcs is equal to a 
circumference. 

As an example of the use of algebraic signs, we may mention 
their application to th$ latitude of places to distinguish them aa 
north and south. Thus, a city in 42° north latitude is said to have 
a latitude of + 42°, and one 42° south of the equator is said to be 
in latitude — 42°. 

The absolute length of the arc will depend not only upon 
the magnitude of the angle, but upon the radius with which the 
arc is drawn. To avoid ambiguity from this cause, the unit of 
arc is supposed to be some fixed fraction of the circumference, 
and therefore greater the greater the radius. The arc is then 
indicated by the number of units and parts of a unit which it con- 
tains, and this number is the same for the same angle whatever 
the radius may be. 

To indicate the Wangle corresponding to any arc we call it the 
angle of the arc, or, for brevity, the cmgle-a/rc. 

4. The Sexagesimal Division. The following is the usual 
division : 

The circumference is divided into 360 units, called degrees ; 
Each degree is divided into 60 tninutes ; 
Each minute is divided into 60 seconds. 
Then 

1 circumference = 360° = 21 600' = 1 296 000" ; 

1 quadrant or right angle = 90°. 
This is called the sexagesimal division of the circle. 

5, The Centesimal Dimsion. The sexagesimal division of thfr 
circle is by no means so convenient as one in which each unit is 
10 times or 100 times greater than the next smaller unit. The 
centesimal division was introduced by the French geometers at 
the time of the Revolution. In this system 

The circumference is divided into 400 grades; 
The grade is divided into 100 minutes; 
The minute is divided into 100 seconds. 
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OF QONIOMEfRY. 3 

Hence 1 circumference = 400 grades = 40 000 min. = 4000000 
sec. ; which is commonly written 

400"- = 40 000' = 4 000 000*. 
Notwithstanding its greater convenience, this system never 
came into general use, owing to the difficulty of changing all the 
mathematical tables to correspond with it. 

6. Decimals of Degrees or Minutes. Sometimes, instead of 
seconds, decimals of a minute are used. Both minutes and seconds 
may be dispensed with and decimals of a degree be used in their 
place. 

7. General Measure of an Angle. The best way of thinking 
of angular measure is to conceive the side OA of the angle to turn 
round on O until it reaches the position OB. In thus 'turning, a 
point A upon it will describe the circular arc which measures the 
angle AOB. The length of this arc will then be proportional to 
the amount by which OB turns in passing f r#m OA to OB. 

The side may pass from OA to OB not only by describing 
the arc ab, but by moving through a whole revolution ^u* the arc 
ab, or through any number of revolutions phis the arc ab. When 
we consider the angle in the most general way, all these motions 
will equally measure the angle. Hence we may suppose, indif- 
ferently, 

Angle AOB = angle-arc ab, 
or Angle AOB = angle-arc ab + 360°, / 
or Angle AOB = angle-arc ab -f- 720°, / 
etc. etc. I 

If we put O for 360°, or the circum- \ 
ference, the general measure of the angle is ^ / 

Angle AOB = iC -\- angle-arc ab, (1) 
in which i may be any integer whatever, positive or negative. 

We may consider this same form to include the negative 
measure aMb. For, since ab + aMb = C, we have 

Arc ab = O — arc aMb. 
By substituting this value in (1) it becomes 

Angle AOB = (♦+ 1)C- arc aMb. 
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4 PLANS qSieONOMET&Y 

Since we have i = — 2, — 1, 0, 1, 2, 3, etc, ad infinitum, 

i-\-l may go through the same system of integral values as i. 

In general, if an angle is n° less than a circumference, we may 
call it, indifferently, 

Angle of (360 — n)° or angle of — n°. 

The general measure of the angle expressed in the form (1) 
has its most convenient application in Astronomy. The heavenly 
bodies perform unceasing revolutions, and thus describe continually 
increasing angles ; but each revolution brings them back to what 
we may consider the same position relative to the centre of motion. 

8* In order to give entire algebraic precision to the measure 

of an angle, we must suppose a distinction between the side from 

vhich we measure and the side to which we measure. In all the 

preceding examples we have supposed the measure to be from OA 

to OB. Had we measured from OB to OA, the arc ab would 

have been described in the negative direction, or aMb would have 

been described in the positive direction. Hence we should have 

had 

Angle BOA = — arc db or + arc aM J, 

which is the negative of the corresponding measure from OA to 
OB. Hence : 

By interchavigmg the sides we chomge the algebraic sign of 
the angle. 

To give uniformity to this mode of measurement, the side OA, 
from which we measure, is supposed fixed, while the other side 
varies in direction according to the magnitude of the angle. 

When angles are represented in a general way, the side OA 
may be conceived as extending out horizontally towards the right. 
Then the other side, OB, will have a definite direction for every 
angle we choose to assign. For example : 

For 90° the side OB will point upward. 
« 180° " " " " " to the left. 
« 270° " " « " " downward. 
« 360 o « « « a « to the right. 
a 450° a a « « « upward, 
etc. etc. 
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Counting the angles in the negative direction, 
For — 90° the side OB will point downward. 
« _ 180° " " " " " to the left. 
« — 270° " " " « " upward, 
etc. etc. , 

9. Division into Quadrants. The circle 
which measures angles is, for convenience, \ 
supposed to be divided into quadrants, as in 
the figure. 

An angle between 0° and 90° is in the first quadrant. 
" « " 90° " 180° " " second " 

a a « i8o<> « 270° " " third " 

" " « 270° " 360° " " fourth " 

Counting the angles negatively from OA, 
An angle between 0° and — 90° is in the fowrth quadrant. 
« " " — 90° " — 180° " " third " 

« « « _ 180° " - 270° " " second " 

« « « _ 270° " — 360° " " first " 




Exercises. 

1. From the point O emanate a set of 5 lines making equal 
angles with each other, and another set of 
6 lines making equal angles with each 
other, the line OA being common to the 
two sets. Compute the values in degrees 
of the ten angles AOb, bO£, £Oc 9 etc., 
to/OA. 

2. What is the value of that angle 
whose negative measure is numerically 
double its positive measure ? 

3. If a side starting from the zero point move through — 1905°, 
in what quadrant will it be found, and what will be the smallest 
positive measure of the angle f 

4. Two arms start together from the same position OA to turn 
round O, the one going in the positive direction, so as to revolve 
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6 PLANE TMGONOMRTRY. 

in 60 seconds, the other in the negative direction, bo as to re- 
volve in 36 seconds. At what angle and in what time will they 
meet? 

5. If two revolving arms start ont together from the position 
0° in the same direction, the one going 5° a minute and the other 
8° a minute, through what arc will each have moved when they 
again come together? At what angle will they meet? If they 
continue turning, after how many revolutions of each will they be 
together at their starting point ? 

6. Four lines, #, J, c, d, emanate from the same point o, 
making angle boo = 2aob, cod = 2boc, doa = 2cod. What are 
the values of the four angles which they form? 

7. If an angle of 140° is multiplied successively by — 2, — 3, 
— 4, — 5, — 6, — 7, in what quadrants will the respective multi- 
ples fall, and what will be the smallest positive measures of the 
several angles formed ? 

8. Show that the following pairs of angles are supplementary : 

90°+a?and 90°— a?; 

270° -a? and 270° + x; 

60° - x and 120° + x. 

9. Show that the following pairs are complementary : 

45° -a? and 45° + a>; 

1 225° -x and 225° + x; 

60° — aand 30°+». 

The Division of Angles. 

10. Bisection. If the angle AOB = rc°, and if Ob is its 
bisector, then AO b = Jn°. % 

If the side OB revolves about 0, and \ 
the side Ob also revolves in the same 
direction half as fast, then Ob will con- 
tinually bisect the angle AOB. 

When OB completes a revolution, re- 
turning to the position OB, the bisector / 
Ob will have moved through 180°, and c 
will therefore lie in the opposite direction, Oc. Another revolu- 

» 
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OF GONIOMETBY. 7 

tion of OB will bring the bisector to the position Ob again, yet 
another to Oc, and so on. Hence ; 

The general measure of an angle has two bisectors 180° apart. 

11. Trisection. If the side b is to continually measure one 
third the angle A OB as OB revolves, 
then we must have 

AOb = $AOB. 

If OB, starting from the position " 
in the figure, goes through one revo- 
lution, Ob will go through 120° to the 
position Oc. . A second revolution of 
OB will bring Ob 120° farther, to Od, 
and a third to its first position, Ob, 
after which it will repeat its movements, Hence : 

One third the general measure of an angle has three special 
<mgular values differing by 120°. 

12. Division into n Paris. If , as OB revolves, Ob continually 
measures — of it, then every revolution of OB will turn Ob 

through — of a revolution. Hence : 

° n 

The nth pari of the general measwe of an angle has n special 
angular values. 

13. Analytic Deduction. It will be remarked that, in the 
preceding sections, what we take the nth part of is not the angle 
A OB, but the general measure of this angle. This will be clear 
from the following analytic deduction of the same result. 

Let the smallest measure of the angle A OB be a. Then the 

other measures of this angle (§ 7) will be 

a+C, a + 2C 9 * + 36 Y . . . a + iO. 

Dividing these quantities by n, the quotients will be 

a ct 1 a 2 

-, m + =-C, - + -C, etc. (1) 

n 7 n ' n ' n ' n x ' 

The (n + l)th angle of this series will be 



oc n oc 
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8 PLANE TRIGONOMETRY. 

which will correspojid to the same position of OB as — does* 
The continuation of the series will be 

n ' l n * n l n • 

showing that the positions will be continually repeated in regular 
order. 

Exercises. 

1. If AOB = 30°, or 30° + tf, or 30°+ 26 T , etc., at what 
angles will \AOB fall? 

2. How many degrees between the minute-lines on a clock-face ? 

3. At what angles with XII. are the hour and minute hands of 
a clock together t 

4. If the hour-hand is so displaced that when the minute-hand 
is at XII. the hour-hand is 2 m past XII., at what angles will 
the hands be together % 

5. What values may two thirds of the general measure of an 
angle of 105° have! 

6. If an angle is in the third quadrant, what are the limits be- 
tween which its bisectors must fall? 

7. Between what three sets of limits must a be contained in 
order that 3a may fall in the fourth quadrant ? 

8. Show that while one sixth of the general measure of an 
angle has six different values, two sixths has only three values, and 
three sixths only two values. Show that this diminution arises, 
from several values falling together when multiplied by 2 or 3. 
As an example, take the case when a = 48°; \a = 8°, 68°, etc. 

14. Natwral Measure of Angles. The division of the circum- 
ference into 360° is entirely arbitrary, and any other angle than 
the degree may be taken as the unit. 

In purely mathematical investigations, where 
no division into degrees is required, the length 
of the radius is taken as the unit of measure. 

This unit is called the radian. 

The radian is therefore the angle subtended 
by an arc whose length is equal to the radius. 




An angle of one radian. 

in which 
arc XB = radius OX. 



Digitized by VjOOQLC 



OF QONIOMETRY. a 

To find the relation of this unit of angle to the degree,, 
minute, and second, we note that the ratio of the entire circum- 
ference to the diameter is 3.141 592 65, etc. (Geom., Book 
VL,§5.) 

Hence its ratio to the radius is double this number, or 
6.283 185 3, etc. Since the circumference measures 360°, the unit 

radius will measure 6 oqq i 85 q > or 57°.295 779 5 . . . . Hence 



1 radian = 57.295 779 5 . . . 

* = 3437.746 77 ... . minutes. 
= 206 264.806 .... seconds. 
In mathematics we use the symbol 

circumference i circumference ^ „ ^ „^ 

*= diameter = SdHi = 3 ' 141 59365 

Hence, when we take the radian as the unit, 
\n represents an angle of 90° ; 



It 


u 


u 


a 


" 180°; 


2* 


fc 


ii 


u 


" 360° = circumference ; 


\n7C 


u 


« 


a 


" n circumferences. 



Exercises. 

Considering the radius of the circle as unity, what is the length 
of circular arcs subtending the following angles? 

1. 28° 17' 15*.6. Ans. 0.493 72. 

2. 14° 8' 37".8 " 0.246 85. 

3. 22° 25' 53".4 " 0.39151. 

4. 90° « 1.570 80. 

Note. In these exercises the angle is first to be reduced to a common 
denomination of measure, either degrees, minutes, or seconds. For instance, 
28° 17' 15\6 = 101885'.6 = 169T.26 = 28°.28767. 

If the radius is 100 metres, how many degrees and minutes 
will arcs of the following lengths subtend ? 

5. 100 metres. Ans. 57° 17' 44".8. 

6. 72 metres. " 41° 15'.1. 

7. 310 metres. " 177° 37'. 
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10 PLANS TRIGONOMETRY. 

With what radius will — 

8. Arc of 32 metres' length subtend an angle of 32° ? 

Ans. 57 n 

9. Arc of 32 metres' length subtend an angle of 32' ? 

10. " " 32 " " " " " " 32"? 

11. " " 1 metre " " " " " 67' I 

Ans. 3078 m .6. 

12. Two railways met at right angles at 0. They are to be 
connected by a quadrant PQ, of which the inner rail shall be 
600 metres in length. What is the common a 
distance OP and OQ of the switches from the "^\ "] 
point in which the two inner rails would \ j 
meet? Ans. 381 m .97. \ 

13. In the preceding case, if the rails are 5 
feet apart, how much longer will the outer 
rail of the curve be than the inner one ? 

Ans. 7.854 feet. 

14. Show that if three circles, equal or unequal, mutually touch 
each other externally in the points A> B, and (7, the sum of the 
three included arcs AB + B G + CA, expressed in angular meas- 
ure, is equal to a certain constant. What is this constant? 

15. If the two lesser circles, still touching each other, touch 
the greater one internally, show that the sum of their arcs^mtViw* 
the arc of the greater circle, expressed in angular measure, is equal 
to the same constant as that of the preceding problem. 

16. The earth's equatorial diameter being 12,756 kilometres, 
what is the length of one degree of the equator in kilometres and 
in miles, assuming 1 metre = 39.37 inches. 

17. Explain why a degree of latitude is greater at the poles 

than at the equator, although the radius erf the earth is less. 

Remark. — At this stage of his progress, if not sooner, the student should be 
familiarized with the use of the logarithmic and trigonometric tables, and should 
employ them in ail computations in which they are applicable 
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The Sine, Tangent, and Secant. 

15. To investigate the numerical relations between the sides 
^nd angles of geometric figures, certain functions of angles are 
employed in trigonometry. These functions are defined in the 
following way : 

Let OX be that side of the angle from which we measure, the 
length OX being taken as the radius of a circle. Also, suppose 

OB j the side to which we measure ; 

My the point in which OB intersects the circle; 

XQ, the line tangent to the circle at X; 

N, the point at which 
this tangent meets the 
side OB ; 

MP, the perpendicu- 
lar from M upon OX. 

Then taking the ra- 
dius OX as unity, and / 
expressing other lengths ' 
in terms of this unit : \ 
I. The length MP \ 
is called the sine of the y 
angle XOB. 

II. The length NX 
is called the tangent 
of the angle XOB. 

III. The length ON is called the secant of the angle XOB. 
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The absolute lengths of the lines representing the sine, tan- 
gent, and secant, considered as lines, will vary with the radius of 
the circle. This is avoided by taking for the sine, tangent, and 
secant, not the lines which represent them, but the ratios of 
the lines to the radius of the circle, which ratios will be pure 
numbers. 

We have now to prove that these 
numbers are the same for the same 
angle whatever be the radius. 

Let 270 IP be the angle. 

From the vertex O draw the two 
arcs XM and X f M with any two radii 
OX and OX. 

Erect the respective sines and tangents PM, XN, P* M, XN. 

Then because the triangles OPM, OXN, OP f M, and OXN 
have the angle at common, and the respective angles at P, X, 
P\ and X r all right angles, and therefore equal, these triangles 
are equiangular and similar. 

Comparing the sides about the equal angles we have the ratio 
PM : OM = P'M : OM'\ 
XN : OX = XN : OX'\ 
ON : OX = ON : OX' 
Because OM = OX = radius of inner circle, 

and OM = OX = radius of outer circle, 

we have, by definition, 

PM : 0Jf = sine of POM; 
XN : OX = tangent of POM; 
ON : OX = secant of POM. 

The equations (a) now show that the sine, tangent, and secant 
of the angle will be represented by the same numbers whether we 
measure them in the inner or outer circle. Therefore : 



\ 



w 



To each angle of a definite magnitude corresponds 
One definite number, called the sine of the angle; 
Another definite nwnber, called the tangent of the angle; 
Another definite number, called the secant of the angle. 
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THE TRIGONOMETRIC FUNCTIONS. 18 

17. Notation. If we call a any angle, 

Its sine is written sin a ; 

" tangent " tan a; 

" secant " sec a. 

Note. The representation of the trigonometric functions by lines is for the 
-sake of clearness. They are not really lines, but ratios of lines which are pure 
numbers. But in studying these numbers the ideas are fixed by representing 
them by lines, as is done in some departments of algebra. We have only to 
remember that the lines are not the functions themselves, but lengths propor- 
tional to the functions, and therefore admitting of being used to represent the 
functions. These lengths are, however, really equal to the products of the radius 
by the corresponding functions. For example, if 

PA/" 
funXOM^ffp-, • * 

Radius 

then sin XOM . Radius = PM. 

18. Remark. The sine of an angle is equal to half the chord 
of twice the arc of the angle, the radius being supposed unity. 
Hence : 

Any chord in a circle is equal to the radius muUipUed by 
twice the sine of half the angle subtended by the chord. 

Exercise. 

Let the student find by actual measurement with dividers and 
«cale the sine, tangent, and secant of every 10° 
from 0° to 90° in the following way: 

With a radius equal to some unit or some 
whole number of units on a scale, describe the 
quadrant XB. Either 4 inches, 5 inches, or 
a decimetre would be a convenient radius. 

Divide the quadrant into 9 arcs of 10° 
each. Through each point of division, M ., tt , ,. 
for instance, draw a radius and continue it //%vV-'-'*'*^V.----\ 

until it intersects the tangent at N. Then fe •>-"• " """ , w 

measure — 

1. The distance of each division-point on the arc from the line 
OX, which distance, divided by the radius, will give the sine of the 
corresponding angle. 




N 
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2. The distance of each point of intersection, JT, from X, which 
being divided by the radius will give the tangent of the angle. 

3. The length of each ON, which being divided by the radius 
will give the secant of the corresponding angle. 

The results should all be expressed in decimals to three places, 
exhibited in a little table in the following form, and afterward 
compared with the values found in the trigonometric tables : 



0° 
10° 
20° 
80° 
etc 



Tangent. 



With care the average deviation of the measures from the 
truth ought not to exceed .005, except in the cases of the tangent 
and secant of 70° and 80°, which are so great that they cannot be 
easily found in this way. 

19. To find, by measurement, the angle corresponding to a 
given sine, tangent, or secant. 

Analysis. If a sine is given, the end of the arc correspond- 
ing to the required angle must be at a distance from the line OX 
equal to the given sine, the radius being unity, y . 
Therefore if we take on the perpendicular 
OY a distance OR equal to the product of 
the radius by the given sine, and through H 
draw a parallel to OX, the point in which it 
intersects the arc will give the required angle. 

To find the angle corresponding to a given 
tangent we take a distance XS equal to the product of the given 
tangent into the radius. Join OS. The angle XOS will be that 
required. 

For a secant we take the product of the radius by the secant in 
the dividers, and from O as a centre draw an arc cutting XNm 
a point N. Joining ON, the angle XON will be that required. 
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Exercises. 

1. Find by measurement the angles of which the sines are 
J, 0.3, 0.4, 0.6. 

2. Find arc-tan J, 1, 1.5, 3. 

The expression arc-tan is used for brevity to mean the arc corresponding to 
a given tangent. 

3. Find arc-secant 1.5, 2. 

20. Functions of unlimited angles. Thus far we have con* 
sidered only the sines, tangents, and 
secants of angles less than 90°; that is, 
of angles in the first quadrant (§9). 
As our angle increases to an entire cir- M / 
cumference, the functions are deter- v [ 
mined by the same construction modi- 
fied to suit the case. 

The following are the general defi- 
nitions : 

We first generalize the construction. 

On the sides of the angle we take equal lengths 0Xand OM 
as the unit of measurement and radius of the circle. 

.At Xwe erect a line TXT' perpendicular to OX, extending 
indefinitely in both directions. 

We also suppose the revolving side OM to be produced indefi- 
nitely in both directions, and XO to be produced so as to form 
the diameter XU. 

Then, however the side OM may revolve — 
I. T/ie sine of the angle XOM is always represented by the 
perpendicular from Mvpon the line OX. The sine is positive or 
negative according as Jfis above or below OX. 

II. The tangent of the angle XOM is always represented by 
the distance from Xto the point in which the side OM produced 
intersects the Une TXT'. The tangent is positive or negative 
according as the point of intersection is above or below X. 

III. The secant of XOM is the length of OM produced inter- 
cepted between O and the vertical line TXT'. The secant is 
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positive or negative according as it is in the direction from to- 
ward M or in the opposite direction. The positive direction of 
O M is supposed to revolve with the side 03£ 9 and therefore to be 
always from O toward M. 

21. Changes in the value of the sine. If we suppose the 

side Om of the angle XOm to revolve around 0, carrying the 

sine rrvp with it, the latter will increase to 

its maximum value, equal to radius unity, 

when m reaches Y, and angle XOm = 

90°. Hence 

sin 90° = + 1. 

As m moves from Y to X\ the sine 
will diminish from 1 to zero. Because 
angle XOX = 180°, 

sin 180° = 0. 

If m passes over X 1 into the third quadrant, the perpendicular 
M'P' will be below the line X'OX. This change of direction is 
expressed by changing the algebraic sign of the perpendicular from 
+ to — . This is in accordance with the following general principle : 

Whenever distances measured in one direction a/re considered 
positive, those in the opposite direction are negative. 

Hence also : 

In the third quadrant the sine is negatim. 

When the point m reaches the position Y f it will have 
moved through three quadrants or 270°, and the sine will coincide 
with the radius OY' of length unity. Hence 

sin 270° = - 1. (1) 

As m moves from Y f to X y the sine will increase from — 1 
to 0. Hence: 

I. In the fourth quadrant the sine is nega- 
tive. 

II. sin360° = sin0° = 0. 

The changes of algebraic sign as the angle 
goes through the four quadrants are shown in the 
annexed diagram. 

Angles having equal sines. If angle X'OM = XOm, the 




Algebraic signs 
of the sine. 
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two angles XOm and XOM will be supplementary. Also in this 

case the triangles XOm and X'OM will be identically equal; so 

that 

PM=pm. 

Now PM represents by construction the sine of XOM, and 

jm the sine of XOm. Hence : 

The sines of supplementary angles cure equal. 

In symbolic language this theorem is expressed thus : If a be 

any angle, then 

sin (180° — a) = sin a (2) 

and sin (90° + a) = sin (90° — a). 

If the points M ' and M" are equally distant from T\ so that 

angle M'OY' = angle Y r OM'\ which angle call y, the sines 

P'M' and P"M" will be equal. Hence, whatever be y, 

sin (270° - y) = sin (270° + y). 

22. Changes in the tangent. As the line Om revolves round 
O and m approaches Z", the point of intersec- 
tion N will move upwards without limit. As 
-m reaches Y, Om will become parallel to the 
tangent line, and the point N will recede to 
infinity. Hence : 

The tangent of 90° is infinite. 

When m is in the second quadrant, suppose 
in the position Jf, the revolving side OM will 
not intersect the tangent line at all in the posi- 
tive direction OM, We must therefore suppose the revolving line 
to be produced in the negative direction ON 1 so as to intersect 
the tangent line at N' below X. The distance XN' is then to be 
regarded as negative. Hence : 

In the second quadrant the tangent is negative. 

Following the motion, we see* that when m reaches X' 9 N' 
reaches Xand the tangent becomes zero. Hence 

tan 180° = 0. 
When m is in the third quadrant, N passes above X and the tan- 
gent is positive, so that 

In the third quadrant the tangent is positive. 




Digitized by VjOOQlC 



18 PLANE TBIQONOMSTBT. 

Continuing the reasoning, we see that the tangent of 370° is 
infinite, and that in the fourth quadrant the tangent is negative. 

23 Changes in the secant. The secant is defined as the 
distance ON from O to the point N 9 in which the revolving side 
intersects the tangent line XN. 

When m falls on X and the angle is zero, the secant is equal to 

OX or unity. Hence 

sec 0° = 1. (3) 

As m moves from Xto Y> the secant increases without limit 
and becomes infinite when m reaches Y. Hence 

sec 90° = oo. (4> 

As m moves from Y through X' to Y' 9 the intersection of 
the revolving line with the tangent line falls in the negative part 
of OM , or in the direction ON'. Hence : 

In the second and third quadrants the secant is negatwe. 

At Y' 9 when the angle is 270°, the secant again becomes in- 
finite. 

Between Y f and X, or in the fourth quadrant, it is again 
positive. 

24. If we suppose the revolving line to make an integral 
number of revolutions from any point, it will return to its original 
position, and all the trigonometric functions will have the values, 
corresponding to that position. Hence, if C is a circumference 
and n any integer, 

sin (ntf-f" a) = sin a; 1 
tan(ntf+a)=tana; [ (5) 

sec (nO + <*) = sec a. J 
In other words, 

The values qfthe trigonometric functions are not altered Vy 
increasing the angle by any integral number of circumferences. 

If the angle is increased indefinitely, the values of these func- 
tions continually repeat themselves. This fact is expressed by 
saying that these functions are periodic 
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ExEBOISES. 

Prove the f ollowing expressions for the trigonometrical func- 
tions of angles of more than 90° by the necessary diagrams. The 
angle m may be supposed less than 90°, though this restriction is 
not necessary to the validity of the formulae. 

1. sin (90° + x) = sin (90° - x); ' 

2. sin (180° + x) = — sin x; > (6) 
t 3. sin (270° + x) = — sin (90°- x). J 

4. tan (90° + a?) =— (tan90° — a>); * 

5. tan (180° + x) = tan x ; (7) 

6. tan (270° + x) = - (tan 270°— x). J 

7. sec (90° + x) = - sec (90°— x); " 

8. sec (180° -f- x) = — sec x; (8) 

9. sec (270° + x) = - sec (270°- x). J 

10. sin (— x) = — sin x; " 

11. tan (— x) = — tan a?; * (9) 

12. sec (— x) = sec x. 

Note. When we have the values of the trigonometric functions from to 
90°, we can by these formulae find the values for all angles. 

The Cosine, Cotangent, and Coaeoant. 

25. In the preceding sections we have supposed the side of 
the angle from which we count the degrees to go out toward the 
right, and the positive direction of motion to be opposite to that 
of the hands of a watch. But this restriction is only to fix the 
thought. We may suppose the angle to have any situation and 
to be counted in any direction without changing the values of the 
sin^ tangent, and secant, provided that we reckon the lengths of 
the lines representing the functions in the right way. 

Let us count the angle from OT in the direction toward OX. 
The tangent line must then touch the circle at Y y and its positive 
direction must be toward the right. 

Then (radius OY= 1) the lines 

PM = sin POM, ' 

YN=\anPOM, ■ (a) 

ON = sec POM, - 
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will have the same values as in an angle equal to POM counted 
in the usual way from OX toward Y. 

Moreover, the changes of sign will * 
be the same as before through the whole 
circle, namely : 

From X to Y' (now the second 
quadrant) the sine PM will be positive 
because it is measured to the right. 

From Y' to X' (the third quadrant) 
it will be negative because it is measured toward the left. 

It will also be negative from X' to Y (now the fourth quadrant). 

The corresponding propositions can be shown for the tangent 
and secant. 

Now because angle XOM+ angle Jf0F= zng\eXOY= 90°, 

MOYi& the complement of XOM. Therefore the equations (a) 

may be written 

PM= sin comp. of XOM; 

YN = tan comp. of XOM; 

ON = sec comp. of XOM. 

Because when we have an angle its complement can always 
be determined by subtracting it from 90°, we can always find the 
sine, tangent, and secant of the complement when we know the 
angle. Therefore the sine, tangent, and secant of the comple- 
ment of an angle may be regarded as three additional trigono- 
metrical functions of the angle itself. They are named thus : 

The sine of the complement is called the cosine of the angle. 

The tangent of the complement is called the cotangent of 
the angle. 

The secant of the complement is called the cosecant of *the 
angle. 

Thus the new functions are defined in the following way : 
cosine a = sin (90° — a); 
cotang a = tan (90° — a); 
cosecant a = sec (90° — a). 

The words cosine, cotangent, and cosecant are abbreviated to 
-cos, cot, cosec, respectively. 



(10) 
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The forms (10) enable us to find the cosine, cotangent, and 
cosecant of an angle when we kdow the sine, tangent, and secant 
of its complement. Thus if the cosine of 60° is required, we have 
cos 60° = sin (90° - 60°) = sin 30°. 
Also, by substituting 90° — a for a y we find 
sin a = cos (90° — a)\ " 
tan a = cot (90° — a); > (11) 

sec a = cosec (90° — a). t 
The versedrsine and co-versed-sine. Besides these six func- 
tions, two otherp, the versed-sine and co-versed-sme y are sometimes 
used. Their definitions are : 

Versed-sine = PX= 1 — cosine ; 
Co-versed-sine = OY — PM= 1 — sine. 
. 26. The six trigonometrical functions may be represented on 
a single diagram. The 
functions as written are 
all those of the angle 
XOM. For the secant 
and cosecant we have 
OJT^BeoXOM, 
OW^coeeeXOM, 
because XOM is the 
complement of MOY. 

Because PM \\ OP' 
and OP || P'M, there- 
fore OP = P'M, so that 
we may take either OP or P' M as the cosine of XOM. 

27. The general definitions of §20 may be extended to com- 
plementary functions, thus: 

Having OY L 0Xand OY= OX 
= 1, we draw through JTan indefinite 
line FT parallel to OX Then— 

IV. The cosine of amy angle XOM u 
is represented ly the distance OP to 
the foot of the sine, positive or negative 
accordmg to its direction. 
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V. The cotangent qf amy angle XOM is represented by the 
length from Y to the point* in which OM produced inter- 
sects TT. 

VL The cosecant qf XOM is represented by the length qf the 
side OM, intercepted between O and the line TT. 

The algebraic signs of the several functions in the four quad- 
rants are shown in the following diagram. 

Tangent. 



Sine. 



Secant. 




Ooeecant. Cotangent. Cosine. 

28. The following are the limiting values of the trigonometri- 
cal functions : 

L Sine and cosine. The sine MP and cosine OP are neces- 
sarily not greater in absolute value than OM= 1. The limits of 
these functions are therefore -f- 1 and — 1. 

II. Seca/nt and cosecant. Since the tangent line lies without 
the circle, a secant can never be less than unity in absolute magni- 
tude. But we have found that it may increase to infinity in either 
the positive or negative direction. Hence the limits of the secant 
and cosecant are 1 and infinity } and — 1 and — oo . 

IIL Tangent and cotangent. The limits of the tangent are 
easily seen to be — oo and + oo , or a tangent and cotangent may 
have any value whatever. 

29. When we know the numerical values of the sine, tangent, 
and secant of all angles from 0° to 90°, we have the values of all 
six functions of any angle whatever, because as we go around the 
circle the values of the functions are simply repetitions of the 
values between 0° and 90°. 

Let a be any angle less than 90°. Then any angle in the first 
quadrant may be represented by a. 

In the second quadrant it may be represented by 180° — ou 

« third " « « " 180° + a. 

" fourth « « u a 860 o _ ^ 
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The student should now have no difficulty in demonstrating 
the following relations by completing the 
construction indicated in the margin and 
attending to the general definitions §§ 20, 
27. Some of these relations have already 
been given or explained. 




sin (180° 
cos (180° 
tan (180° 
cot (180° 
sec (180° 
cosec (180° 



Second Quadrant., 
a) = sin a ; 

a) = — cos a = — sin (90° — a); 
a) = — tan a ; 

a) = — cot a = — tan (90°— a); 
a) = — sec a ; 
■ ct) = cosec a = sec (90° — a). 



7%w2 Quadrant. 

sin (180° + a) = - sin a; 
cos (180° + «) = — cos a = — sin (90° — a); 
tan (180° + a) = tan a ; 
cot (180° + a) = cot a = tan (90° — a); 
sec (180° + or) = — sec a ; 
cosec (180° + a) = — cosec a = — sec (90° — a). 

Fourth Quadrant. 

sin (360° — a) = — sin a ; 
cos (360° — a) = cos a = sin (90° — a); 
tan (360° — a) = — tan a; 
cot (360° — «) = — cot <* = — tan (90°— a); 
sec (360° — a) = sec or ; 
cosec (360° — or) = — cosec a = — sec(90°— a). J 



(12) 



(13) 



(14) 



We may equally express the six functions of all angles in terms 
of the six functions of angles not greater than 45°. Let y repre- 
sent any angle not greater than 45°. We may then represent 
Any angle from 0° to 45° by y ; 

« « 45° " 90° " 90° — y; 
« « 90° " 135° " 90° + y 9 
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Any angle from 135° to 180° by 180° — y ; 
" " 180° " 225° " 180° + y; 
« " 225° " 270° " 270° — y; 
a a 270° " 315° " 270° + y; 
« u 315 o u 360 o it g 60 o _ y 

Then, in addition to the relations (12), (13), and (14), which wilt 
remain true when we write y instead of a, we shall have the fol- 
lowing, which the student should prove. 

To do this let the student suppose that in the diagram § 26 angle XOM= y t 
and let him construct the six functions for angles of 90° -\-y, 270° - y t etc., 
and compare the lines representing them with the lines on the diagram of § 26. 

The set corresponding to the first quadrant are already given in (10) and (11). 



Second Quadrant. 



gin (90° + ^) = 
cos (90° -f- y) = 
tan(90° + x) = 
cot (90° + y) = 
sec (90° + y) = 
cosec (90° + y) = 



cos y; 

— sin y ; 

— cot y; 

— tan y; 

— cosec y; 
sec y. 



Third Quadrant. 

sin (270° — y) = — cos y; 
cos (270° — y) = — sin y; 
tan(270°-y) = coty; 
cot (270° — y)= tsny; 
sec (270° — y) = — cosec y ; 
cosec (270° — y) = — sec y. 

Fourth Quadra/nt. 

sin (270° + y) = — cos y; 
cos (270° + ^)= tiny; 
tan (270° + y) = — cot y; 
cot (270° + y) = — tan y ; 
sec (270° + y) = cosec y ; 
cosec (270° + y) = — sec y. 



(15) 



(16). 



(H) 
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Among the preceding forms of this chapter, the following are 
of especially frequent application : 

sin a = cos (90° — a) = cos (a — 90°) = — cos (a +90°); 
cos* = sin (90° — a) = — sin (a — 90°) = +sin (a +90' 



)!1< 18 ) 



ExEBCISES. 

1. Express the six functions of the following angles in terms of 
the three functions sine, tangent, and secant of angles less than 90° : 



sin 105° 


; 200° 


; 295°. 


oos 105° 


, 200° . 


295°. 


tan 105° 


; 200° 


; 295°. 


cot 105° , 


200° ; 


295°. 


sec 105° ; 


200°; 


295°. 


cosec 105° 


; 200° 


; 295°. 



2. The following table shows the values of four of the func- 
tions for every 10° of the first 40° to two places of decimals. By 
means of these values extend the table to 360°, showing the values 
of all four functions for each angle : 



Angle. 



Sin. 



0° 
10° 
20° 
80° 
40° 
50° 
60 c 
70° 
etc., to 
860° 



0-00 
+ 0-17 
+ 0-84 
4-0.50 
+ 0-64 



Tan. 



0-00 
0-18 
0-86 
0-58 
0-84 



Cot. 



00 

5-67 
2-75 
1-73 
1-19 



Cos. 



+ L00 
--0-98 
--0-94 
--0-87 
— 0-77 



3. Demonstrate the relations (18) by drawing a diagram show- 
ing an arbitrary angle a and an angle 90° greater and less, with 
the lines representing the sines and cosines. 

4. What relations subsist between the following pairs of func- 
tions? 

(a) sin (4:5° + a) and cos (45° — a) ; 

(b) sin (135° + a) and cos (135° - a) ; 
(e) tan (225° + a) and cot (225° - a) ; 
(i) sec (315° + a) and cosec (315° - a). 
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30. Special values of trigonometric /unctions. If angle 
XOM = 45°, we shall also have OMP = 45°, and therefore 

OP* + PM ' = 2 PM* = OM *, 
whence PJ/~= 0J/V*. 

Therefore sin X0Jf = sin 45° = Vj. (a) 

In the same way we find 

XT= OX, 
whence tan XOM = tan 45° = 1. (b) 

Again, 0T= VOX 1 + XT' = V2 <?X; 

whence sec X0M= sec 45° = V2. 

Next, let angle X0M= 30°. 

Make angle X<9Jf ' = XOM = 30°. 

The triangles M'OM' and T07" then have 
each of their angles 60°, and so are equilateral. 
Therefore MP = £ MM' = iOM = ±OX. 
Hence sin30° = i. (d) 

In the same way 

xt = i or, 

0y« _ xr* = OX' = 1; 




2 



or 

Also, 
Hence 



tOT* = l, 0T=</\ = -^ 



OP - VOP* - MP*^ VT=\ = -j-. 



VZ 
V3 



tan 30° = 



VT 



sec 30° = -7=., 
V3 

cos 30° = -5". 



(?) 



Functions of 18°. It is shown in geometry that if the radios 
of a circle be divided in extreme and mean ratio, the greater seg- 
ment will be the chord of 36° ; that is, twice the sine of 18°. 

Putting 1 for the radius and r for the greater segment, the 
condition that the division shall be in extreme and mean ratio is 

1 :r :: r : 1 — r, 



Digitized by VjOOQlC 



THE TRIGONOMETRIC FUNCTIONS. 27 

or, equating the product of the means to that of the extremes, 

r* = 1 — r. 
The solution of this quadratic equation. gives 

-1 ± V6 

* = — • 

The positive root is the only one we want. Henoe 

8in 18 « _ ^ Z ~ 1 
We then find 4 

cos' 18° = radius* - sin' 18° = 1 - sin' 18°. 



Hence coslS^ ^" 2 ^ 

31. Angles corresponding to given trigono- 
metric ftinctions. When the value of a trigonometric func- 
tion is given and the angle is required, there are always two 
solutions to the problem. 

The Sine. It has already been shown that two supplementary 
angles have the same sine. Hence if or is an angle corresponding 
to a given sine, 180° -— a will be another angle equally correspond- 
ing to it. 

We may also say that if 90° — ft be an angle corresponding to 
any sine, 90° + ft will also correspond to it, because the sum of 
these two angles is 180°. The same statement applies to the 
angles 270° - /? and 270° + ft. 

Unless there is some restriction upon the angle to be chosen, 
we cannot decide which angle to take. The most common restric- 
tion is that the angle must be between the limits — 90° and + 90°> 
or must be in either the first or fourth quadrant. There will then 
be between these limits one angle and only one for a given sine. 
Since the measurements of latitude on the surface of the earth are 
restricted between limits — 90° and + 90°, the latitude of a place 
is completely fixed by its sine. 

The Cosine. The construction of the cosine shows that it has 
equal values for positive and negative angles. Hence if a be an 
angle corresponding to a given cosine,— a or 360°— a will equally 
correspond to it. 
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Hence when an angle is determined by its cosine, either of 
these two angles may be chosen unless some restriction is placed 
upon the choice. The most common restriction is that the angle 
shall be positive and less than 180° ; that is, in the first or second 
quadrant. For every cosine there will be one and only one angle 
between the limits 0° and 180°. 

The Tangent. Since two angles which differ by 180° have the 
same tangent,-it follows that if a be an angle corresponding to any 
tangent, 180° -|- a will equally correspond to it. Hence there is 
always a choice between these two angles, unless some restriction, 
is placed upon the angle. 

The Cotangent. The cotangent being determined, like the 
tangent, by the intersection of the revolving side with a tangent 
line, every pair of angles corresponding to the same tangent will 
also correspond to the same cotangent. Hence a and 180° -|- a 
always have the same cotangent. 

The Secant. We readily see that the angles a and — a or 
360° — a have the same secant. Hence if a be an angle corre- 
sponding to a given secant, 360° — a will be another angle corre- 
sponding to that same secant. 

The Cosecant. From the diagram (§ 27) it is easy to show 
that any two supplementary angles have the same cosecant. 

Exercises. 

What other angles have the same sines as the following? 

1. 105° ; 2. 185° ; 3. 290°. 
What other angles have the same cosines as the following ? 

4. 72°; 5. 165°; 6. 320°. 

What other angles have the same tangents as the following ? 

7. 50°; 8. 205°; 9. 355°. 

10. A pair of angles having the same sine differ by 24°. What 
angles are they ? 

11. A pair of angles having the same cosine differ by 110°. 
What angles are they ? 

Note. There are two pairs of angles which answer each of the two last 
questions. 

Find two values of a from each of the following equations : 



uigmzeci oy ' 
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12. sin a = — cos 23°. Ans. a = 247° or 

13. cos a = — sin 23°. 

14. sin a = cos A Ans. a = 90° — /? or 90° + /?. 

15. tan a = cot 72°. 

16. cot a = - tan 175°. 

17. tan a = — cot /?. 

18. sec a = cosec 32°. 

19. coseca = — sec 32°. 

20. sec a = cosec yff. 

21. sin a = sin 23°. 

22. sin a = cos (90° — a?). Ans. a = a? or 180° — a?. 

23. sina= cos (90° + x). Ans. a = — x or 180° + x. 

24. sin a = cos (270° -f x). 

25. sin a = cos (270° — x). 

26. cosa= cos (180° — x). 

27. cos a = cos (180° + a?). 

32. Extension to unlimited angles. Since when any inte- 
gral number of circumferences is added to an angle its trigono- 
metric functions remain unaltered, we must, to find the most 
general expression for the angle corresponding to a given function, 
add an arbitrary number of circumferences to the angles found in 
the last section. Then the most general expression for angles 
which have the same sine will be 

n C+90° + a and nC+90° — or, 
in which n may take all integral values, positive and negative, 
including zero, and a must have such a value that 90 — a shall 
correspond to the given sine. 

This statement also means that all the angles formed by giving 
different values to n, while a remains constant, will have the 
same sine. 

Example. Let us suppose the given sine to be that of 65°. 
Then a = 25°, and the pairs of angles 

65°, 115°; - {7+65°, - 67+115°; 

C+ 65°, C+ 115° ; — 2 C+ 65°, ' - 2 C+ 115° 

2(7+65°, 2C+115°; etc etc., 

etc. etc.; 

will all have this same sine. 



so, 
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EXERCI8E8. 

1. Having given 

sin 2a? = J, 
find the four corresponding values of x within the first circumfer- 
ence. Note that sin 30° = £. •A.ns. 15°, 75°, 195°, 255°. 

2. Having given 

sin 2a = 4^, 
find the four corresponding values of a. 

First find the two values of 2a, and then, by §§ 10-13, the two values of half 
of each of these angles. 

3. Having given 

cos 2 fi = J, 

find the four corresponding values of /3. 

4. Having given 

cos 2 ft = — J, 

find the four corresponding values of /3. 

5. If tan 2 a = — V&, find four values of ot. 

6. Show that if the value of tan i a be given there will be only 
one value of a to correspond to it within the first circumference. 

7. If sin \x = sin 15°, 

find what two values may x have, and show that these values will 
have the same cosine. 

8. Form the most general expression for all angles having the 
same cosine. 

9. Form the most general expression for all angles having the 
same tangent. 

Relations between the Six Trigonometric Functions. 

33. When we know any one trigonometric function of an 
angle two definite values of the angle can then be determined, by 
constructions" like those of § 19. Knowing the angle, the values 
of the other functions can be found. Hence from any one func- 
tion of an angle all the others can be found. We have now to 
investigate the algebraic relations by which this may be done> 
seeking to express each function in terms of the five others. 

Let us put 

a = angle XOM. 
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Because OPM is a right-angled triangle, 
OI» + PM* = OM% 
or 

\OMI^ \OMJ - 
Hence 

cos* a + sin* « = 1, 
which gives 
cos a = ± Vl — sin'a. (1) 

The significance of 
the double sign ± is this : 
whenever a sine is given 
there will be two angles to correspond to it, of which one will be 
as much less than 90° as the -other is greater. The cosines of these 
angles will be equal with opposite algebraic signs. 

The similar triangles OPM and OXN give 
OP\PM=OX\XN\ 
OP: OM = 0X: ON. 

Substituting for the lines their algebraic equivalents, the first 
proportion gives 




Hence 



cos a : sin a = 1 : tan a. 
sin a sin a 



tan a=i 



cos a 4/1 — sin* a 



(2) 



which gives the tangent in terms of the sine and cosine. 
The second proportion gives 

cos a : 1 = 1 : sec ar, 
1 1 



whence 



sec a : 



Vl — sitfa 



(3) 



cos ot 

We conclude from this : 

The product of the cosine and secant is equal to wnity. 

In other words, the secant and cosine are reciprocals of each 
other. 

By a similar course of reasoning upon the complementary tri- 
angle we find that the cosecant and sme are reciprocals of each 
other. 
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The similar triangles OP 'M and OYN' give 
OP'iP'M = OY: YN'\ 
but OP' = PM= sin a, 

whence sin a : cos a = 1 : cot a, 

cos a Vl — sin" a /JX 

and cot a = - — = : . (4) 

sin er sin a v ' 

Comparing with (2) we have the relation : The product of the 
tangent and cotangent of any angle is unity. 

In other words, the tangent and cotangent cure reciprocals of 
each other. 

We thus reach the general conclusion that the three comple- 
mentary functions are each the reciprocal of one of the three other 
functions, namely : 

cosine = -; 

secant ' 

1 
cosecant = - — . 
sine 

Exercises. 

1. If sin y = 0j60, find cos y, tan y, cot y, sec y y and cosec y 

2. Find the values of the same functions when cos y = 0.60. 

3. Prove that the mean proportional between a cos a? and 
a sec x is a. 

4. PrdVe that the mean proportional between a tan ft and 
b cot ft is Vab. 

34. Expression of each function in terms of the others. By 
means of the relations (1) to (4) any one trigonometric function 
may be expressed in terms of any other by algebraic substitutions. 

The following are the expressions which we thus obtain. All 

not already given should be deduced by the student as an exercise. 

n _ tan a 1 

sin a = V 1 — cos a = 



Vl + fcui 1 


a 


Vl + cot 8 
1 

"~ cosec a 


a 


V&ec* a — 
sec a 


1 
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1 cot a 



«cob a = Vl — sin* a = 



Vl + tan'a Vl-f-cot'a 
1 Vco6ec* a — 1 



sec a cosec a 



sin a Vl — cos 8 a 1 

tan a = 



Vl — sin* a cos a cot a 

1 



= Vsec* ot — 1 = 

4K>tdf = 



Vcosec* a — 1 
VI — sin 8 or _ cos a _ 1 



sin a Vl — cos 8 ar tana 

1 



Vsec* a — 1 



♦'cosec* a — 1. 



1 1 



sec a = - : = = = Vl + tan* a 

VI — sin 9 a cosa ' 

Vl + cot a ~g cosec a 



cot a Vcosec' a — 1 



1 1 VI + tan* a 

COSeC €it S^ — — — ^Z — — rr= — — - — ' — — — 

sin a Vl — cos* a tan a 

see a 



Vl + cot'ar = 



Vsec 8 a — 1 



Note. In algebraic work of this sort the student will find it convenient, 
Instead of writing sin a, cos a, etc., in full, to use a single symbol for each 
function; for example, he may put: 



« = sin a; 


1 

— = cosec a. 

8 


< = tana; 


1 

— = cot a. 


oleosa; 


1 

— = sec a. 

e 



It will be seen that the second members of most of these equa- 
tions are surds, showing that their values may be either positive 
or negative. The result may be expressed thus : 

Whenever one trigonometric function is given, the four other 
functions which are not its reciprocal may have either of two 
equal values with contrary signs. 
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This arises from the fact that every such function may belong* 
to either of two angles, and affords an example of the correspon- 
dence between geometric and algebraic results. 

Exebcises. 

1. From the special values of sin 30° and sin 45° found in 

§ 30, namely, 

sin 30° = i, 

sin 45° = VJ, 
find the values of the other five functions of 30° and of 45°. 

Ans. cos 30°=-^; cos45°=4 / i. 

tan 30° = — =.; tan 45° = L 
V3 

cot 30°= V8; cot 45° = 1. 



sec 30° = -t=; sec 45° = VS. 
V5' 

cosec 30° = 2 ; cosec 45° = VS. 

2. It has been shown that the three products sin X cosec y 
tan X cot, and cos X sec are each unity, y ^ 
When we replace the functions by the 
lines which represent them, the pro- 
ducts represent the areas of the rect- 
angles contained by the lines, and unity 
is replaced by the square of the radius. 
Hence we have the following theorems, 
which are to be proved by the similar triangles in the accompany- 
ing figure, where the construction is that of the trigonometric 
functions. 

I. Eectangle XT. YN= OX*, corresp. to tan X cot = 1. 

II. Eectangle M P. ON= OX\ " " sin X cosec = 1. 

III. Rectangle OP.OT - OX\ " " cos X sec =1. 

3. From the value of sin 18° in § 30 find the sides of the regu- 
lar inscribed and circumscribed decagons of a circle of radius a. 
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Prove the following relations : 

cos' a? 

4. 1 + sin x = : — . 

1 1 — sma? 



5. 
6. 



secfl + cosecfl 1 + cotfl tanfl-f-1 
sec — cosec ~~ 1 — cot ~~ tan — 1 # 

* ax \n sec" 0+ cosec 1 

tan + cot = s 1 3—. 

1 sec cosec 



. 7. sec + tan = — 5 — - — 7. 

1 sec — tan u 

tan0 + sec0 — 1 

o. 7 — a ~n~ r*i = tan + sec 0. 

tan0 — sec0 + l * 

tan — s in __ sec 

^0 "" 1 + cos 0" 

10. What angle is that of which the tangent is double the sine? 

11. What must be the value of the cosine in order that the tan- 
gent may be n times the sine? Ans. -. 

12. Prove (r cos a?)* + (r sin x sin u)* + (*• ^ n x c 08 U Y = ^ 

13. Prove (a sin y) % + (0 cos ^ sin *)' + (a cos y cos *)'= a*. 

14. Prove (cos a cos b — sin sin b) % 

+ (sin a cos b + cos a sin b) % = 1. 

15. Of what angle is the secant double the sine ? 

16. Of what angle is the secant four times the cosine t 
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35. Fundamental relations. Let OCNbe a right triangle of 
Which a and b are the Bides which contain the right angle, c the 
bypothenuse, a and /3 the angles opposite a and b respectively. 





If we take ON as a radius and draw the arc i^Xfrom the 
Centre 0, the side NC will, by definition, represent the sine of 
XON) and OC its cosine, when the radius is ON. That is, 



NC 



OC 
ON 



= cos a. 



a) 



We may show in the same way, by taking N as the centre and 
NO as the radius, 



OC 



= sin fi\ 



NC 



= cos ft. 



(2) 



ON ~" " ' ON 
We might also have deduced these equations from (1), because 
ft = 90° — a, whence 

sin ft = sin (90° -— ar) = cos a ; 
cos /? = cos (90° — a) = sin a. 
Again, by taking 0(7 as a radius, we find 

= tan ft = cot a. (3) 



NC , 

_ = tan* = eot/?; 



iV^C 
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Putting JETC = a, 00 = J, ON = <?, the equations (1), {2\ 
and (3) give the relations 

a = <? sin a = b tan at; , - 
b = o cosa = a cot a; 
c = a cosec or = i sec a. 
We may express the same relations in terms of /£, using the 
complementary functions, as follows : 

a = c cos yff = 5 cot fi ; ^ 
J = <? sin /? = a tan >ff ; I (5) 

o = a sec /3 = J cosec >8. J 
These relations may be summed up in the following general 
theorems : 

I. The hypothenuse of any right triangle is equal to a side into. 
the secant of its adjacent angle or the cosecaml of its opposite angle^ 
II. A side is equal to the hypothenuse into the sine of the 
opposite angle or the cosine of the adjacent angle. 

III. One side is equal to the other side into the tangent ofthq 
a/ngle adjacent to thai other side or the cotcmgent of the angle ad- 
jacent to itself 

Exercise. 

Show by the above equations how each side will be expressed* 
in terms of the others when a = 30° and when a = 45°, using the. 
values of sin a, etc., already found — namely, 

sin 45° = V£ ; tan 45° = 1 ; etc., 

4^3 1 

and sin 30° =i; cos 30° = ^; tan 30° =-4; etc.—. 

and show how the results agree with those of elementary geometry. 

• 36. Examples and exercises in expression. In the accom- 
panying figure OQN, ONP, and OXN Q 
are right angles, and we put /*^> — ^^^ 

a = angle XON\ 
= angle NOQ. 
It will also be noticed that 
Angle XiTP = a 



and Angle ONX = XPN = 90° - a. 
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It is now required to express all the other lines in terms of 
#Xand trigonometric functions of a and /?• 
SohUion. We have 

0^= OX sec a; 

Xir=OXtana; 

OP = OiTsec a = OX sec* a; 

NP = OjP sin a = OX sin or sec* a = OX tan or sec a ; 
or iVP = Oi^tan a = OX sec or tan a (as before) ; 

OQ = ONcosfi = OX seca cos/?; 

i^# = ONsin/3 = OXseca sin # ' 

EXEBCISES. 

1. By the same process express OQ, QN, OX, NX, NP, and 
XP in terms of ON and trigonometric functions. 

2. Express the same quantities in terms of NP. 

. 3. Express NX separately in terms of OX and XP, and by 
multiplying the two values prove the geometric theorem that 
JVXis a mean proportional between OX and XP. 

4. In a right triangle the sides which contain the right angle 
are a and 6, (a > 5), and d is the difference of the angles at the base 
(hypothenuse). Express the length of the perpendicular from the 
vertex upon the base in two ways, and the lengths of the segments 
into which it divides the base each in one way. The expressions 
are all to be in terms of a, b and tf. 

An8. (fa part). One expression for the perpendicular is 
p = a sin (45° — <?). 

Solution of Right Triangles. 

Since in a right triangle one angle — the right angle — is given, 
only two other independent parts are required to solve the tri- 
angle. These two parts may be any two of the sides or one side 
and one angle. What parts soever are given, the remaining parts 
may be found by the equations (4) and (5). The following are all 
the essentially different cases. 
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37. Case I. Given {he two sides a and b adjacent to the 
right cmgle.* 

The first equation (4), 

a = b tan a, 

a 
gives tan a = ^-. 

Therefore the quotient of the two sides gives the tangent of 
the angle opposite the dividend side. 

From the tangent the angle a is itself found by the trigo- 
nometric tables; then sec a or cos ar; then the hypothenuse c 
from the equation 

, h 

c = o sec a = . 

cos a 

Example. Given a = 9 metres, b = 12 metres, to find the 
remaining parts of the triangle. 

Solution by numbers and measurement. 
tan a = ^ = 0.75. 

On the tangent line XN ( § 22) measure a distance from X 
^qual to 0.75 of the radius OX; join the end of the distance to»0, 
and measure the angle XON which the joining line makes with 
OX. This angle will be a. The length of the joining line divided 
by 0Xwill be the secant, which multiplied by b = 12 will give 
the hypothenuse c. 

The third angle, = 90° — a. 

LogaHthndc Solution. 

log a 0.95 424 # cos a 9.90 309 

log J 1.07 918 log* 1.07 918 

tan a 9.87 506 logo 1.17 609 

a, 36° 52'.2 c, 15 metres. 

A 53° 7 , .8 

* It is recommended that in commencing this subject the student first solve a 
few of the problems by his own process, and without the use of any tables but 
those he may construct for himself by measurement as described in § 18. 
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1*. Given 


i = 


4, b = 5; find remaining parts* 


2. " 


a == 


8, b = 5; " 


u 


3. " 


a = 


43.148, £= 84.107; " 


« 


4. « 


a = 


2.7938, b = 876.59; " 


« 


5. " 


a = 


759.28, b = 51.85; " 


u 


6. " 


a = 


8628, J =27316; " 


u 


The first two 


exercises are made purposely simple, 


that they 


may be performed by measurement. 





38. Case II. Given the hypothenuse and one side. 
Solution. From the equation 

csin a = a 

we obtain sin a = -, 

which may be used to find oc when a and c are given. Then the 
remaining side is found by the equation 

b = c cos a. 

Example. Given a = 13, c = 20, to find the remaining parts. 
Solution by numbers and measurement. 

a 13 _ _„ 
sin a = - = -- = 0.65. 
<? 20 

Take a distance equal to 0.65 of OXm the dividers, and find 
out what angle it will fit in the diagram (§ 15) to form a sine of 
an angle. This angle will be a. Measure off cos a perpendicu- 
larly to OB \ take its ratio to OX, and multiply it by c = 5. This 
will give the side b. 



Logarithmic 

log. 13 1.11 394 
log. 20 1.30 103 


Solution. 

cos a 
log 20 

log ft 


9.88 078 
1.30 103 


sin a 9.81 291 

a, 40° 32'.5 
/?, 49° 27'.5 


1.18 181 
15.199 
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Exercises. 



find remaining parts. 



« 

u 



1. Given a = 7, o = 9 ; 

2. " J= 9, o= 16; " " 

3. " a = 82.143, c= 120.412; " " 

4. " J= 2.9235, c= 9.827; " " " 

5. A circle of radius r is drawn with its centre at a distance 
jp from a straight line. What length will it cut out from the line ? 
What will be the result if r < p i 

39. Case IIL Given an angle and one side, as a and a. 
Solution. The equations (a) give 

• = a cot a = a cot ft ; 



= 



tan or 

a 
sin a 



= a cosec a = a sec /ff. 



Nom One angle being given, the remaining one may be found from the 

equation 

£=90° -a. 



3. 
4. 
5. 



Exercises. 

Given a = 72° 39', o = 19.5 ; 
« a = 16° 25'.6, o = 10.925; 
" /? = 43° 28 , .4, b = 8.1273; find a and <?. 
« /?= 8°29'.2, i~ 0.9271; " " 



find a and b. 
« a 



p 



An engineer, desiring to find 
the distance from a point A on one ^ 
bank of a river to a point P on the 
other bank, measured off a base line 
AC b yards in length, in a direction 
perpendicular to AP. He then 
measured the angle A CP> and found 
it to be or. What are the expressions for the distances AP and 
OP\ 

What will be the distance if AC = 80 yards and a = 85° 22'.5 ? 

6. An engineer, desiring to determine the height of a vertical 



c 
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wall, measured off a distance PO = b feet on level ground, and 
then from a point E, a feet above 



K 



the ground, measured the angle 
HEX = a between the line of 
sight EX and the horizontal 
line EH. Express the height 
PXoi the wall algebraically in 
terms of a, i, and or, and com- 
pute the height when b = 400 ° 
feet, a = 6 feet, and the angle a = 22° 17'. 

Method of solution. Find the height HXemd add HP = a. 

7. Desiring to find the height of an inaccessible rock M above 
a plane, its angle BPM 
was measured from a 
point P and found to 
be a. The observer then 
advanced a metres to- 
wards the rock to Q y and ^ Z_ 




there again measured the ** a Q w B 

angle of elevation and found it to be y. Express the height BM 

of the rock. 

Method of solution. Let the vertical height BM=h and 

. QB = x. Then we have the two right triangles PBM and 

QBMy which give 

h = (a-{-x) tan a ; 

h = x tan ^. 

From these two equations we obtain the following values of h 

and a?: 

a tan a 

tan y — tan a' 

* _ a tan or tan y 

tan y — tan a 

Find the height when a = 2000 yards, a = 30° 28', and 
y = 40° 53'. 

8. The altitude of a triangle is 7.2648, and the angles at the 
base are 72° 29.3' and 40° 30.5' respectively. Compute the base 
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and sides. Also, find the general expression for the length of the 
base in terms of altitude and angles at base. 

9. From the top of a tower 108 feet high the angles of de- 
pression of the top and bottom of another tower standing on the 
same horizontal plane are found to be 28° 56' and 53° 41' respec- 
tively. Find the distance between the towers, the height of tli£ 
second tower, and the distance between the summits of the two 
towers. 

10. In a circle of radius r, express the length of each side, and 
of the apothegm, of a regular inscribed polygon of n sides. Find 
first the special values for the triangle, square, pentagon, hexagon, 
and octagon. Ans. For the octagon : side = 2r sin 22£°; 

apothegm = r cos 22£°. 

11. If the side of a regular octagon is 10 metres, what are the 
radii of the inscribed and circumscribed circles ? 

12. At what altitude is the sun when a tower 20 metres high 
casts a shadow 75 metres long upon a horizontal plane ? 

13. It was found that the length of the shadow of a monument 
upon a horizontal plane diminished 22 metres when the sun's alti- 
tude increased from 30° to 45°. "What was the height of the 
monument ? 

14. If /3 is one of the acute angles of a right triangle, and c its 
hypothenuse, express the altitude in terms of c and /3. 

15. Two lighthouses, each 30 metres above the sea and 500 
metres apart, are seen by a ship in line with them to differ 1° in 
elevation above the horizon. What is the distance from the 
nearer, supposing the ocean a plane ? 

16. The great pyramid of Gizeh is 762 feet square at its base, 
and each side makes an angle of 51° 51' with the horizon. Find — 

(a) Its height if continued to its apex, 

(b) The slope of its edges. 

Actually, instead of being continued to its apex, it terminates 
in a platform 32 feet square. Find — 

(c) The perpendicular height of this platform above the base. 
{d) The length of each edge from the corner of the platform to 

the corner of the base. 
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The Addition and Subtraction Theorems. 

40. Problem. To express the sine and cosine of the stmt of 
two angles in terms of the sines and cosines 
of the angles themselves. 
. Solution. LetXOM=axnd MON=P 
be the two angles. XON = a + fi is then 
their sum. 

Let ON be the unit radius. From N drop 
NMiOM; NQiOX. 
From M drop 

MPiOX; MRlNQ. 
Then sin (* + /3) = NQ = NR + MP; 



r 


* 






L 


R 




M 


> / 








S 




Ay 











(. 


1 > 



1 



(1> 



cos(a + /?) =0Q = 0P - MR. 
OQS and NMS being right angles, we have 

Angle RNM= comp. RSM= comp. 0£<> = £0<? = a. 
By § 35, 

iOf=sin/?; 

i\rZ? = iOfcos a = sin yff cos a; 

Jf = cos /3 ; 

J£P = OM sin a = cos /3 sin ar; 
whence, from (1), 

sin (a + yff) = sin a cos yff + cos a sin /0. (2) 

We find in the same way 

OP = OM cos a = cos )ff cos a ; 

i?Jf = iOTsin a = sin yff sin a ; 
whence, from (1), 

cos (a -f- yff) = cos a cos /ff — sin a sin /0. (3) 
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The formulae (2) and (3) constitute the addition theorem of 
trigonometry. 

To find the corresponding subtraction theorem it is only neces- 
sary to change the sign of ft. We have 

sin (— ft) = — sin ft; 
* cos (— ft) = cos ft. 
Therefore, changing ft to — ft in (2) and (3), we find 

sin (a — ft) = sin a cos ft — cos a sin ft ; t (4) 

cos (a — ft) = cos a cos ft + sin a sin. ft. (5) 

It is, however, interesting to show how these equations may be 
obtained independently by a geometrical construction. 
Let POM be the angle a, and NOM m 

the angle ft. Then 

PON =a-ft. 
Take ON for the unit radius and 

drop 

NPlOP; NMiOM; L> ^ $ 

MQlOP; NRiMQ. o 

Then sin (a - ft) = PN = QB = MQ- MR; 

cos(a-ft)=OP = OQ + RN. 
Because OMN is a right angle, 

NMR = comp. OMQ = Jft?<> = a; 
J/"iV = sin ft ; 
Jf == cos ft ; 

Jfi? = MN cos iTJ/i? = sin ft cos a; 
Jf# = OM sin Jf<?<> = cos ft sin a; 
0<> = OMco&MOQ = cos /J cos a; 
PN = If JIT sin NMR = sin /J sin a. 
Making these substitutions, we have the results (4) and (5) for 
.sin (a — ft) and cos {a — yff). 

41. 5&n6 <ww? tfoaww a/* fafliae <m angle. If we suppose 
ft = or, we have from (2) and (3) expressions for the sine and 
cosine of the double of an angle, namely : 

sin 2 a = sin a cos a -{- sin a cos a, (6) 

or sin 2 a = 2 sin a cos a ; 

cos 2 a = cos* a — sin* a = (cos or -{- sin a) (cos a — sin a). (7) 
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Also, by putting for cos* a its value, 1 — sin* a, and vice versa, we 

have 

cos 2a = 1 — 2 sin* or = 2 cos* a — 1. (7') 

Exercises. 

1. Because, 90° = 60° + 30°, we have, by putting a = 60° and 
= 30° in the equation (2), 

sin 90° = sin 60° cos 30° + cos 60° sin 30° = 1. 
It is required to test this equation by substituting the numeri- 
cal values of the sines and cosines of 30°, 60°, and 90° (§30), and 
to test in the same way the equations obtained by putting a = 60°^ 
and /? = 30° in (3), (4) and (5). 

2. Because a = a — x + #> we have, from (2), 

sin a = sin (a — x) cos a? + cos ( a — x ) 6 * n x - 
It is required to write the corresponding equations obtained by* 
making the same substitution in (3), and the equations obtained in 
the same way from (4) and (5) by the identical equation 

a = a -\- x — x. 

3. Derive the addition theorem for the cosine from that for 
the sine by substituting y — 90° or 90° — y f or fi in the equation 
(2), and applying the equations (18) of § 29 (Chap. II.). 

4. By means of the addition theorem prove the equations 

sin (a + ft + Y) = 8 ^ n a C08 P C08 Y + C08 a 8 ^ n fi c08 Y 
-|- cos a cos fi sin y — sin a sin /3 sin y ; 

cos (a -f- P + y) = cos a cos ft cos y — sin a sin /3 cos y 
— sin or cos /3 sin ^ — cos a sin ^ sin ^. 

Note. This is readily done by putting a + yff for a, and y for fi, in the 
equations (2) and (3), thus giving 

sin (a + fi + y) = sin (a + 0) cos y + cos (a+ /5) sin y; 

cos (a + yff + T') = cos(a-f P) cos y —sin (a + /tf) sin?'; 
and then developing by the addition theorem. 

5. Prove the following values of sin 3a and cos 3a : 

sin 3a = 3 sin a cos 2 ar — sin" a ; 
cos 3ar = cos* a — 3 sin* a cos or. 

6. Transform the expression 

a cos ( a + #) + b cos (yff + ®) + c <^ (y + ») 
into 
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cos x (a cos a-\-b cos /5 -f- cos y) 
— sin x {a sin a -\- b sin fi -f- 8 i n ^)- 
7. If we have 

a cob a-\-b coa ft -\-c cos y= 
and a sin a -f- J sin >ff -{" sin ^ = 0, 

prove that we must also have 

a sin (a + x) -f J sin (/? + a?) + sin (y -f a?) = 0, 
whatever be the valne of x. 

42. The Addition Theorem, for tangents. Dividing equa- 
tion (2) by (3), we have 

sin (a -f-yff) sin a cos /? + cos a sin 8 

7 — 7—%: = tan (a -4- p) = - : : — - 

cos (a + /?) N ' J cos a cos /? — sin a sin /? 

Dividing both numerator and denominator of the last member by 

cos a cos /?, the equation becomes 

. tanar+tanyff 

tan (<r + /8) = — * ^ (8) 

v ' ' 1 — tanatanyff w 

"We obtain in the same way from (4) and (5), 

tan (a — /S) 
Patting /3 = a in (8) we have 



A , ^ tan a — tan yff 



^ A 2 tan a , MM 

tan 2a = -z — — . (10) 

1 — tan* a x ' 



Exercises. 

1. Assuming fi = 180°, prove by (8) of this section that 

tan (a + 180°) = tan a. 

2. Assuming a = 30°, substitute in (10) the value of tan 30° 
given in § 30, and thus obtain the value of tan 60°. 

43. Products of sines cmd cosines. Taking the sum and 
difference of equations (2) and (4) of § 40, and reversing the 
members of the equation, we find 

2 sin a cos fl = sin (<* + /?) + sin (a — /5) ; ) 

2 cos a sin ft = sin (a -\- 0) — sin (a — /3). ) ^ ' 

Digitized by VjOOQlC 



48 PLANE TRIGONOMETRY. 

In the same way we find from (3) and (5), 



2co8flrcos/ff = cos(ar-|-/') + cos ( £ *~ 
2 sin a sin fi = — cos (ar + >ff) + cos 






(13) 



Exercises. 

1. Prove that if a — fi = 90°, 

then cos (a -f- fi) = 2 cos a cos /? = sin 2ar = — sin 2)8. 

2. Prove that if or + fi = 180°, 

then sin (a — yff) = 2 sin a cos yff = sin 2fi = — sin 2ar. 

44. #Mm of sines and cosines. If in the four equations (11) 
and (12) we put 

and «-/» = y, 

we shall have 

a = i(a? + y) 

and fi = i(a? — y). 

By substituting these values in (11) and (12) and reversing the 

members of the equation, we find 

sin x + Bin y = 2 sin £(# -f- y) cos £(a? — y) ; 

sin a> — sin y = 2 cos £(a> + y) sin £(a> — y) ; 

1 cosa? + c08 y = 2cos i(« + y) cos £(# — y); 

— cos x + cos y = 2 sin £(# + y) ^ n K 25 ~~ y)- - 

Dividing the first of this group of equations by the third, we get 

sinaj + siny t t , , . , H „ 

7- 2. = tan *(a? + y), (14) 

cos a? + <^> 8 y 

Dividing the second by the fourth, we get 

sin x — sin y ' , , . ,„ „_ 

_— _| = cot^+y). (15) 

If in the last two equations of (13) we suppose y = 0, which 
makes cos y = 1, they become 

l + cosa? = 2cos , i«;) 
1 — cos x = 2 sin* £a? ; ) ^ ' 

a pair of equations which frequently come into use. 
If we put a = \x, these equations become 
l+cos2ar = 2cos , ar;) 

1 — cos 2or = 2 sin* a;) * ' 

which may also be derived directly from (7'). 
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Dividing the second of (16) and (IB') by the first, we find 

1 — cos x A t . , . . 

zr-. = tan*to; . (17) 

1 + cosa? "^' • v ' 

1— cos2or 

q— : =- = tan* <*.. (170 

1 + cos 2a x ' 

45. 7%£ problem of dimidiation. It is often required to 
-express the sine or cosine of half an angle in terms of the sine or 
cosine of the entire angle. To effect this let us put in equations 
{6) and (7) 2a = y. They then become 

sin y = 2 sin \y cos %y ; 
cos y = cos* iy — sin* \y, 
= 1 — 2 sin* iy, 
= 2 cos* \y — 1, 
Let our first problem be : 

Owen, cos y; 
Required, sin £y. 
Solving the equation cos y = 1 — 2 sin* ^ y, we obtain 



(18) 



• , a/1 — cob y 



2 • < 19 ) 

Let our next problem be : 

Given, cos y ; 

Required, cos J^ 
Solving the equation cos y = 2 cos* ix — 1> we obtain 

cos* r = */i±pZ. (20) 

Let our third problem be : 

Given, sin y ; 
Required, sin £y. 
In the equation 

sin y = 2 sin \y cos^y 
we put cos \y = VI — sin* \y and square both members, obtaining 

sin* y = 4 sin* £y (1 — sin* |p). 
"Reducing, 

sm** r -sin*ir + ^ = 0. 
Considering sin |y as an unknown quantity, this equation can 
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be solved as a quadratic. Transposing the last term and adding 
i to each member, it becomes 

sin* \y- sin**y + ± = j— ^ = —^\ 

extracting the square root of both members, 

. • « „ cosy 

sm»^-i=±-y : ; 

whence, by solving, 



. 4/1 ± cosy 

sin ir = V — g— ^ 

Let our fourth problem be : 

Given, sin y ; 

Required, cos |-y. 
In the equation 

2 sin £y cos Jy = sin y 

we put sin \y = VI — cos* £y, and then proceed as before. 
Solving with respect to cos Jy, we shall find 



(21) 



Vl =f cos y ,_. 

cos*y = g — ' < 22 > 

We have now to study the different values which these expres- 
sions for sin \y and cos \y may have in consequence of the double 
signs of the surds and the double signs under the radical sign. 

Equations (19) and (20) show that if the cosine of an angle y is 
given, the sine and cosine of half that 
angle may have either of two opposite 
values. The geometrical explanation 
of this is that to cos y may correspond 
either of two angles, y or 360° — y. 
The halves of the general measure of 
y are \y and £y + 180° (§ 10). The 
halves of the general measure of 360° — y are 180° — \y and — \y 
(see diagram). 

Therefore the half angle may have either of four values. But 
because sin (180° + iy)= sin (— -J-y), and sin (180° — \y) = sin \y, 
the sines and cosines of these four angles will have only two differ- 
ent values. This result agrees with equations (19) and (20). 
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But suppose the sine of y to be given, 
then have either of two supplementary 
values, y %*& 180° — y. The halves of 
the general measure of these angles will 
be iy 9 90° - $y, 180° + \y , and 
270° + iy- The sines and cosines of these 
four angles are all different. Therefore 
the algebraic expression for the sines 
ought to be susceptible of four values 




instead of two, as in the first case. 
(5) and (6), because they show that 



Now this is true of equations 



sin 



or 



, j /i-cosr 

"I r 9. 



or 



or 



and 



cos|^ 



-v^ 



cosy 



or 



+ v /l ± ^s Z 



or 



or 



4/1+ 


C08^ 


— r 


2 


i/i- 


COS^ 


- y 2 ' 


_|A" 


cosy 


— r 


2 


<A+ 


cos y 



Exercises. 

1. We have already found sin 30° = \ ; from this find the 
sine, cosine, tangent, and cotangent of 15° and of 75°. 

2. From the values of the six trigonometric functions for 45° 
(§30) find those for 22£°. 

3. From the values for 18° find those for 36°. 

46. Miscellaneous relations. The following equations are of 
occasional use in the applications of trigonometry, and can all be 
derived from the formulae of the last two chapters. Their derive 
tions are therefore presented as an interesting exercise. 
1. sin (45° - x) = cos (45° + x). 

COS X 



2. 


am x = — — . 
cot X 






3. 


sin x = sin (60° -(-») — 


sin (60° - 


-X). 
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2 tan ix 



4. sin x = 

5. sina? = 



19. 



l + tan'JaT 

2 
tan %x -j- cot £# 



* „.«« 8in ( 3Q ° + »)- 8in ( 30 ° -«) 

7. sin = 2sin* (45° + $x) - 1 = 1 - 2sin* (45° - fc). 

8. cos 6 = sin £ cot 6, 

1 - tan* £* 

9. cos e = 



10. cos a = 



1 + tan* **• 
cot ia — tan £a 



cot £» + tan £0* 

11. COS a = q — r- 7 r— . 

1 + tan a tan $a 

12. cos a = 2 cos (45° + £a) cos (45° - £a). 

2 

13. C °9 a - tan (4 5 o +ia)+tan ( 45 o_ ia y 

2 cot j<9 

oot'i©- r 

2 



14. tan# = 

15. tan*# = , tn , , ^q. 

cot £0 — tan £0 

16. 2 cot 2a = cot a — tan a. 
sin 29 



17. tan£ = 



l+cos20' 



18. teDa=== tan(450+ia) T tan(45Q-^) 

2 



sin (A + ^) tan J. -f tan B cot ^ + cot A 
sin (A — B)~~ tan J. — tan i? ~~ cot B — cot A 
cos (J. -f J?) cot 5 — tan J. cot J. — tan B 



cos ( J. — B) r cot i? + tan A ~~" cot J. -j- tan i? ' 

21. cos a cosi = cos* £(# + J) — sin* J(a — i). 

22. sin a sin J = cos 9 £(a -—J) — cos* \{a + i). 

23. tan a + cot a = 2 cosec 2a. 

24. sin* or cos* )ff — cos* a sin* yff = sin (a + yff) sin (a—0). 

25. cos* a cos* /3 — sin* a sin' /5 = cos (a + fi) cos (ar— ytf). 
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TRIGONOMETRIC PROBLEMS. 



47. Problem I. Hewing given two equations of the form 

r sin <p = a> 

r cos <p = b, 

where a and b are given numbers, it is required to compute r 

and <p. 

Solution. Dividing the first equation by the second, we find 

sin <p a 

= tan a? = r . 

cos <p b 

From this value of tan <p we find <p itself, then the sine or 

cosine of % and then r from either of the equations 

a b 

r = — = . 

sin <p cos <p 

Example. If r sin <p = 332.76, and r cos <p = 290.08, it is 

required to find r and <p. 

log sin ?>, 9.877 25 (5) log cos <p, 9.817 64 (6) 

" r sin <p, 2.522 13 (1) " tan <p y 0.059 61 (3) 

" r cos <p y 2.462 52 (2) • <p, 48° 55'. 2 (4) 

" r = log r sin <p — log sin <p, 2.644 88 (7) 

" r = log r cos <p — log cos % 2.644 88 (8) 

r, 441.45 (9) 
The numbers in brackets show the order in which the num- 
bers of the computation are written. In writing log r sin <p and 
r cos <p spaces are left for inserting log sin <p and log cos <p after <p 
is found, so that either of the latter may be subtracted to obtain 
r. It is generally best to obtain r from both r sin <p and r cos <p> 
because then if any mistake is made in <p it will be shown by a 
difference in the results. 
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On the other hand, a practical computer will not write down 
-either sin q> or cos % but will subtract in his head and write down 
log r only. 

Exercises. 

1. Given r sin <p = 1.297 43, r cos <p = 6.002 4 ; find r and <p. 

2. " " =0.08219, " =0.128 8; " " 

3. " " =194683, " =8460.7; " " 

48, Distinction of quadrants. In the preceding examples 
we have supposed r sin <p and r cos <p to be positive, and have 
taken <p in the first quadrant. But either or both of these quan- 
tities may be negative. Whatever their signs, there are always 
two values of cp y differing by 180°, corresponding to any given 
value of tan q> (§ 31). Hence the problem admits of two solu- 
tions in all cases. In the one r will be positive, in the other 
negative. 

But in practice only that solution is sought which gives a posi- 
tive value of r. This being the case, sin <p and cos <p must have 
the same algebraic signs as the given quantities r sin <p and r cos <p 
respectively. Now consider each case in order : 

I. r sin cp and rcos <p both positive. The angle <p must then 
be taken in the first quadrant, because only in this quadrant are 
sin <p and cos <p both positive. 

II. rsin<p positive and reoscp negative. 8in<p is positive 
only in quadrants (1) and (2) (§ 21), and cos <p is negative only in 
quadrants (2) and (3). Hence the requirement of signs can be 
fulfilled only in the second quadrant, and 

90°<<p<180°. 

III. r sin <p and r cos <p both negative. The only quadrant in 

which sine and cosine are both negative is the third. Hence in 

this case 

180°<9><270°. 

IV. rsin <p negative and r cos <p positive. The only quadrant 

in which sin <p is negative and cos <p positive is the fourth. Hence 

in this case 

270°<<p<360°. 
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Exercises. 
1. Given r sin <p = — 237.09, r cos <p = -j- 192.91 ; find r and 9?. 



2. , « 


« 


-f 2713.8, " 


- 9269.2 ; 


U 


a 


3. " 


« 


- 1.9634, " 


- 0.09654 ; 


« 


a 


4. " 


«( 


- 3.6925, " 


+ 396.72 ; 


u 


u 


5. « 


« 


- 18.005, « 


- 2.6943 ; 


u 


u 


6. Given 


rsin 


(9) + 47° 50') = 


7.2693, 








r cos 


{tp + 47° 50') = 


- 12.2916, 






to find r 


and 9>. 











Note. In this last exercise compute the value of (<p+47 5C) as if it 
were one quantity, and subtract the angle 47° 50* from the result. 

7. Given /-sin (0 + x) = — 249.88, 

rcos(0 + #) = — 92.62, 
wsin(0 — a?) = 702.02, 
i*cos(0 — x) = 516.93; 
find the values of r, ^, 0, and a*. 

8. Given r (sin 9 + cos 0) = 298.07, 

r (sin — cos 0) = 96.04 ; 
find r and 0. 

49. Problem II. Hewing given two equations of the form 
x cos a -j- y sin a = J?, 
a? sin a — y cos a = q, 
it is required tojmd the values of x and y. 

The elimination is conducted by the method of addition and 
subtraction, as follows : 

Multiply the first equation by cos a and the second by sin a. 
We thus have 

x cos* a -f- y sin a cos a = p cos a ; 
a? sin* a — y sin or cos a = y sin or. 
Now adding these equations together and remembering that 

sin* a -j- cos a or = 1, 
we have 

x =p cos a -j- y sin a, 

which is the required value of x. 
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9 

Next multiply the first equation by sin a and the second by 

— cos a. We have 

x sin a cos a -j- y sin* a = p sin a ; 

— « sin a cos a + V eoB% <* = — q cos a. 
By addition, 

y =jp sin a — y cos a. 

It will be noticed that in these equations x and y are given in 

terms of jp and q by equations of the same form as the original 

ones. 

Exebcise. 

Find the value of p and q from the equations 

^?sin <x-\-q cos a = a; # 

jp cos a — j sin a = J. 

50. Pboblem III, j^fctoi £fc equations 

r sin (^ + a) = a, 

rsin (/? + 0) = ft, 

to find the values of r and yff, — the other four quantities, a, J, « > 

<md 0, fem^ supposed known. 

Solution. Developing the sines of &~\-a and yff + 0(§4O)> 

we have 

rsinyffcos« + rcos/Jsin€ = a;) 

r sin yff cos -j- r cos yff sin = b. ) ^ ' 

Regarding r sin /3 and r cos yff as the two unknown quantities, we 
see that their coefficients are cos *, sin e, cos and sin 6. Multi- 
plying the first equation by cos 6 and the second by cos *, we have 
r sin /3 cos e cos 6 + r cos yff sin € cos = a cos 0; 
r sin /? cos * cos + r cos /^ cos * sin = i cos 6, 
Subtracting, 

r cos (sin * cos 6 — cos £ sin 6) = a cos — b cos *. 
Noting that the coefficient of r cos /3 is sin (e — 0), we find, by 

division, 

a cos — i cos * 
r sin (e — 0) 

To find the value of r sin fi we multiply the first equation {a} 
by sin 6 and the second by sin *, and subtract. We thus find 
r sin /3 (sin £ cos — cos e sin 0) = b sin * — a sin. 0, 
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_ . . b sin s — a sin 6 

Hence r sin p = : — 7 ^r — . 

sin (« — a) 

Supposing the numerical values of 0, J, *, and to be given, 

these equations give the values of r sin fi and r cos /?, from which 

r and /ff can be computed by Problem L 

EiEBCIfl£8. 

Find the values of rsmcp and roo&tp from the following 
equations by the preceding method : 

1. rcos(^ + *) = a> rcos(9>— 0) = &. • 

. . J COS 6 — « COS © 

Ans. rsm^= . 7- . n . — ; 

^ sm (e -f- 0) * 

5 sin s + asin 6 

rcosa> = . 77 1 ^ — • 

^ sm (a + 0) 

2. rco6(9>+*) = a,rsin (9>+0) = £. 

5 cos € — a sin 6 

Ans. fBinffl = 7 ^r — ; 

^ cos (e — a) > 

b sin * + a cos 

rco8 9> = -r — 37 — . 

r cos (e — 0) 

8. r sm(9 + ^)=acos^, rcos(9> — €) = asin^, 

. . a cos (y + e) 

Ans. 7*sina>= ^^^ — -; 

^ cos2« ' 

08in(v— e) 
rcos9>= ^r — K 

4. Find the values of r and <p from the equations 
rcos(?>+0) = 3.790 8, 
rcos(?> — 6) =2.0607, 
when = 31° 27'.4. 

51, Psoblkm IV. To reduce cm expression of the form 

sin0-}-Scos0 

to a monomial, a cmd b being given quantities. 

Solution. Determine the values of two auxiliary quantities k 

and £ from the equations 

£cos£= a> 

£sin e = J, 
as in Pipblem L 
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The given expression will then become, by substitution, 

it cos * sin + & sin * cos = jfc sin (0 -|- *). 

We might equally have supposed jfcsin e = a and k cos e = 5, 
when the given expression would have become k cos (0 — e). 
Example. Reduce the expression 

1239.3 sin x — 724.6 cos x 
to a monomial. 

k sin € = — 724.6 log = — 2.860 10 

Acos«= 1239.3 log= 3.09318 

log tan e, — 9.766 92 

e 9 - 30° 18'.8 

log cos e, 9.936 15 

log*, 3.15703 

ky 1435.6 

We therefore have 

1239.3 sin x - 724.6 cos x = 1435.6 sin (a - 30° 18'.8). 

Exercises. 

Reduce to monomials the expressions : 

1. 27. 615 cos /i — 23.208 sin /*. 

2. 3.600 3 sin (0 - 7° 52 , .6) + 5.907 sin (0 + 53° 57'.6). 

3. Reduce to a monomial the expression 

92.65 sin cos a — 196.23 cos sin or, 
when * = 162° 48'.7. 

4. Reduce to a monomial the expression 

cos ot cos + sin a sin cos H y 
when a = 62° 39 / .5 and B= 22° 36'.8. 

52. Problem V. 7b reduce an expression of the form 

a sin x cos -j- J cos x sin (1) 

fc> a form which shall not contam the product of amy two trigono- 



Solution. We have, from § 43, 

sin a? cos = J sin (x -j- 0) + isin (x — 0) ; 
cosa? sin = |-sin (a? + 0) — J sin (» — 0). 
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Making these substitutions in the expression (1), it becomes 
K<* + h) sin (a?+ 0}+ #a- h) sin (a>- 6) 

EXEBCISBS. 

Clear from products of sines and cosines : 

1. #& cos ar sin yff — n sin a cos fi. 

2. acos0cos// + Jsin0sin/i. 

3. cos cos /* — i sin sin /i. 

53* Peoblem VL From the equations 
r cos /? cos X = a, ^ 

r cos yff sin A, = 5, I (1) 

r sin /? = c, J 

to find the values of r> ft, and A, the values of a, J, and c being 
given. 

Method of solution. Dividing the second equation by the 
first we obtain 

tanX = j; (2) 

from this equation we find X, and then sin X or cos X from the 
tables. Then 

rcoaft = -^ r =-7— T (3) 

cos A sin A w 

•can be computed. The value of r sin ft being given by the third 
-equation (1), the values of r and ft are found by Problem I. 
Example. Find r, A and A from the equations 
r cos ft cos X = — .53.953 ; 
r cos /? sin*. = + 197.207; 
r sin ft = — 39.062. 

Work log cos ft, 9.992 21 

log r cos ft cos A, - 1.732 01 log r cos ft, 2.310 60 

logrcos/JsinX, 2.29493 logrsin ft, - 1.591 75 

sin X, 9.984 33 i og tan ft, - 9.281 15 

log tan X, - 0.562 92 logr, 2.318 39 

X, 105°18'.0 r, 208.16 

log r cos /?, 2.310 60 A - 10° 49' 
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Exercises. 

Find the values of r, yff, and X from : 

1. r cos /3 cos X = 1.271 83 ; 
r cos /? sin A = — 0.981 52; 
r sin fi = 0.890 02, 

2. r sin yff sin A. = 19.765 3 ; 
r sin ft cos * = — 7.192 8; 
rcosyff = 12.124 2, 

Miscellaneous Exercises. 

1. Compute 00 and r from the equations 

1.268 22 sin a? = 0.948 30 + r sin (25° 27' .2) j 

1.268 22 cos 00 = 0.281 16 + r cos (25° 27'.2). 

First eliminate r. 

Ans. 00 = 60° 53'. 8; 

r = 0.371 7. 

2. Find 00 and a? from the equations 

3 sin <» -f- cos a* = 2a>. Ans. 00 = 71° 34'; 

sinc»-|-2cos<» = x. x = vy. 

After finding sin 00 and cos 00 in terms of x employ the equation 

sin* oo + cos 8 00 = 1. 
Find & from the following quadratic equations, and express 
the results without surds : 

2a> 

3. o? + 1 = - — . Ans. x = cot 4 a or tan 4 a. 

sin a * " 

a -J 1 ^ n a 1 ± sin ar 

4. ar + 1 = 2a> sec a. Ans. a = 

cos a. 

5. 1 — of = 2 a cot a. Ans. a? = tan \a or — cot Jar* 

a ~* i a x 4 sin a ± 1 

6. a?* — l = 2fl? tan a. Ans. »= 

cos a. 

Find from the equations : 

7. 27.615 cos - 23.208 sin = 19.094. 

8. 3.6003 sin (0 - 8°) + 5.907 sin (0 + 54°) = 2.6253. 
Reduce the first members by Prob. IV. 

9. asin0 + 5co80-f-0 = O. 

From this last equation find sin 0, cos 0, and tan by separate 
quadratic equations. ' 
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54. A plane triangle has six parts, three sides and three angles. 
Of these parts the three angles are not independent of each other, 
because when two angles are given the third may be found from 
the condition that the sum of the three angles is 180°. Hence, if 
two angles are given, the case is the same as if all three were given. 

When any three independent parts are given the remaining 
three may be found, but in order to be independent one of the 
three given parts must be a side. 

55. The fact that the sum of the three angles of a plane 
triangle is 180° enables us to express a trigonometric function of 
any one angle as a similar function of the sum of the other two 
angles. It has been shown that 

sin x = sin (180° — x) ; 
cos x = — cos (180° — x) ; 
tan » = — tan (180° — x) ; 
cot x = — cot (180° - x) ; 
sec x = — sec (180° — x) ; 
cosec x = — cosec (180°— x). 
If ot 9 0, and y are the three angles of a triangle, we have 

« = i8o°-o» + y)n 

fi = 180° -(y + a);\ id) 

r=180°-(a + /3). J 



Therefore 



sin a = sin (J3 -f- y) ; 
sin /5 = sin (y + a) ; 
sin y = sin (a -}- /3) ; 
cos a = — cos (/J -j- y) ; 
etc. etc. 



(i) 
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By dividing the equations (a) by 2 we find 

* r = 90° -*(* + /?). 



Therefore 



(*) 



(2> 



sinja = C08^(/J + ^); 
cos^a = sin %{fi~\-y)\ 
tan|a = cotiK/? + ^); 
cotJa = tan|(/? + ^) ;- 
etc. etc. 



From what has been said the given parts may be 

One side and the angles ; 

Two sides and one angle ; 

The three sides. 
Also, when the sides and one angle are given, this angle may be 
either that between the given sides or •opposite one of them. 
Hence there are four cases in all to be considered. 

56. Case I. Given the angles and one side. 

Theorem I. The sides of a plane triangle are proportional 
to the sines of their opposite angles. 
Proof. Put 

a> b 9 c y the three sides ; 
a y fa y, their opposite angles. 
From one angle, as y> drop a perpendicu- 
lar yD upon the opposite side, c. Then 
yD = bona; yD=a8mfl. (§35) 

Therefore 

asm/? = J sin a. 

Dividing by sin a sin/?, 

a _ ^ 
sin a "~ sin /T 

By dropping a perpendicular from a upon a we should find, in 

the same way, 

b __ o 
' sinyff ~~ siny* 




Digitized by VjOOQlC 



TRIANGLES IN GENERAL. 



68 



Therefore 



or 



a __ b __ c 
sin a ~~ sin >ff — sin j'* 
a : b : c = sin a : sin/8 : sin y. 



Q.ED. 



(3) 



sin e? sin /ff ' 



ifef. The common value of the three quotients 

/* 

and - — is called the modulus of the triangle, 
smy & 

Thbobem n. The modulus of the triangle is equal to the 
diameter of the circiwnscribed circle. 

This theorem may be demonstrated by the student from the 
property that an inscribed angle is measured by one half the arc 
on which it stands. 

Theorem L enables us, when the angles and one side of any 
plane triangle are given, to find the remaining two sides. If the 
side given is c, we have 



csina 
= -Frrr; 



b = 



mny 

CBin/3 

siny * 



(5) 



or, putting M for the modulus, we have 

a = 3£ sin «;' 

i = Jfsinyff; • (6) 

c = M sin y. - 
If we put p 9 p' 9 and j>* for the lengths of the perpendiculars 
from a, /3> and y respectively upon the opposite sides, we find, 
from the preceding figure, 

p = b sin y = c sin ; * 
j>' = c sin a = a sin y ; - (7) 

j>" = 5 sin a = a sin fi. . 
By these equations we may find the lengths of the perpen- 
diculars. 

Exercises. 

1. Given a = 78° 23'.2, = 52° 16'.3, a = 796.25 ; find b and <?. 
8. " *= 5°26'.2,£ = 72°36'.8, J =19.263; « J and c. 
3. " a = 50° 58'.7, /* = 32° 50'.8, <? = 169.37 ; " a and J. 
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— v.*0 



4. In order to find the distance of a point C across a river 
from the points A and B , a sur- 
veyor measured a base line AB 
and found it to be 829.72 metres. 
Placing a theodolite at A, he found 

Angle BAC = 82° ST. 6. 
Carrying his theodolite to 2?, he 
found 

Angle ABC = 70° 3'. 3. 
Eequired the distances AC and BC across the river, and the 
length of the perpendicular from C on AB. 

5. In a triangle ABC the angle B exceeds the angle A by 
10°, the angle C exceeds the angle B by 20°, and the side AC is 
2.72 904 metres. Find the angles and sides of the triangle and 
the length of the perpendiculars from the angles upon the oppo- 
site sides. 

iS. The base of an isosceles triangle is 132.643 metres, and the 
angle at the vertex is 32° 53'.7. Find the sides and the altitude. 

7. One diagonal of a parallelogram measures 23 metres, and it 
makes angles of 32° 17' and 63° 24' with the sides. Find the 
lengths of the sides and the angles of the parallelogram. 

8. From a point at a distance a from the centre of a circle of 
radius r tangents are drawn to the circle. Express the lengths of 
the tangents and the distance between the points of tangency, and 
compute the result when r = 7, a = 12. 

57. Case II. Given two sides and the angle op- 
posite one of them. 

Let the given parts be a, ft, a. We then compute the parts /3, y 9 
and c by the f ormulra (a) and (3) already found. 

sinyff = -Bina; 



y= 180° -(* + /*); 
bsiny asiny 



c = 



(8) 



sin fi ~~ sin a 

This case may have two solutions, as is shown in geometry. 
The two solutions are found in the above equations, because to a 
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given value of sin/? corresponds either of two angles (§21), 
which will be supplements of each other. 

But if one solution gives a-f-)ff > 180° it is not admissible, 
and only the lesser value is used to give the triangle. This will 
be the case when a > J. 

It may also happen that sinyff = — sin a comes out greater than 

unity. There is then no possible triangle which fulfils the con- 
ditions. 

Example. Given a = 152.08, b = 236.74, a = 32° 29'.6 ; find 
the remaining parts. 

log J, 2.374 27 

log sin ar, 9.730 14 

co log a, 7.81793 

log sin # 9.922 34 

/?, 56°44 , .9 or 123°15'.l 
a, 32° 29'.6 32° 29'.6 

a + /J,89°14'.5 155°44'.7 

180° OO'.O 180° OO'.O 



y, 90° 45'.5 or 24° 15'.3 

log sin y, 9.999 96 or 9.613 62 

log -I-* 2.45193 2.45193 



'sin/?' 

log (?, 2.45189 or 2.065 55 

c, 283.07 or 116.29 

Exercises. 

1. Given a = 24, b = 33, * = 31°28'; find the remaining parts. 

2. " a = 34, b = 35.79,/? = 17° 59'; " " " 

3. " a =29, b = 34, a = 30° 20'; * " " 

4. « J = 19, o = 18, r=15°49'; " " " 

5. " a = 24,<? = 13, ^l^O 7 ; " " " 

6. From a point P at a distance a from the centre of a circle 
of radius r a line is drawn, making the angle ft with the line from 
P to the centre of the circle. At what distances from P will the 
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line intersect the circle? Compute the distances when r = 72,, 
= 98, andyff=28°56'. 

7. Show that if, in the present case, we take the side which is 
not given as the base, we can find the altitude of the triangle im- 
mediately, and afterwards may find the three required parts of the 
triangle from the altitude. 

Case IIL Given the three sides. 

Theorem III. In a triangle the square of any side is equal 
to the sum of the squares of the other fooo sides minus twice the 
product of these two sides into the cosme of the angle included 
by them. 

In symbolic language this theorem is expressed in any of the 

forms 

a* = b* + <? — 2w cos a, 1 

or b t = a t + d' — 2acco&/3 y \ (9) 

or <? = a % + V — 2a& cos y. J 

Proof It is shown in geometry that in any triangle the side 
opposite an acute angle is greater than the sum of the squares 
of the other two sides by twice the product of one of these sidea 
into the projection of the other side upon it. 

If a be the acute angle, we have, by this theorem, 
a* = V + <? — 2J X (projection of o on b). 
By §35, II., and the definition of projections. 

Projection of c on b = e cos a ; 
substituting this value of the projection, 

a* = V + & — 2bo cos a. Q.E.D. 

The other equations may be proved in exactly the same way. 

If the containing angle is obtuse, the square of the opposite 
side will be greater than the sum of the squares of the containing 
sides. But this case is included in the trigonometric formula, 
because then cos a is negative and — be cos a is positive. Hence 
the formula is applicable to all cases when regard is had to the 
algebraic sign. 

From the first of equations (9) we obtain 

008a = 2fc ' < 10 > 
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which with the two companion formulae enable us to find the 
angles when the three sides are given. 

59. If the angle is small, it cannot be accurately determined 
by means of its cosine ; we therefore transform the expression as- 
f ollows : 

Subtracting each member of the equation from unity, we have 

l-cos«=l 2^—= Wo • 

But 1- cos a = 28^1^ (§44), and fife — ft'—0r= - $-c)\ 
Therefore 

J sin *a _ 2bc _ 2bo 

Let us now put s for half the sum of the three sides, so that 

s = i{a + b + c). 
Then a + ft — c=2s — 2c; 

a — b + c = 28 — %>; 
and the preceding equation reduces to 

rin-t^ "-^'-') . (u) 

The expressions for the other two angles are obtained by the 
same process, the letters a, b, c and a, /?, y being permuted in the 
orders J, o, a ; yff, y, a and c, a, b ; y, a, yff . We thus find 






(IS) 



These equations answer our purpose, but in determining an 

angle the tangent is the function to be preferred, because an angle 

can be determined more accurately from its tangent than from its 

sine or cosine. To obtain expressions for the tangent add unity 

to bfoth sides of the equation (10). We then have 

, , b % + <?-a % F + 8fc> + <f_«f 
1 + 008 „ = 1 + X_ = __ . 

Since 1 + cos a = 2cos* J<* (§44), this equation reduces to 
a^.i^ <hWkz± - (b + e+a)(h + e-a) 

2coe *" = — ^ — m • 
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Whence 



t1 s(8 — a) 
008 *" = "IT' 



(13) 



Dividing (11) by this equation, and writing the corresponding 
equations for the other angles, we find 



tan*Ja = 



tan* J/J = 



(g-o)(a-g)_ 



* (* — b) 

The computation will be simplified a little by computing 

We shall then have 

tan£a = 



(14) 



tan*/? = 






(15) 



By means of these equations we may compute two of the 
angles, and find the third by subtracting their sum from 180°. 
But in practice it is better to compute the three angles indepen- 
dently, and check the accuracy of the work by taking their sum. 

If this sum comes out materially different from 180°, there is 
some mistake in the work ; if not, it may be presumed correct. 

Mscmple. Givdh a = 273.960, b = 198.632, e = 236.914; 
find the angles. 



a = 273.960 

b = 198.632 

c = 236.914 

2* = 709.506 

» = 354.753 

a— a = 80.793 

s- b = 156.121 

s-o= 117.839 



log (*- a), 1.907 37 

log («-&), 2.193 46 

log(* - c), 2.071 29 

sum of logs, 6.172 12 

log «, 2.549 92 

log R\ 3.622 20 

log H, 1.811 10 



log tan i<x, 9.903 73 
log tan +£,9.617 64 
log tan $y, 9.739 81 
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\a, 38°42'.l; a = 77°24'.2 
i/?,22°31'.2; yff= 45° 2'.4 
ir, 28°46'.8; y = 57°33'.6 

Sum = 180° 0'.2 (Check.) 
The discrepancy of 0'.2 is the result of the unavoidable errors 
from the omission of the decimals of the logarithms beyond the 
fifth. 

Another check on the accuracy of the work is obtained by 
computing the modulus of the triangle from its three separate 
expressions (§ 56, 3), and noting whether they agree, thus : 

log 0, 2.437 69 log b, 2.298 05 log o, 2.374 59 

sin a, 9.989 42 sin /3, 9.849 79 sin y, 9.926 32 

log modulus, 2.448 27 2.448 26 2.448 27 

The three results agree within the unavoidable limits of error. 

Exercises. 

1. Given a = 8, i = 4, = 5; find the angles. 

2. " <* = 37593, ft = 29867, c = 40005; « " 

3. « a = 2.796 1, b = 23.928, c = 25.046 ; " " 

4. The base of a parallelogram is 13, each side is 6, and its 
lesser diagonal is 12. Find its angles. 

5. If the sides of a parallelogram are a and b, and one diagonal 
is^?, express its angles. 

6. The parallel sides of a trapezoid are 12 and 17, and the non- 
parallel sides 6 and 7. Find its four angles. 

Suggestion. Divide the trapezoid into a triangle and a parallelogram. 

7. In a triangle are given the two sides, 
p and #, and the medial line r from the Py^ / \f 
vertex to the middle point of the base. 
Prove Base= V%p % + 2j" — 4r\ 

8. Given the three medial lines r, r', /of a triangle ; find 
the sides of the triangle from the preceding result. 

Ans. f V2r , + 2r /, — r* t ; f V2r> + 2r* 1 — r"; f V2r n + 2r n — r\ 

9. Of the bisectors of the angles at the base of a triangle, the 
one cuts the opposite side in the ratio m : n, and the other in the 
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ratio p : q. By means of the equation (10) express the cosine of 
the angle at the vertex of the triangle. 

Ans. cos a = ~ . 

2pqmn 

Note. In the solution of this question apply 
the theorem of geometry which defines the ratio in 
which the bisector of an angle cuts the opposite side. 

60. Case IY. Given two sides and the included 
angle. 

This ease may be readily solved by Theorem HL, because if 
the given sides are b and c y and the given included angle is a, we 
have for the third side 




a= W + <? — 2bc cos a. 
Then, having the three sides, the remaining angles may be found 
as in the last section. But there is a more convenient method 
founded on the following theorem : 

Thbobem IV. As the stem qf any two sides 
is to their difference, 
so is the tangent qf half the stmt of the angles opposite these sides 
to the tangent qf half their difference. 
Proof. From the equation 

b : c:: An ft: siny, (Th. L) 

we have, by composition and division, 

b + c • & — o :: sin ft + sin y : sin ft — sin y. 

But sin£ + siny = 2sin£08 + >')cosiOS — y); (§44) 

sin — sin y = 2 cos i(J3 + y) sin #fi — y). 

Substituting these values, and expressing the proportion as a 
fraction, 

b + c^ smj(/3 + y)cosU/3-y) 
b — c cos Ofi -f y) sin i{/3 — y) 

= tanK/»+r)coti(/»-y) (§33) 

_ tanj(l + r) 

Therefore 

b+c: b-e:: tan£(/» + r) : tanK£- y). Q.E.D. (16) 
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The solution is now obtained as follows : We have 
K/S + r) = 90°-i«; 
tan #P + y) = cot \a. (§55) 

Because the angle a is given, the only unknown term of the 
proportion is tan £(yff — y). This is given by the equation 

tanK/J-^^tanK/J + r), (17) 

which is derived from the proportion (15). 

By this equation we obtain $(/ff — y), which being added to 
and subtracted from $(fi + y) gives J3 and y. The remain- 
ing side of the triangle may then be found by Case I. But 
when this side as well as the angles are required, a more elegant 
method may be followed, which will be explained in the next 
section. 

Example. Given b = 4.567, o = 3.456, a = 56° 7'.8 ; find the 
remaining parts. 

b, 4.567 180° 

0,3.456 «r, 56° 7'.8 

b - o, 1.111 fi + y} 12 3° 52'.2 

b +o,8.023 UP + y), 61°56'.l 

log (o-o), 0.045 71 ¥fi-r), 14°33'.6 

colog(& + o), 9.095 66 - - „ 29 , » 

log tan j(/? + y), 0.«8 14 £ ^ ^ 

log tan i(£ - y), 9.414 51 ' - 

log J, 0.659 63 log o, 0.538 57 

log sin fi, 9.987 82 log sin y, 9.866 76 

log Mod., 0.671 81 log Mod., 0.671 81 

a = 3.899 8 log sin a, 9.919 23 

log a, 0.591 04 

ExEBOIBBS. 

1. Given a = 12.34, b = 43.21, y = 84° 12'; find rem. angles. 

2. « b= VE, 0=4/3, a = 85° 53'; a « 
a " a = 35.79, c = 1.246 8, £ = 97° 53'; " « 
4. « a=189, 6 = 114.75, y = 107° 48'; « « 
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61. If in the present case all three remaining parts are 
wanted, f ormulfle may be derived as follows : 
From the equations (3) we derive 

ft = Bip ft . £ = EL2L (a) 

a sina' a sin a* 

Adding these equations we have 

h + c sin /? + Bin y ^ 2 sin Kg + y) cos Kl - y) (§M) 
a sin a sin a \» / 

_ 2 cos ja cos K/?-y) / g g5 x 

~" 2sini«cosia K * } 

sin \a 
Subtracting the equations {a) we have 

ft_- c sin /? - sin y 2 gos j(g + y) sin j(l - y ) 
a ~~ sin a *"*" 2 sin £a cos £a 

cosja x ' 

Prom the equations (0) and (&) we obtain 

a sin H/3 — y) = (b - o) cos ia, ) - 

a cos £()ff — y) = (A + c) sin Jar ; J 
which equations are readily solved by Prob. I. Chap. V. 

By taking the quotient of these equations we may readily 
deduce the relation (16). 

Exercises. 

1. Given 6=2956.2, 0=9090.8, a=98° 29'.6; find fl, y, and a. 

2. A surveyor lays off two lines from the same point : the one 
due north, 279.25 metres, the other east 15° north, 109.262 metres. 
How far apart are the ends of the lines, and what is the direction 
of the line joining them ? 

3. The sides of a parallelogram are 26 and 15, and one angle is 
126° 52'.2. Find the lengths of the two diagonals and the angles 
which they make with the sides. 

4. Given the two diagonals d and d' of a parallelogram and 
the angle e which they form ; express the sides and angles of the 
parallelogram algebraically and compute them for the special case 
d = 5, d' = 6, € = 49° 18'. 
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Areas of Triangles. 

62. Theorem V. The area of a triangle is equal to half the 
product of any two sides by the sine of their included angle. 

Proof. It is shown in geometry 
that the area is half the base into the 
altitude. Now in the figure, 

Altitude h = b sin y. 
Therefore, a being the base, y ' 

Area = %ah = %ab sin y. Q.E.D. 

Cor. 1. If two triangles have two sides of the one respectively 
equal to two sides of the other , and the angles which these sides 
form supplementary, the triangles will be equal in area. 

For the sines of the supplementary angles are equal. 

Cor. 2. Since we may take any one side as a base, if we call 
A, A', h" the altitudes above the respective sides a, &, and c, we 
shall have ^ = JA / = oA ^ 

and ab sin y = be sin a = ca sin ft. 

For these expressions are each double the area of the triangle. 

Exeboises. 

1. Given a = 75, b = 29, ft = 16° 15'.6; find the remaining 
parts and the areas of the two triangles which may be formed. 

2. Express the area of a parallelogram of which two adjoibing 
sides are of given length, a and J, and make with each other a 
given angle <?. 

3. Express the area of a triangle in terms of a base, c, and the 
two adjacent angles, a and ft. A -* sin a sin ft 

sin(a + /?) 

4. In a parallelogram is given a diagonal of length d, and the 
angles 6 and <p which the diagonal makes with the two sides 
adjoining it. Express the area of the parallelogram. 

5. Express the area of the parallelogram in terms of the lengths, 
d and d', of its diagonals, and the angle e at which they intersect. 

* 6. In a quadrilateral are given the four sides, a = 25.63, 
b = 24.09, c = 9.92, d = 29.97, and the angle, 78° 25', which 
the sides a and b form with each other. Compute the angles and 
the area of the quadrilateral 
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7. A triangle ABC is to be divided into two parts of equal area 
by a line parallel to AB. What will be the ratios of the segments 
into which the other two sides are divided ? Ans. V\ : 1 — V%- 

8. A city lot fronts 60 feet on a street, and the parallel sides 
run back, the one 100 and the other 135 feet. It is to be divided 
into two equal parts by a line parallel to its sides. What will be 
the frontage of each part, and the length of the dividing line? 

Remwrk. — The figure of the lot is a trapezoid, and the problem 
is that of dividing a trapezoid into two equal portions by a line 
parallel to the base. Let us put 

a, i y the parallel sides ; 

m : 1 — m y the ratio in which the non parallel sides, and there- 
fore the altitude, is divided by the dividing line; 

k, the length of the dividing line. 

The unknown quantities of the problem are then m and k. If 
we put h for the altitude of the entire trapezoid, the altitudes of 
the two parts will be mh and (1 — m) h respectively. Therefore 
the areas will be , 7 711 

— ^— mh and — l — (1 — m) A, 

the equality of which gives the first condition. For the second 
condition we have the geometrical theorem that the difference be- 
tween the dividing line and either of the parallel sides is propor- 
tional to its distance from such side. This gives the proportion 

a — k : k — I :: m : 1 — m, 
whence (k — b) m = (a — k) (1 — m). 

The quotient of this equation by the preceding one gives an 
equation from which m is eliminated, and from which we find the 

value of k. J of + b* 

k—Y g— . 

We then find for m the equation 

a — k 
a — b 
Applying this method to the problem under consideration, we find 

k = 118.796 feet ; 
m = 0.462 97; 
frontages of lots, 27.778 and 32.222 feet 
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63. A polygon is completely determined when the positions 
of its vertices, taken in regular order, are given. The polygon 
may then be formed by joining each pair of consecutive vertices 
by a straight line. 

The positions of the vertices may be defined by their co-ordi- 
nates, on a system now to be explained. 

64. Coordinates of a point. In geometry the position of a 
point is fixed by assigning to it certain lines or numbers indicating 
its situation relative to a fixed line, and a point on that line. 

Def. Any numbers or lines which determine the position of a 
point are called the co-ordinates of that point. 

Reetwngvlwr coordinates. Let OX be the fixed line of refer- 
ence, and a point of reference on that line p 

from which we measure. ! 

i 

Let P be a point whose position is to be j 

expressed. From P drop a perpendicular ! 

PA upon OX. Then : 6 a x 

The line PA is called the ordinate of the point P. 

The line A is called the abscissa of the point P. 

The ordinate and abscissa are called rectangular co-ordi- 
nates of the point. 

The indefinite line OX along which the abscissas are measured 
is called the axis of abscissas or the axis of X. 

The zero point. from which the co-ordinates are measured is 
called the origin. 
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When the rectangular coordinates are given the position of 
the point is completely determined. 

To find the point when the ordinate and abscissa are given, we 
measure off from 0, on the line 0X 9 a distance equal to the given 
abscissa. 

At the end of this distance we erect a perpendicular equal to 
the given ordinate. 

The end of this perpendicular will be the required position of 
the point. 

The abscissa of a point is represented by the symbol x y the 
ordinate by the symbol y. 

If a? is positive, its length is laid off from toward the right ; 
if negative, toward the left 

If the ordinate y is positive, it is measured upward from the 
axis of X; if negative, downward. 

Exebcises. 

Draw a line OX± or 5 inches long as a line of reference, and 
lay off points having the following co-ordinates from a zero point 
near the middle of the line : 

y — 2 inches; 

y = 1 " 

y= 2 " 

y = 1 " 

y= -2 « 

y = - 1 u 

y = - 2 « 

y= 2 « 
y = _ 2 « 

Polar coordinates. Draw a line from to P, and call r its 
length and <p the angle XOP. Then P 

OD = x = r cos 9, / 

Z)P = y = r sin ?>, /' 

and Problem I. of Chapter Y. reduces to: /' 



1. 


» = 


1, 


2. 


x = 


a, 


3. 


s» = 


2, 


4. 


8 = 


i, 


5. 


x = 


i, 


6. 


a> = 


2, 


7. 


x = 


-2, 


8. 


8 = 


-1, 


9. 


a? = 


o, 



Oimen the co-ordinates m and y of a o b A 

pointy to find the distance and direction of the point f mm the ori<^^ 
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Since the quantities r and <p completely determine the position 
of P, they are also co-ordinates. To distinguish them they are 
called polar co-ordinates. 

Exercise. 

Eight points have the following several co-ordinates. Find 
the values of <p and r (the values of r being all equal), and note 
what relation exists among the values of <p. 

1. «? = + *, y = + 3; 

2. * = + 8, y = + 4; 

3. x = — 3, y = — 4; 

4. a>= -4, y = + 3; 

5. # = — 4, y = — 3 ; 

6. a? = — 3, y = — 4; 

7. a? = +3, y = - 4; 

8. x = + 4, y = — 3. 

65. Dejmtiion, of direction of .lines and <mgle between 
them. Two finite lines which do not meet are considered to form 
a certain angle with each other ; namely, the angle which would 
be formed if they were continued until they met, or if a line paral- 
lel to the one were drawn through any point of the other. 

Since at the point of crossing four angles are formed, we may, 
in the absence of any convention, regard either of these angles as 
that between the lines. But as opposite angles are equal, these 
angles only have two different values. 

Also, in the absence of a convention, we may regard any angle 
as either positive or negative. Hence to a given inclination of 
the lines may be assigned any one of four different values, which 
values are divisible into two supplementary pairs. 

Example. If two lines intersect at an angle of 85°, we may 
consider their inclination, or the angle which they form, to be 

either 85°, 
or 95°, 
or - 85° = 275°, 
or - 95° = 265°. 



Digitized by VjOOQlC 



78 



PLANE TRIGONOMETRY. 



This ambiguity is avoided by the following conventions : 

1. We assign to each line a positive and a negative direction. 
The positive direction is that from the beginning to the end of a 
finite line. The angle they form is then that between their posi- 
tive directions. This is the same as the angle between two lines 
going out from the same point in the respective positive directions 
of the lines. 

2. We consider one side of the angle as that from which we 
measure, and we measure the angle to the other side in a positive 
direction, as explained in §§ 3 and 8. 

The four values are thus reduced to one. 
If two lines are parallel, their angle is 0° or 180° according as 
they are similarly directed or oppositely directed. 

Projections of Lines. 

66. Def. The projection of a finite straight line AB upon 
an indefinite line XY is the distance A r B r between the feet of 
the perpendiculars from A and B upon the indefinite line. 





B 1 ^ 



Tojmd the length of a projection. Through one end of the 

line, as A> draw A C parallel to XY, meeting BY in C. Then 

AC=XY; 

AC =AB cos BAG. 
Hence 

Projection XY = AB cos BA C. (1) 

That is, 

The projection is equal to the length of the line projected into 

the cosine of the angle which the two Imesform with each other. 
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Algebraic sign of a projection. Let the positive direction of 
the line OB be from O to 2?, and let the line turn on into the 
successive positions 06 Y and OD. 

If on the line of projection we re- 
gard directions toward the right as posi- 
tive, the projection A'B' will be positive. 

The whole line OG will be projected 
at the point C\ the projection will 
therefore be zero, a result given by the 
formula (1), because cos 90° = 0. 

The projection A'D' of OD will be negative because it falls 
in the negative direction. This also corresponds to the formula, 
because the angle between the two directions OD and A'B 1 is 
obtuse. 

If we suppose OB to perform a complete revolution around O, 
we readily see that its projection goes through the same series of 
changes as the cosine of the angle which it forms with the line of 
projection. 




67. Projection of sides of a polygon. Let ABODE be any 
polygon the positive directions of whose sides correspond with 
the circuit we should form in going round the polygon, so as 
to reach its vertices in alphabetical 
order. We shall then have, for the 
projections on the line X, 

Proj. of AB = A'B', which is + ; 
" BC=B'C\ " -; 
" CD=C'D', " -; 
" DE=D f E\ " -; 
" EA = E'A', " +. 

The positive direction being arbitrary, we might equally take 
the directions AE, ED, DC, etc., as positive. Each of the pro- 
jections would then have the opposite algebraic sign from that 
just given. 
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The student will remark that the projection of the line is 
positive or negative according as the projection of its end is on 
the positive or negative side of the projection of its beginning. 
We wish now to determine the sum of the projections, and for 
this purpose must understand the algebraic addition of lines. 

68. Algebraic addition of lines. In geometry the sum of 
two segments AB and BCS& defined T , 

as the segment AC, formed by put- A B D c F B 

ting AB and BC end to end in the same straight line. 

In trigonometry and modern geometry we distinguish between 
the beginning and the end of each segment, and between the posi- 
tive and negative directions upon the segment ; the positive direc- 
tion being from the beginning toward the end ; the negative, 
from*\\& end toward the beginning. 

When this distinction is attended to we must, in designating a 
segment by letters at its termini, write that letter first which is at 
the beginning of the segment, so that the letters shall follow each 
other in the positive order. The segment BA will then be the 
negative of the segment AB. 

We now generalize the definition of the addition of lines as 
follows : 

Def. The algebraic sum of several lines is formed by placing 
the beginning of each line after the first at the end of the line 
next preceding. This sum is then the segment from the begin- 
ning of the first line to the end of the last one. 

Example. — In the preceding figure we have 

AO+GE=AE, 

as in geometry, because both segments are positive. 

But if we consider the segment CD as beginning at C and 
ending at 2>, then, by the above definition, the algebraic sum 
of the segments AC and CD will be the segment AD, from 
the beginning of AC to the end of CD. That is, a negative 
segment will be subtractive in the same way that in algebra 
the addition of a negative to a positive quantity implies sub- 
traction. 
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In general, whenever A y B 9 C, 2>, E, .F represent points upon 
a straight line, we have 

AB + BC + CD + DE + EF ' = AF, 
however these points may be situated. 

If the end of the last line coincides with the beginning of the 
first, the sum will be zero, by definition. Hence, however the 
points A, B, and C may be situated, we have 

AB + BA = 0; 
AB + BC+ CA = 0. 

69. Let us now return to the projected polygon. On the pre- 
ceding system, the sum of the projections of the several sides upon 
the line X is 

A'B' + B'C + CD* + &E' + E'A' = 0. 

The same thing would be true if we took any other straight 
line as the line of projection. Hence : 

Theorem I. The algebraic sum of the projections of the sides 
of a polygon v/pon cmy straight line is zero. 

Since the projection of each side is equal to its length into the 
cosine of the angle it makes with the line of projection, this theo- 
rem may be expressed in the following form : 

If the sides of a polygon be a, J, c, etc., and the angles which 

these sides make with any straight line be a, yff, y, etc., we shall 

have 

aco8ot-\-b<sos/3-\-cco8y-{- etc. = 0. 

We m^y imagine the sides of the polygon all taken up and 
placed with their beginnings at the 
same point, their length and direction 
remaining unchanged. 

Their several projections will then 
have the same values as before, and 
in consequence the algebraic sum of 
the projections will still be zero. 

70, We now have the following 
theorem, the demonstration of which is left as an exercise for the 
student : 
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Theorem II. If the algebraic sums of the projections of three 
or more straight lines upon any two non-parallel Unes a/re each 
zero, these lines when placed end to end without chcmgvng their 
directions will form a polygon, the end of the last line falling 
upon the beginning of the first? 

Note. To fix the ideas the student may 
suppose the lines as first given to all ema- 
nate from one point, as in the last figure. 

The demonstration is begun by show- 
ing that in case the sum of the projections 
upon a straight line is zero, then, when the 
lines are placed end to end, the end of the 
last line and the beginning of the first must 
lie on the same perpendicular to the line of 
projection. Thus, in the figure, the sum of the projections of the four un- 
broken lines is zero, although they do not form a polygon. But, with such a 
figure, the projections will not be zero on any other non-parallel line. 

71. Theobem III. If a, b, c, etc., be the sides of a polygon, 
and a, fi, y, etc., the amqles which these sides form with any 
straight line, we shall have 

a sin a -f- b sin fi -|- c sin y + etc. = 0. 

Proof Let OX be the base line from which the angles a, yff, 
y, etc., are counted ; AB, any 6ide 
of the polygon; a, its length; 
a, the angle which AB makes 
with X. 

Draw O T' perpendicular to OX, 
and let PQ be the projection of 
AB upon OY. AB will then 
make with OYsm angle 90° — a, and we shall have 
Projection PQ = a cos (90° — a) = a sin a. 

Treating all the other sides in the same way, the algebraic sum 
of their projections upon OYi& found to be 

a sin a -f- b sin /? + c sin y + etc., 
which sum is zero by Theorem I. 

Theorem IV. If the sum of the projections of a series of 
straight Unes upon amy two non-parallel lines be zero, the sum of 
their projections upon any third line will be zero. 
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Note. This theorem follows immediately from Theorems I. and II., but 
"we prove it algebraically in order to show an elegant application of the addition 
theorem. 

Proof. Put 

a 9 A Y> etc -> ^e angles which the straight lines make with one 
of the lines of projection ; 

7t y the angle which the first two lines of projection make with 
each other. 

Then a — n y —it, y — ?r, etc., will be the angles which the 
lines make with the second line of projection. 
By hypothesis we have 

a cos a -f- b cos fi + c cos y + etc. = f ; (a) 

a cos (a — 7t).+ b cos (ft — n) -|- c cos (y — n) -f- etc. = 0. 
The last equation, by the addition theorem, reduces to 
cos n (a cos a -f- i cos ft -|- c cos y + . . . ) 
-f- sin 7T (# sin a -f- J sin ft -f- <? sin ^ + . . . ) = 0. 
The first term of this equation vanishes by (a). 
Hence, the whole sum being zero, the second term must also 
vanish, which requires that we either have 

sin tc = 0, 
which will give n = or 180°, — in which c^se the two lines would 
be parallel,— or 

a sin a -f- b sin ft + c 8 ^ n Y + e *°- = 0. (J) 

Since, by hypothesis, the two lines are not parallel, the equa- 
tion b must hold true. 

Now let be the angle which any third line of projection 
forms with the first line. The angles which the lines a, b, c, etc., 
form with this third line will then be 

a - 0, ft - 0, y - 0, etc. 
Therefore the sum of the projections upon this line will be 

a cos (a — 0) -(- J cos (ft — 0) + o cos (^ — 0) + etc -> 
which reduces to 

cos (a cos ar + ^ cos ^ H~ cos Y + e * c 
-f- sin 6 (asm a -{- b sin y -\- c sin ^ -f- etc.), 
a sum which vanishes by (a) and (J), whatever be the value of f 
thus proving the theorem. 
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72. Cor. From §§ 69 and 71 it follows that if all the aide* of 

a polygon but one are given in length and direction, — a, b> o y etc., 

being the lengths, and a, yff, y 9 etc, the angles with a fixed base 

line, — and if I be the omitted side and 5 its angle, we shall have 

£ sin £ = — sin a — & sin >9 — c%\n y — etc.; ) 

I cos <? = — a cob a — b cob y — c cos y — etc.; ) 

which will determine I and 3, by Prob. I. Chap. V. 

Example. A surveyor measures off courses and distances as 

follows : 

I. North 80° 28' east, 42.68 metres. 

n. North 23° 22' east, 22.79 " 

I1J. North 65° 49' west, 31.96 " 

IV. South 59° 58' west, 40.13 " 

What jdistance and direction will 
<5arry him to his starting-point? 

We note that the expression 
North r° east 
means 

r° east of north. 

Taking the east and west line 
OX as the base from which we 
measure angles, we readily find 

the angles made by each side with the base, as shown in the 
following table, which also gives the values of a sin a, b sin /}> 
etc. A and a cos a, b cos yff, etc., as computed from the given data : 




Side. 


Length. 


Angle. 


a sin a, 
etc. 


a cos a, 
etc. 


a 
b 
e 
d 


42.68 
22.79 
81.96 
40.18 


9° 82' 

66° 88' 

155° 49' 

210° V 


+ 7.069 
4-20.921 
4- 18.098 
-20.085 


+ 42.090 
4- 9.089 
-29.155 
- 84.742 




+ 20.998 


- 12.768 



Hence from (2) we have, for the last side, 
I sin 2 = - 20.098; 
I cos <2 = + 12.768; 
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from which we find 

2 = 24.575; 

<2 = 301° 18'.1. 

Expressed in the language of surveyors, the angle 5 indicates the 

direction, South 31° 18'.2 East. 

It will be seen that we have taken as the positive direction of 
the last line that from the point last reached to the starting-point. 
This is in accordance with the convention that the positive direc- 
tions of the several sides of a polygon are so taken that in passing 
around it the directions shall all be positive or all negative. 

But we might equally consider the problem: Having pro- 
ceeded along a series of connected lines, AB, BC y etc., of which 
the lengths and directions are given, to JE, what is our distance 
and direction from our starting-point A ? It is evident that the 
distance and direction are the length and direction of the line AE y 
which is simply the negative of the side EA necessary to com- . 
plete the polygon. If we call * the angle of direction of AE y the 
equations for determining I and e would be 

I sin € = a sin a + 1 sin fi + etc.; ) . . 

I cos e = a cos a -f- h cos /?, etc; ) * ' 

and, in the preceding example, we should have 
I sin * = + 20.998 ; 

I cos s = — 12.768 ; 
which would give 

Z = 24.575; 

* = 121°18'.l. 

EXEBCISES. 

1. A surveyor ran a course S. 12° 13' E., 289.26 metres, and 
thence N. 82° 49' E., 92.68 metres. What is his direction and 
distance from his starting-point ? What is the direction and dis- 
tance of the starting-point from him? 

2. Five sides of an irregular hexagon taken in order have the 
following lengths and directions relative to a fixed line : 

a. Length, 297.43 metres; direction, 332° 6'.8 ; 
I. " 606.07 " " 222°42 , .8; 

e. « 421.02 " " 157°59'.8; 
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d. Length, 843.90 metres; direction, 5° 22'.1 ; 

e. " 40.92 " " 125° 2'.2. 
What is the length and direction of the remaining side ? 

*73. Areas of polygons. "When the sides of a polygon are 
all given in length and direction, the area may be computed by a 
process demonstrated in geometry, 
but which we shall describe here. 

Let ABCDE be any polygon, 
and OX the base line from which 
we measure angles. 

The area of this polygon is 

equal to 

Area A'ABCC Q 

minus Area A'AEDCC. 




or 



A' ET V Tf 

The first area is equal to the sum of the areas of the two 
trapezoids 

A' ABB' and B'BCC. 

The second is equal to the sum of the areas of the three 
trapezoids , QDD ^ B'DEE', and E'EAA'. 

It will be noted that there is one trapezoid for each side of the 
polygon, of which the non-parallel sides are the side of the poly- 
gon and its projection upon the base line. 

"We have for the area of the first trapezoid, noting that the 
base line OX is perpendicular to the parallel sides, 

Area A' ABB' = #AA' + BB') A'B'. 
Putting, as before, 

a, J, Oj etc., for the length of the sides AB, BC, CD, etc.; 

a, 0, y, etc., for the angles which they form with OX; 

putting, also, 

j>, the length AA\ 
we have 

AA'=p-, 

BB ' =p -f- a sin a ; 
A'B' = a cos a. 
Substituting these values, we have, for the area of the first trapezoid, 
Area A' ABB' = i(2p + a sin a) a cos a. 
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Passing on to the other trapezoids, we have, for the lengths of 
the several perpendiculars, 

BB' =^> + asin a; 
CC =^> + «sin a-f-iein yff; 
DD' =p + a Bina + bsm/S + csmy; 
EE' =p + a &m a ^b em fi -\- c em y -{- d &m S 

=p — *sin*; (§71) 

AA' =p. 
Also, for the altitudes of the trapezoids between their parallel 

sides, 

A'B' = acoBflt; 

B'C = bcos/3; 

CD' = c cos y; 

D'E' = dcostf; 

E'A' = e cos €. 
We thus have, for the several areas, 

$(2p + a ^ a ) a cos a ; 

i(2p -\-2a sin a-\-b sin fi)b cm fi; 

i(2p + 2a sin a + 2J sin fi -|- <? sin p) cos p ; 

i(2p -f- 2a sin a + 2J sin yff + 2# sin ^ + rf sin &) d cos tf ; 

i(2p + 2a sin a + 2b sin yff -f- % c 8 ^ n P 

-}- 2<Z sin $ + * 8 " 1 € ) e C0B *• 
It has been shown that the required area of the polygon is 
found by subtracting the last three of these areas from the first two. 
But in reaching this conclusion we took no account of algebraic 
signs, and so virtually considered the areas all positive. Now, as 
the figure is drawn, cos a and cos fi are positive, and the cosines 
of y, tf, and € are negative. Hence if we put the sign + before 
each of the areas (a), the subtraction will be indicated by the 
negative character of those products which have cos y, cos d, and 
cos « as factors, and so the algebraic expression will be correct. 

If we add up the quantities (a), beginning with the terms in p, 
we see that the coefficient of p is 

acosar + Joo6/ff+ . . . -\-eco& e 9 
which is zero. Hence the quantity p disappears from the expres- 
sion for the area. Since p is defined as the distance below A at 
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which the base line OX\b drawn, this is the same as saying that 
the area of the polygon is independent of this distance, which evi- 
dently must be true. In fact, if we suppose the base line OX to 
move up or down, remaining parallel to itself, it will add and sub- 
tract equal areas to or from the positive and negative trapezoids, 
and so will leave the algebraic sum of the areas unchanged. 

Now let us suppose^? zero, and put 
y x = a sin a ; 

y % = 2a sin a -|- ft sin J3 = y x + a sin a + ft sin /3 ; 
y t = 2a sin a + 2b sin + o sin y = y % + ft sin fi +- o sin y ; (5) 
Vk = y. + sin ^ + <2 sin 6 ; 
y § = y 4 + d sin d + e 8 i n *• 

(We remark that y % will come out equal to — e sin e if every- 
thing is correct.) 

We shall then have, for the double of the area of the polygon, 

2 Area = yi# cos a -f yjb cos /3 -f- y t ccos y + y 4 rfcos tf + J^cos *• (4) 

As an example, let us compute the area of the polygon investi- 
gated in the example of §72. The following table shows the 
principal parts of the computation : 



a sin a, 

bsin/3, 

etc. 


Sums of Fain. 


Vu ft, 

etc 


a COS a, 
OCO8 0, 

etc. 


Products. 


+ 7.069 
+ 20.921 
+ 18.098 
-20.085 
-20.998 


+ 27.990 
+ 84.014 
- 6.992 
-41.088 




h 7.069 
-85.059 
-69.073 
-62.081 
-20.998 


+ 42.090 
+ 9.089 
-29.155 
- 84.742 
+ 12.768 


+ 297.5 
+ 816.9 

- 2018.9 

- 2156.8 
+ 268.1 








-8288.2 



The first column gives the values of a sin a, ft sin yff, o sin y, 
etc., already computed in the preceding example. 

The second column gives the values of a sin a + ft sin fi y 
ft sin /3 -|- o sin y 9 etc, which are added to each value of y to form 
the value of y next following, as shown in (ft). 

The third column gives the values of y„ y„ y t , y 49 y § , computed 
by the formulae (ft), from the numbers in the first two columns. 
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The fourth column gives the values of a cos a, h cos /?, c cos y, 
etc., already computed. 

The fifth column gives the products which enter into the 
equation (c). 

The algebraic sum being twice the area, we have 
Area of polygon = 1644.1 square metres. 

74. It will be noticed that the area of the polygon comes out 
negative, and the question arises, What interpretation is to be put 
on this result ? The answer is that the conventions of positive and 
negative as employed in this chapter, as applied to lines, express 
only the directions in which the lines are reckoned. By a change 
of direction the algebraic signs of all the trapezoids, and therefore 
of the area of the polygon itself, will be changed. A little con- 
sideration will show that this area will come out positive when we 
go round the polygon in what we have called the negative direc- 
tion, and vice versa. 

The algebraic sum of the areas, whether positive or negative, 
will always be the true area of the trapezoid under one important 
condition : that none of the sides cross each other. In this case the 
system of applying the algebraic signs will lead to the areas on the 
two sides of the point of crossing having opposite signs. Hence 
the result finally obtained will be the difference of the two areas. 

Exercises. 

1. If the lengths and directions of three of the four sides of a 
quadrilateral are 

a = 262.72 metres; a = 39° 49' ; 
6=109.79 « /?=150°26'; 

c = 300.63 " y = 242° 52' 

find the remaining side and the area. 

2. The sides of a quadrilateral, taken in regular order, have the 
following lengths and directions, in part : 



a = 29; 


a= 12° 26'; 


J =52; 


/?= 75° 58'; 


o to be found; 


Y = 172° 3' ; 


d= 66; 


6 to be found. 


Find e and 6. 
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3. Prove geometrically that if the sides of a polygon be joined 
together in any order, their directions 
remaining unaltered, the end of the 
last side will still fall upon the begin- 
ning of the first. 

An example of the construction is shown 
in the figure, where the sides are changed from < 
the order abed to adbe. 

4. Express the lengths (x and a/) 

and the directions (6 and d f ) of the diagonals of a quadrilateral of 
which the lengths of the sides, taken in order, are a, J, <?, d, and 
their directions or, /?, y, d. 

It is only necessary to express the values of the quantities x sin 0, x cos 0, 
x 1 sin 0\ and x' cos 0> in terms of a, b, c, d, a, /3, etc We may suppose x and 
to refer to the diagonal from the beginning of a to the beginning of e, and xf 
and G 7 to run from the end of a to the end of c, 

5. Using the same notation as in § 71, prove 

b sin (J3 — a) + c sin (y — a) -|- d sin (<S — a) -f- etc. = ; 
a + i cos (ft — a) -f- c cos (y — a) + ^ cos (6* — a) -f- etc = 0. 

6. If a, P y and ^ are the angles which the sides a> 5, and c of 
a triangle make with a base line, and A, B, and C are the interior 
angles of the triangle, it is required — 

(1) To show 

, A = 180° + § - y ; B = 180° + y-*\ C= 180° + a - /S. 

(2) By combining the equations of Ex. 5, to deduce the law 
of sines (§ 56, 3) and the fundamental equations (§ 58, 9). 

7. From the same point O emanate three lines, OA, OB, OC, 
of such lengths and directions that the sum of their projections 
upon any third line vanishes. If we complete the three parallelo- 
grams, of each of which two adjacent sides are two of the lines, 
the areas of these three parallelograms will be equal. 

Both a geometric and an algebraic proof may be given; the former from 
§ 70, Th. I., the latter from § 62. 

8. From the corners A and B of a pentagonal field ABODE 
an engineer measures angles as follows : 

Angle BAC = 79° 23'.6 ; Angle ABC = 47° 29'.7 ; 

Angle BAD = 130° 7 , .0 ; Angle ABD = 153° 42'.7 ; 

Angle BAE = 152° 40 , .2. Angle ABE = 164° 0'.8. 

AB measures 192 metres. Find the remaining sides and the area. 
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CHAPTEE VTL 

TBIQONOXETRIC DEVELOPMENTS* 



75. Lemma. When cm arc becomes mde/mitely email, the 
-ratio of the sine to its arc approaches wiiby as its limit. 

Remark. In this lemma it is supposed that the arc is expressed 
in terms of radius as unity. 

Proof. It is laid down as an axiom of elementary geometry 
that when the number of sides of an inscribed 
regular polygon is indefinitely increased, the pe- 
rimeter of the polygon approaches the circum- ,*'' 
ference of the circle as its limit. That is, the <C x 
ratio %x x s 

perimeter of polygon _ . . , „ . . 

4 7 /" , approaches 1 indefinitely. 

circumference of circle rr * 

Now, if we divide the circumference into n equal arcs, the n 
chords of these arcs, forming the perimeter of the inscribed poly- 
gon, will each be twice the sine of half the arc (§ 18). That is, 

we shall have 

Perimeter of polygon = 2n X sine of each arc ; 
Circumference of circle = 2n equal arcs. 
Therefore the above ratio is equal to 

sine of arc 

arc itself y 

j . 

* The study of this chapter requires a knowledge of so much of series and im 
aginary quantities as is contained in Book XL, Chapters L, II., and V., and Book 
XH, Chapter I. , of the author's " College Algebra." It may be advantageously 
read in connection with Book XII. , Chapter II. , of that work. Students taking a 
partial course may pass to spherical trigonometry without reading this chapter. 



Digitized by VjOOQlC 



92 PLANE TRIGONOMETRY. 

which therefore approaches unity as its limit when n is increased 
indefinitely. 

76. Pboblem. To develop the sine and cosine of an angle in 
terms of the ascending powers of the angle. 
Let tls suppose 

sin ® = s, + s x x + sj? + *jt + s 4 x* -f- *J& + etc.; (1) 

cos® = c, + <V + <V»* + oj# + <V^ + <vf + etc. (2) 

in which *„ *„ *„ etc., and 0„ o v <?„ etc., are coefficients whose values 

are to be determined from some known properties of the sine 

and cosine. 

Since sine (— x) = — sin®, the series for 'sin® must change 
its algebraic sign when the algebraic sign of x changes. But only 
the odd powers of x will then change their sign. Therefore the 
even powers must not enter into the development, and we must 
have s = s % = * 4 = etc. = 0. 

The complete analytic proof of this proposition may be put into the following 
form. Changing x to — x in the development (1), we have 

sin(— x) = « — 8iX+ w& — ax* + 8& — etc. 
But we have, by changing the- signs of both members of (1), 
— sin x = — « — 8iX — 8& — 8tx* — 8& — etc 
Because these developments must be identically equal, we must have 

«• = — «•, 

8% = - 8 ,, 
*4 = - 84, 

etc. etc., 
which gives « = *• = #4 = etc. = 0. 

Therefore the development of the sine becomes 
sin® = s x x -f- 0,®* + *jf + e t°* 
Dividing this equation by ®, we have 

— = *i + *J* + ^ +etc. 

Now suppose ® to approach indefinitely near to zero. The 
first member will then, according to the lemma, approach unity as 
its limit, and the second member will approach s x as its limit 
Therefore we must have s x = 1, and the development becomes 

sin ® = ® + s t rt + sfif + etc (3) 

Next take the development (2) for cos®. If we suppose ® = % 
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we have oosa? = 1. Therefore, putting x = 0, equation (2) will 

become 

1 = <?„ 

which is the required value of O . 

Again, because cob (— x) = cos a?, the development of cos x 
must remain unaltered when we change x into — x. 

Because this change will reverse the signs of all the odd powers 
of x y the coefficients of c„ c v etc., of these powers must all vanish, 
and the development must be 

cos x = 1 + cj?-{- c A x* + c& 9 ... (4) 

77. We must now choose some property of the sine and 
cosine which will enable us to form equations of condition fbr the 
coefficients * t , s b ,etc, and t , c A , c„ etc. The most simple prop- 
erty for this purpose is that expressed by the addition theorem : 

sin (x -f- y) = sin x cos y + cos # sin y. (5) 

Because the equation (3) is to be true for all values of a>, it 
must remain true when x + y is substituted for x. Making this 
substitution in (3), we have 

Developing the powers in the second member, and collecting 
the terms multiplied by the first power of y, we have 

sin (x + y) = x -f- 8 % x % -f- 8 % x % + * T a? T + • • • ] 

+ y(l + 3^ + 5^ + 7^ + . . .) I (6) 
+ terms X y*, y% etc, J 

which we need not compute. 

From (5) we have, by substituting for cos y and sin y their 
assumed developments, (3) and (4), 

sin (x + y) = sin x(l -f ctf + ctf + . . .) 1 

* + cos x(y + *y + etc.) I (7) 

= sin x + y cos x + terms X y*, y*, etc. J 
Now the expressions (6) and (7) must be identically equal; 
therefore the coefficients of each power of y must be identically 
equal. Equating the coefficients of the first power of y, we have 

1 + Zsjt? + $*% x * + fyx 9 -f- etc = cos x. 
But we have, by (4), 

cos x = 1 +fvB a + c t x* + etc - 
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This equation must be satisfied for all values of x. Equat- 
ing the coefficients of like powers of a?, we find 

5*. = *,; (8) 

etc. etc J 
Next consider the addition theorem for the cosine : 

cos (x + y) = cos x cos y — sin x sin y. (9) 

We find, by substituting x + y for x in (4), 

cos (x + y) = l + c t (x + y)* + c 4 (x + y) 4 + ete.; 
from which, developing to the first power of y as before, 
# cos (x + y) =1 + cj? -f" c 4 a> 4 + c^* + etc. \ 

+ y(2<v» + 4c 4 a>' + 6<v»'+ etc.) I (10) 

-f terms X y*, y*, etc. J 

From the second member of (9), by substituting for sin y and 
cos y their developments, namely, 

cos y = 1 + ^Y + etc, 
siny = y + *y + etc, 
we find 

cos (a> + y) = cos a? + y(— sin a?) + terms X y", y*, etc (11) 
Equating the coefficients of y in (10) and (11), we have 
2cjd-\- 4e 4 aj"+ 6cj£-\- etc = — sin a> = — x — 8jx? — * § a?*— etc 
Equating the coefficients of like powers of x y 
2o, = -1; 

±o« = - *. ; 

60, = — 8 § . 

etc etc. . 
The equations (8) and (12), taken alternately, solve our problem. 

1 



(12) 



From 


(12),, 


c, 


= — 


2 ; 




it 


(8)., 


*. 


~ 3 


= — 


1 
2.3> 


u 


(12),, 


e. 


= — 


4 ~ 


1 




2.3.4' 


u 


(8)„ 


«» 


~ 5 




1 




_ 2. 


3.4.5' 
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Prom (12)., '. = -6 ,= - 2 .3.4.5.6 > 

etc. etc. etc 

The law of the coefficients is obvious. Substituting them in 

the developments (3) and (4), we have 

x* x* of 
8inaj = aj-g- ! + ^-y- 1 + etc. ; 



Q? X* X* 

006a, = 1 -2T+r!-6i + etc - 



(13) 



78. Convergence of ike series. These series are convergent 
for all values of #, a result which may be shown thus : 

The ratio of the successive pairs of adjacent terms in the 
development of the sine are, omitting the minus sign, 
of a? of a? 

273' 4^' 6TT 87^ 6tC ' ; 
that is, each term is formed from the preceding one by multiply- 
ing by one of these factors. Now, however great may be a>, we 
can continue these fractions so far that their denominators shall 
become greater than 2a?", and so their values less than £. After 
this point the sum of all the following terms will be less than that 
of a geometric progression of which the first term is the term of 
the development (13), whose quotient by the preceding term is 
less than £, and whose ratio is £. Such a progression has a limit, 
whence the sum of the series (13) must also have a limit. 

The following two applications of these series will be useful 
as exercises : 

1. Square each series, carrying the square as far as the sixth 
or eighth power of x y and show that the squares fulfil the condition 

sin* x + cos* x = 1 identically. 

2. Compute the values of the sine and cosine of 10° and 30° 
to 5 places of decimals, remembering that we are to take the 
natural measure of the arc x in radians (§ 14), and compare the 
result with that in the tables. 

We find, from § 14, 

Arc 10° = 0.174 53; 
Arc 30° = 0.523 60. 
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79. Sine and cosine in terms of imaginary exponentials. 
It is shown in algebra that if we call e the sum the series, 

1 + * + 21 + Z\ + 4! + etC '> ** ^ 
or 

6 = 2.718 281828 
we shall have 

as* a?* a? 4 
„- = l + aj + _ !+ - I+ri + etc. 



Putting *, the imaginary unit, = V— 1, substituting xi = x V— 1 
for a?, and reducing, this equation becomes 

a? x* I x % x % \. 

**= 1 " 21 + 4! -** + l«- 31 + 51 " etC -> ; 
or, from the developments (13), 

6** = cos x + ^ sin x. 
Changing xi into — xi 9 we have 

£"** = cos x — i sin x. 
The sum and difference of these equations are 

2 cosa> = ef + e-** =4" + -%; 



(14) 
(140 



2isin a> = 4* — .$-* = 4* — -jj, 
or 2 sin a? = - (4* — e'"*) 



(15) 



= — i(eP i — e~" t ). 
For some purposes these equations may be written in the 
symmetric form 

^ + *-*« = cosa> + cos(-a>); ) 
^ rt — ^"** =tsina?— isin(— a?), f ^ ' 

These are two of the most celebrated equations in algebraic 
trigonometry, and are called Euleb's equations, after their dis- 
coverer, Leonhabd Euleb. 

80. Demowrefs theorem. If in the equation (14) we substi- 
tute nx for x it becomes 

f* = cos nx + i sin nx. 
By raising (14) to the fith power we have 

eP 8 * = (cos x + i sin x) % . 
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(16) 



Therefore (cob a? -f t sin a?)* = cos *«» + 1 sin no?, 
which is known as DeMomtE's theorem. 

This theorem enables tie to develop the sines and cosines of 
multiples of an angle in powers of the sine or cosine of the simple 
angle, as follows : 

81. Pboblem. To develop em nx and cos nx in powers of 
em x wad cos x. 

Developing the firet member of (16) by the binomial theorem, 
and substituting for the powers of i their values (Algebra, § 325), 
namely, 



we have* 



i' = + l, 
etc. etc., 



(cos x + i sin x) n = cos n x + U- J i cos*" 1 sin x 



• cos*" 8 x sin 8 x 



+ \t) cos*" 4 x sin 4 a? + etc. 



(17) 



This development being identically equal to the second mem- 
ber of (16), we have, by equating the real terms and putting, for 

brevity, 

o = cos x y s = sin a>, 

cos nx = d* - (|) 0*-V+ (J) d*-V - (!) d*"V + etc. 
This series will go on to infinity unless n is a positive integer, 

♦We here use the very convenient abbreviated notation for the binomial co- 



efficients, namely: 

/n\_ w(»- l). 



M_ n(n-l)(n-2) 
\3/ - 1.2.8 
/n\_ n(rt-l)(n-8)...(n-«-i-l) 
■»/~ 1.2.8...* 



We then have 



GK-y 
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(18) 



in which case it will terminate with a coefficient (-), in which 

j =zn when n is even, and j = n — 1 when n is odd. 

If we suppose n equal to 2/3, 4, etc., in succession, we have 

cos 2a? = <? — ** ; 

cos Sx = c % — 3c*" ; 

4 3 
cos 4a? = 0* — =-^ cV + * 4 ; 

cos 5a? = c* — j- 1 ^ oV + ^ j-J c* 4 ; 

• 6.5 ., , 6.5 ,. . 
cos 6a> = c — ■= — 5 o V + = — o ™ "" * • 

"We may make the results more uniform by substituting for 
the powers of s their values in powers of c, thus : 
t = 1 - & ; 
* 4 = l-fcj' + c 4 ; 
*• = l-3^ + 3c 4 -^; 
etc. etc. 

Making these substitutions, and reducing the numerical coefficients, 

we find 

cos 2x = 2c* — 1 ; 

cos 3a? = ±c % — So ; 
cos 4a> = 8c 4 — 8c* + 1 ; 
cos 5a? = 16c* — 2Qc* + 5c; 
cos 6a? = 32c* - 48o 4 + 18^ — 1 ; J 
Next equating the coefficients of the imaginary terms of (17) 
to i sin nx and dividing by i, we find 

sin nx = (j) o*" 1 * - (|)c»-V+ (j) O*- 5 * 5 - etc. 

Supposing t& = 2, 3, 4, 5, etc., this form gives 
sin 2a? = 2sc; 
sin 3a? = 8 {3c" — **} ; 

sin4a? = «J4c t -4^ , {; , 

sin 5a? = a j5<? 4 — 10<?V + * 4 } ; * l ; 

sin Qx = s \ 6c* — 2(V s* + Gcs 4 } ; 

etC. OtC?. Digitized b} 
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Substituting for the even powers of 8 their expr^sions (18), 
we find 

sin 3x fc= * |4o* — 1\ ; 

sin 4x t= 8 {So* — ie\ ; 

sin 5x = * {W - 12^ + 1} ; 

sin 6x = s {32tf 6 — 32c 8 + 6c\. 

Instead of substituting for the powers of 8 their expressions 
(18) in terms of the powers of c, we might have expressed the 
powers of c in terms of 8, and by substituting them in (20) have 
developed the multiple sines in powers of 8 = sin x. 

82. Expression for powers of the cosine. The reverse prob- 
lem, to express the powers of the sine or cosine of an angle in 
terms of simple sines and cosines of multiples of the angle, is 
of yet more frequent application. 

Let us take the first equation (15), 

2 cos x = ^4*^""^ 
and raise it to the n\h power by the binomial theorem. We shall 
then have 

2*cos*a> = <T* -f (j) ^- 3 **+ (!) ^*-***+ ...+«-«* (21) 

To understand this general form let the student take the 
special cases n = 4 and n = 5. Then 

2*cos 4 a> = ^ + 4^ + ^1 + 4*"** + *-<"«; 

5.4 5.4 

2 B cos ! k = 6 toi + 5^ to< + 3- , -^^ , + T~~z e ~*^ m ^" to, + ^~ fa< . 

Supposing n to be a positive integer, we see (1) that the co- 
efficients of terms equally distant from the two ends of the series are 
equal, and (2) that the exponents of e in such terms are equal and of 
opposite signs. Also, if n is even, the middle term does not contain 
x ; but if n is odd, the terms on each side of the middle -will con- 
tain x. 

Therefore by joining the first and last terms, the term after 
the first and that before the last, etc., the development (21) may be 
put into the form 
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2»cos*& = *•* + e—*± (j) {<?<*-*>*+ *-<*-*>"} 

+ g\ j^-4)- + *- <»-4>*ij + etc 



But by the general equations (IS*) we have, putting nx for a, 

ft _|- 0-*** = 2 cob nx = cos na> + cos (— 7UP )> 
whatever be the valtie of n. 

Hence, substituting this value of the exponential terms, 
2* cos* x = 

cos nx + \t) cos (w — 2) x + (o)cos(w — 4)aH-etc. 



+ 



cos (— nx) + Up J cos (2 — n) x -f- (o jcos (4 — n)a?+ etc, 



1(22) 



(23) 



the terms in the third line forming the end of the series, which 
is doubled over so that the end comes under the beginning. 

Giving to n the successive values 2, 3, 4, etc, we find 
2* cos* x = cos 2a> + 2 + cos (—2a?); 

2* cos 8 x = cos 3a? + (f ) cos x + (t ) cos (— &)+($) cos (— 8») > 
2 4 cos 4 a> = cos4a> + (f) cos2a> + (f) + ($) cos (— 2a?) 

+ (i)cos(-4a>); 
2 § cos*a? = cos 5x + (f) cos 3a? + (f) cos x 

+ (*) cos(- fa) + (*) cos (- to) + (|) cos (-a?). J 

We have extended the series in this form that the student may 
see the law of its formation, which is as follows : The successive 
<joefficient8 are the binomial coefficients. The coefficient of a? in 
the first term is n 9 and it diminishes by 2 in each following term, 
bo as to become — n in the last term. 

The two well-known formulae 

cos (— nx) = cos nx 9 

will enable us to combine every pair of terms equally distant from 
the extremes into a single one. For instance, we bare 

/6 \ _ 6.5.4.3 6.5 /6\ 

\4/ ~ 1.2.3.4 ~ 1.2 - \2/ ; 

/5\ 5.4.3.2 /5\ c 

xi)^ 1.2.3.4 = lr; = 6 - 
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Combining them thus and dividing each equation by 2, we find 

2 cos* x = cos 2a? + 1 ; 

2* co6* x = cos 3# + 3 cos x; 

1 4.3 

2* cos 4 a? = cos4aj+4 COB 2aJ+o- T~"o 5 



2 4 cos* x = cos 5a? + 5 cos 8a>- 



5.4 



1.2 



coe #: 



(24) 



ft *\ "I C\ K A. 

2 6 cos 8 a? = cos6aj + 6cos4oj-f ^-^ cos 2a> -f o • 7~o V 
etc. etc. etc 

A careful study of these forms will show the general law of 
formation, and enable us to carry the powers forward to any 
extent. 

83. Powers of the sine. To find the powers of the sine we 
take the second of equations (15), 

2i sin x = 4* — e~* 9 
and raise it to the nth power by the binomial theorem. We then 
have 



(25) 



2"t» sin» x - «"•* — (^V* •■« + (|)e ( — «■* + etc 

±«— T (£)«-*-•* ± (j)«-<— *>"* + etc. 

The bottom line gives the last terms of the series, arranged in 
the reverse order,* so that terms equally distant from the extremes 
are under each other. 

The npper signs are to be used in the bottom line when n is 
even; the lower ones when n is odd. This will be seen by form- 
ing the developments for » = 5 and n = 6. 

2 s * 5 sin 5 m = *"•* - ({) e** + (|)<f - «-** 



+ ({)e- m -(l)*-' 



(25-) 



2V sin* » = <■** - (4)^ + ($)«** +•-•" 
-(*)«- 4 "+(*)«- a *-(*).J 
We first take the case of n even. The nth power of * is then 
+ 1 or — 1 according as in is even or odd. Adding the terms 
of (25) and substituting for the exponential functions their values 
in terms of cosines from (15 7 ), we find, when n is even, 
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* f n \ 

(—1)5 2* surta = cos nx — I y 1 cos (n — 2)a? 

(26) 

+ lo J COfl ( n "~ *) x ~~ etc ' 

When n is odd, the sum of each pair of corresponding terms 
in (25) will give rise to a sine. Making the substitution and divid- 
ing by i y we shall have 

2"**" 1 sin"** = sin nx — l-J sin (n — 2)a? 

-f- f ^ j sin (n — 4)a? — etc 

Giving n the successive values 2, 3, 4, etc., and applying the 
forms (26) and (26") alternately, and changing all the signs in (26) 
when in is odd, we find 

2* sin* a? = — 2 cos 2a? + 2. 

2 f sin* a? = — sin 3a? + 3 sin a? — 3 sin (— a?) + sin ("~ 3a?), 
or 2* sin* a? = — sin 3a? + 3 sin a?. 

2* sin* a? = cos 4a? — (f ) cos 2a? + (J ) — (f) cos (— 2a?) 

+ (ft 008 (-to), 
or 2' sin 4 a? = cos to — 4 cos 2a? +.3. 

2* sin* a? = sin 5a? — (f) sin 3a? + f sin a? — sin (— 5a?) 
+ (f)sin(-3a?)-(|)sin(-a?), 
or 2 4 sin* a? = sin 5a? — 5 sin 3a? + 10 sin a?. 

2* sin' a? = — cos 6a? + (f) cos to — (§) cos 2a? + (f ) 

— cos (6a?) + ($) cos (— to) — ({) cos ( — 2a?), 

6.5.4 
or 2* sin* «?= — cos 6a? + 6 cos to — 15 cos 2a? + £ . + % o - 

etc. etc 

84. We might have obtained the above results for cos a?, 
cos *a?, cos* a?, etc., and sin a?, sin* a?, etc., by consecutive multiplica- 
tion, and substitution of sines or cosines of sums for products, by 
§ 43. Thus, by § 44, eq. 16', 

2 cos* a? = cos 2a? + 1 ; 
X 2co8a?, 

2* cos* a? = 2cosa?co82a? + 2cosa?. 
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Substituting for the first term of the second member its values 
(12) of § 43, we have 

2* cos* a? = <»s 3a> + cos » + 2 cos a> = cos 3a?+ 3 cos fc. 
Multiplying this equation by 2 cos a>, we should have an ex- 
pression for cos 4 a?, etc But the use of exponentials enables us 
not only to obtain the higher powers more expeditiously, but to 
find the general law of the series, which is not readily done by 
multiplication* 

Exercises. 

1. In the expression 

1 + 2 cos x -{- 3 cos' x + 4 cos* x, 
substitute for the powers of x their values in terms of the multiple 
of x y and reduce the expression to one containing simple multi- 
ples of x. 

Solution. From (24), 

4 cos 8 a> = cos 3a> +3 COfla? 

3 cos* a>= +f C0B 2a? + $• 

2 cos a> = +2cosa? 

1 = 1 

Sum = cos3» + fcos2»+5cosflj + 4 

2. Reduce the expressions 

4 cos* x — 3 cos a?, 
8 cos 4 x — 8 cos* x + 1, 
16 cos* x — 20 cos* x + 5 cos a?, 
32 cos* x — 48 cos 4 x+ 18 cos* x — 1, 
to terms containing sines and cosines of multiples of a?, thus prov- 
ing eq. (19). 

3. Prove that the expression 

1 — 2a cos + a* 
may be resolved into the two factors (1 — aeP) (1 — ae~ H ). 

4. Resolve the expression a?* — 2a** cos 6 -f- 1 into the product 
of two factors, as in the last example. 
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Trigonometric Formi of Imaginary Expression*. 

85. It is shown in algebra that an imaginary or complex ex- 
pression may be reduced to a certain number of real units pibus a 
certain number of imaginary units. If we put 
% the imaginary unit, = V — 1, 

a, the number of real units, 

b, the number of imaginary units, 
the complex expression will be 

a + bi. (1) 

We have already shown (§ 47) that, whatever be the numbers 

a and &, we can find a positive number r and an angle <p f such that 

r cos <p = a; 
r sin q> = b. 
If we substitute these values of r and <p in (1) it will become 

a -f- bi = r (cos <p + i sin <p). 
But equation (14) gives 

cos <p + i sin 9 = &. 
Therefore a + bi = r4*. (2) 

We hence conclude: 

Every complex expression can be reduced to the form 

r4#> 
which is called the general form of the complex expression. 
The coefficient r is called the modulus of the expression. 
A yet better term, used by the Germans, is the " absolute value" 
of the expression. 

The angle <p is called the argument of the expression. 
Example. Reduce the expression 

- 0.9223 +1.0962* 
to the general form. 

Putting r cos tp = — 0.9223, 

r sin tp = 1.0962, 
and applying the process of §47, we find 

r = 1.4326; 
9 = 130°4'.54. 
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This process being purely algebraic, the angle <p should be ex- 
pressed in radial units. Reducing to this unit, we find 

<p = 2.2703. 

Therefore the required general form is 

- 0.9223 + 1.0962* = 1.4326**™*. 

The student who is acquainted with the geometric represen- 
tation of imaginary quantities will see that the quantity r corre- 
sponds to the modulus and <p to the angle of the complex expres- 
sion as defined in algebra. 

The geometric construction of the expression a + hi is effected 

by laying off the length a on the axis of X, and at the end of this 

length erecting a perpendicular equal to b. 

If be the origin, we shall have 

OX= a; 

XT=b. 

Then joining OYwe shall have 

OT=r; 

Angle XOT= <p. 

86. Multiplication of complex expressions in the general 
form. If any two complex expressions are 

r& and qefi*, 
we have by multiplying them 

rqd* + W. 

This is another complex expression of the general form of 
which rq is the modulus and <p -f- 6 the argument. Hence : 

The modulus of a prod/act is equal to the product of the 
moduli of the factors. 

The argument of a product is the stem of the arguments of the 
factors. 

If we multiply n equal factors, each represented by ret* 9 the 

result will be 

(re&) n = r n ^ n #. 
Hence: 

The modulus of a power is equal to the corresponding power 

of the modulus of the root. 
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The argument of the power is the argument of the root multi- 
plied by the index qfthepouwr. 

87. Periodicity of the imaginary exponential. From the 
known equations (§ 24) 

cos (<p + 2ar) = cos <p, 
sin (<p + 2ar) = sin <p, 
and the following equations given by the preceding theory, 
&+*» = oos (<p + 2*r) + i sin (^+ 2ar), 
<e# z= cos ?> + i sin £>, 
we have 

that is: 

The value of a complex quantity remains unaltered when we 
mcreasi its argument by a circumference. 

Since the addition of one circumference does not change it, 
the addition of any number of circumferences will still leave it 
unchanged. Hence : 

If the argument of a complex quantity increases indefinitely, 
the values of the quamlity itself will repeal themselves with every 
circumference by which the argument increases. 

A quantity whose value repeats itself in this way is said to be 
periodic. 

88. Let us next inquire for what special values of <p the ex- 
ponential function e* will be equal to the real or imaginary unit. 
Considering again the equation 

el** = cos <p + i sin <p, 
we notice that sin tp = whenever <p is a multiple of 180° or of 
n. When the multiple of n is even, we have cos <p = + 1; 
and when it is odd, cos <p = — 1. Hence, putting 

<p = it, %n, 3*r, etc., 
wehave ^ =-1; e—* = - 1 

**= + l; e' M = + l 
e 8 ** = — 1; tf -8 ** = — 1 
etc. etc. 

In order that cos <p may vanish, the angle tp must be 90°, 270°, 
450°, etc. ; that is, it must be an odd multiple of \it. Sin <p will 



(a) 
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then be + 1 or — 1. Putting <p = \n y <p = J;r, <p = j.*r, etc., 
on both sides of the preceding equation, we have 

e*"* = +i; 0-H* = — i; "J 

^ = — i ; $- l*< == -}- i ; V (5) 

^ = +*; 0- 1*< = — i. ) 
By squaring each of these equations we shall reproduce the alter- 
nate equations (a). 

89. Roots ofvmAly. The foregoing theory enables us to find 
very simple and elegant expressions for the roots of the equation 

of - 1 = 0, 
or of = 1. 

From the general theory of equations, the equation af — 1 = 0, 
being of the nth degree, must have n roots ; that i6, there are n 
quantities which, being raised to the nth power, will produce 1. 

These quantities are called the nth roots of vmity. 

Because 1* is always 1, whatever be n, + 1 is itself one of the 
nth roots of unity. 

Because (— 1)* = 1 when n is even, — 1 is always an nth root 
of unity when n is even. 

Hence one or two of the n roots of unity, viz. + 1 and — 1, 
are real ; all the others are imaginary. 

90. Problem. To find the nth roots qftmity. 

Solution. Let a required root be reP, r and 6 being quantities 
to be determined. By the requirements of the problem, the nth 
power of this quantity must be 1. Its nth power is 

(r^) n = T^tf* 1 = t* (cos nd + i sin nd). 
In order that this expression may be equal to unity, a real quan- 
tity, the coefficient of i must vanish, and we must have 

sin nd = 0, 
which gives 

cos nd = 1. 
Hence 

*» = i, 

which is satisfied by supposing 

r = 1. 
We must also have 

nd = or 2ar or 4*r or 6*r, etc. 
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Dividing by n, we see that 6 may have any one of the values 

= 0, 

6 = 2?-, 

e = £, 

= 6-, 

etc. 
By substituting, in the assumed expression, reP for the value of 
the root, we have 

ftr 4v ftr 

nth roots of 1 = 1, e n > e n , e n 9 etc 
Beducing to the trigonometric form, these expressions become 

i; 

cos 2- + * & 11 2- 
ft ' ft 

cos 4— + t sin 4- 

n ' ft 

cos 6 — h t sin 6- 
n ' ft 



etc. 



etc. 



The angle increases by 2- with each root, and by writing n con- 
secutive values we shall be carried all round the circle. 

The solution which we thus reach may be represented thus : 
Divide the circle into n equal arcs. 
Let the length of each arc be a, so that not = 360° = 2ir. 
The nth roots ofvmty wiU be : 

cos + i sin = 1 ; 

cos a + i sin a ; 

cos 2a -f" i sin 2a ; 

cos Za -f- i sin Sot ; 



(3) 



cos (ft — l)ot -f i sin (ft — l)a. 
Example. To find the sixth roots of 1. Here 

n = 6; 



* 180 ° « A o 

- = = 30° ; 

n n 



2- = 60° = a. 
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Hence the six roots are 

i; 



cos 60° +»sin60° =| + ^i; 



cos 120° + i sin 120° = - 2 + V*' 



1 , VS . 

cos 180° + i sin 180° = — 1 ; 

1 Vz 
cos 240° + » sin 240° = - 1 _ ^ *; 



cos 300° + t sin 300° 



VI. 



2 I 1, 



(*) 



The result can be readily proved by raising each of these quan- 
tities to the sixth power. 

The roots may also be constructed as in the anexed figure. 

PA 

If angle XOA = AOB = etc = 60°, then, since ^J = 

OP 

sin 60° and -^ = cos 60°, 

OX 



ox. 



= 1, 




OP PA. 
OX + OX h 
OQ_,BQ 

OX^ ox h 

etc. etc., 
are the sixth roots of unity. 

Exercises. 

1. Find and construct the eighth roots of unity, or the roots of 
the equation x* — 1 = 0. 

2. Find the roots of the equation x l% — 1 = 0. 

91. Relations between the roots of vmty. If we represent 

by x any such quantity as cos a -f- i sin or, we have, by what 

precedes, 

o? = cos 2a -(- i sin 2a ; 

o? = cos 3a -f- i sin 3a ; 

aj n = cos na -f- i sin na. 
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Hence the formation of the powers of x may he represented 
geometrically by laying off equal arcs arovmd a circle. 

If a? is any nth root of unity, then measuring off its angle a 
n times will bring us back to the starting-point. 

If a is itself the nth part of the circumference, then the re- 
maining roots as given in (3) are the first n powers of x. 
Hence : 

All the roots ofvmty are powers of the root corresponding to 
the smallest arc. 

From this it follows that if we measure off with a pair of di- 
viders, from to any division-point, the mth, for instance, and repeat 
the measure n times, the nth measure will end at the zero-point. 

This is evident of itself, because n measures of m arcs each will 
measure off mm, arcs ; and because n of the arcs make up a circum- 
ference, the mn arcs will extend around the circle exactly m times. 

But it does not follow that any such series of n measures will 
include all the roots. Suppose, for example, that in the preceding 
figure, where n = 15, we measure arcs of 6a. The 15 successive 
points reached with the dividers will then be 
0, 6, 12, 3, 9, 0, 6, 12, 3, 9, 0, 6, 12, 3, 9, 0. 
This series includes only 5 of the points of 
division, each of these 5 being repeated 3 
times, while the remaining 10 have not been 
included at all. 

If we take the measure 4a in our divid- 
ers, the points of division included in the 
series will be 

0, 4, 8, 12, 1, 5, 9, 13, 2, 6, 10, 14, 3, 7, 11, 0, 
which comprise all n points. Hence in this case all the roots are 
powers of x* or of cos 4a + i sin 4a. 

92. We now have the following proposition, where we put 

_ 360° m 
~~ n 

If m is prime to n, all the nth roots ofvmty may be repre- 
sented as powers of cos ma-\-i sin ma. 
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Proof. Starting from any point of the circle, and measuring 
off equal arcs, each of length ma, let p be the smallest number of 
measures which will bring us back to the starting-point. The 
total length of arc measured off will then be pma. 

Since we are brought back to the starting-point, we must have 
measured off an entire number of circumferences. Let q be that 
entire number. 

Because each circumference = na y the whole q circumferences 
measured = qna. Therefore 

pma = qna, 

and *- = — . 

q m 

Because, by hypothesis, m and n are prime to each other, the 

71 

fraction — is irreducible, and the smallest values of p and q are n 

and m respectively. 

Therefore any n measures will end at n different points of the 
circumference, and will therefore include all n points. 

Def. A root of unity whose powers include all other roots is 
called bprwritrim root. 

Cot. If n is a prime number, all the roots are primitive roots. 

Exercises. 

1. The 15th roots of unity being 

cos 24° + i sin 24°, cos 48° + i sin 48°, etc., 
it is required to find which of these roots are primitive. 
Prove the following propositions : 

2. If n is a prime number, all the nth roots of unity are prim- 
itive roots. 

3. If a? be any primitive nth root of unity, and if p be any 
number prime to n, then & will also be a primitive root. 

Note. In the preceding theorem this is proved for the case when x is the 
root corresponding to the smallest angle. The proposition now enunciated ex- 
tends to the case in which we start from any multiple of this angle prime to n. 
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SPHERICAL TRIGONOMETRY. 



CHAPTEE L 

FTTNDAMEN1AL PBIN0IPLE8. 



93. Def. Spherical trigonometry treats of the relations 
among the six parts of a trihedral angle. 

Def. The six parts of a trihedral angle are its three face-angles 
and ite three edge-angles. 

94. Representation of a trihedral angle by a spherical tri- 
angle. If be the vertex of a trihedral angle, and OM, OP, and 
O^ its three edges, we may con- 

struct a sphere having its centre at / l\ 

0, and having an arbitrary radius / I \ 

A. The spherical surface will then / j \ 

cut the edges at the three points J., / „^''V\ \ 

R, and C equally distant from 0. /^l a 2>\ B 

The three faces OMP, OPQ, / ^ ^ 

OQM will intersect the spherical M 

surface in three arcs of great circles, AR, EC, CA, which arcs 

form a spherical triangle. 

It is shown in geometry that the three angles A, R, and C of 
the spherical triangle are equal to the respective edge-angles OM, 
OP, and OQ of the trihedral angle. It is also shown that the 
arcs AR, RC, and CA 9 which form the sides of the triangle, 
measure the respective face-angles MOP> POQ, QOM of the 
trihedral angle. 
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Therefore the six parts of the trihedral angle are represented 
by the corresponding parts of the spherical triangle, and the rela- 
tions among the parts of the one are the same as the relations 
among the parts of the other. 

The term spherical trigonometry is applied because the investi- 
gations are generally made by means of the spherical triangle. 

A trihedral angle, with its corresponding spherical triangle, may be readily 
constructed as follows: Cut a circular disk of pasteboard or stiff paper, from 
four to six inches or more in diameter. From this disk cut out a sector of any 
magnitude. It will be well to have several disks with sectors ranging from 45* 
to 200° cut out. Divide the remainder of the disk by two radii into three 
sectors, such that the greatest shall be less than the sum of the other twd. Bend 
the disk along each of the two dividing radii, cutting the latter part of the way 
through if necessary, and bring the extreme radii together. We shall then have 
a figure like O-ABG of the preceding diagram, the three plane sides forming the 
trihedral angle, and the three arcs bounding the edge of the disk forming the 
spherical triangle. 

95. General remarks upon spherical triangles. A spherical 
triangle may be defined as that figure which is formed by joining 
any three points on the surface of a sphere by arcs of great circles. 
The three points will then be the vertices of the triangle. 

But between any two points we may draw two arcs of a great 
circle, which together make up a complete great circle through 
the points. One of- these arcs will be less, the other greater, than 
180°. To avoid ambiguity, the arc le68 than 180° is supposed 
to be taken, unless otherwise expressed. We therefore adopt the 
rule : 

Each side of a spherical triangle is supposed less them 180°, 
unless otherwise expressed. 

This rule is a mere convention, which may be set aside whenever we desire 
to give greater generality to our conclusions. Nothing prevents us from sup- 
posing ourselves to pass from one vertex to another by passing several times 
around the sphere. The corresponding side of the triangle will then consist of 
several coincident great circles plus either of the arcs joining the vertices. If 
we suppose a to be the shorter arc joining two vertices, the general arc measure 
of the side through those vertices will be 

n 860° + a or (n + 1) 800° - a. 

96. Every spherical triangle encloses a portion of the spherical 
surface, forming the area of the triangle. We then have the theorem : 
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Three great oireles divide the surface of the sphere into eight 
triangular portions. 

This is shown as follows : One great circle 
divides the surface into two equal parts. A 
second great circle intersects the first in two 
points, and divides each of those parts into 
two lanes, so that the whole surface is then w\' % 
divided into four lunes. A third great circle 
cuts through all four of these lunes, and forms ^^^T^" 
eight spherical triangles. great drciee. 

In the same way, any two planes divide the space around their 
line of intersection into four parts. A third plane intersecting 
them divides the space around their point of intersection into 
eight parts, forming eight trihedral angles. 

Remark, The student should guard himself against consider- 
ing a figure of which either side is a, small circle of the sphere as 
a spherical triangle. For example, the figure formed by two arcs 
of meridians and a parallel of latitude is not a spherical triangle. 
Such figures do not represent the parts of a trihedral angle, and so 
do not correspond to the definition of a spherical triangle. All 
the important problems connected with them may be reduced to 
\ problems of spherical trigonometry, so that there is no need of 
giving them special consideration. 

EXEBOISB8. 
The following exercises are introduced to test the student's fundamental 
conceptions of spherical geometry, and especially of the relations of great circles 
of the sphere. Their successful performance will show that he is prepared to 
take up the subject of spherical trigonometry with advantage. A globe, on 
which figures may be drawn at pleasure, will be of great service in assisting his 
conceptions, and should be made use of whenever practicable. 

1. A and A' are two opposite points on a sphere. If any third 
point Xbe taken on the sphere, to what constant arc will the sum 
XA + XA' be equal, and what will be the angle AXA' ? 

Note. Opposite points are those at the ends of a diameter. 

2. If one side of a spherical triangle be equal to a semicircle, 
what relations will then subsist between the other two sides? 
What will be the magnitude of the opposite angle ? 
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3. Let A y B 9 and C be the three vertices of a spherical triangle ; 
a f hy and 0, the sides opposite these vertices respectively ; A', B', 
and C'y the points opposite the vertices. It is then required : 

(a) To express by the letters at their vertices the eight tri- 
angles which will be formed when each side of the original 
triangle ABOb produced into a great circle. 

(b) To express the sides of each of these eight triangles in 
terms of a, J, and <?, making use of the theorem that any two great 
circles intersect each other in two opposite points. 

(c) To express the angles in terms of the angles of the original 
triangle, which we may represent by the letters A> B y and C 
marking their vertices. 

{d) It being found that the eight triangles are divisible into 
four pairs, such that the sides and angles of each pair are equal, it 
is required to show the relations of each pair. 

4. If one angle of a spherical triangle is Ay show that the sum 
of the other two angles is contained between the limits 180° — A 
and 180° + A. 

Note. If the student finds any difficulty in this question he may begin by 
supposing the triangle to be isosceles, and the two equal sides to increase from 
0° to 180°. 

5. Hence show that the spherical excess cannot exceed twice 
the smallest angle. 4 

6. If the three sides of an equilateral spherical triangle be con- 
tinually and equally increased, what is the limit of their sum? 
What is the limit of the angles as the sum approaches its limit % 

97. Fvmdammtal equations. Let us put 
a, by c, the three face-angles of the trihedral angle — that is, the 
angles subtended by the three sides of the spherical triangle; 

A, By Cy the opposite edge-angles of 
the trihedral angle, or the angles of the ^{^\\a 

spherical triangle. ^^^ \\ \\ 

Then if O-ABC be any trihedral *^*-- 1--V-- \ 

angle, we shall have N. I / r J 

a = angle BOC\ N. / / / 

b = angle CO A ; ^C // 

c = angle A OB. 
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Through any point A of OA pass a plane perpendicular to 
OA, and let B and C be the points in which it meets the other 
two edges. We shall then have 

A = angle BAG, 
while OAB and OAC will both be right angles. 
In the triangle BOO we have 

BO' = 0B* + 0G % - 20B .00 cos a. (§ 58) 

In the triangle BA we have 

BO' = ^1^ + ^1(7 8 - 2-A.B.^tfcos A 
Equating these two values of BO*, and transposing, we find 
20B . 00 cos a= OB*- AB*+ 00* - AC+2AB .AOcoqA. 
But, because OAB and 0J.(7are right angles, 
OB* -AB* = OA*; 
00* - AC* = 0^1 a . 
Substituting these values, and dividing by 2#Z? . 00, we have 
0J. OA x AB AG 
^ a= OBOC + OB'00 QO%A ' 
Now 0^4 

0B =co * > 

OA 

— = cos&; 

_ = sino- 

AC • * 
^- = sin&. 

Therefore oosa = cos&cos(j + sin^Binocosjl. (a) 

By treating the other edges in order in the same way, we 
obtain two more equations, which may be written by simply per- 
muting a, b, and o and A, B, and C cvrcttiarh/ ; that is, by substi- 
tuting for each letter the one next in order, a following o. Thus 
we have the system of three equations: 

cos # = cos & cosc + sinJsintfcoeJ.;- 
cos b = cos o cos a + sin o sin a cos B; » (1) 

co60=co60CO6&-f-sin0sin&co6£7. , 
These three equations are the fundamental equations of spherical 
trigonometry, because by means of them, when three parts are 
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given, the other three may be found. For practical application 
they are transformed and simplified in numerous ways. 

98. PerrrmtaMon of parts. We have deduced the equations 
(1) from (a) by merely permuting the letters. This process 
may be applied generally in accordance with the following 
theorem : 

If we have found between the penis of a spherical triangle amy 
equation which is true for all triangles, it will remain true when 
we permute the sides in any way / provided thai, we also permute 
the opposite angles in the same way. 

For if we have proved our equation by calling the three 
sides a, b, and c, and the opposite angles A, B, and C, we could 
apply the same proof to the other parts of the triangle, substi- 
tuting 

Side a for side b, and vice versa, 
and 

Angle A for angle B, and vice versa, 

in the demonstration. We should then have a result in which a 
and b changed places, and A and B changed places. 

By interchanging a and c, and b and c, with their opposite 
angles in the same way, we should form all the six equations 
which could be written by permuting the symbols in the way 
described. 

If, however, we made any supposition respecting any side or 
angle such that the reasoning applied to it would not apply to the 
others, then the symbol of this side or angle could not be per- 
muted. For instance, we cannot permute all the parts in a formula 
true only for right triangles. 

It follows from this that any true formula which expresses the 
value of one part in terms of the two remaining pairs of parts 
must be symmetrical with respect to the other pairs of parts. For 
example, equation a remains unchanged when we interchange b 
and c, else it would be wrong. 

99. Theobem of sines. In a spherical triangle the sines of 
the sides are proportional to the sines of the opposite angles. 
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Proof. Let O-ABC be the trihedral angle of the spherical tri- 
triangle, and let A be any point on A .^ 

the edge OA. ^^A 

Through A pass a plane perpen- ^s^ \ \ 

dicnlar to the edge OB, intersecting ^^ I \ \ 

the faces AOB and BOCin the lines 0< O -/---■-.£„ 

ABmdBP. \. / •/ 

Through J. pass another plane ^K"~ * 

perpendicular to 00, intersecting the ^^ 

faces A 00 and COB in the lines ^1(7 and OP. 

AP will then be the line of intersection of these planes. 

Because the planes ABP and ACP are perpendicular to the 
lines OB and 00 respectively, they are each perpendicular to the 
plane BOO of these lines (Geom.) Therefore their line of inter- 
section, AP, is also perpendicular to this plane, and the triangles 
APB and APC are right-angled at P. Hence 

AP = AB sin jl^P = jIjB sin B. 
Also, because -4i? is perpendicular to OB, 

AB = OA sin .50J. = OA sin <?. 
Therefore J.P = OA sin c sin B. 

We find in the same way 

AP = A sin J sin tf; 
whence 

Bin c Bin i? = sin 5 sin #, 
or 

sin o __ sin b 
sin <7~ sin 2?' 
We may show in the same way, by permuting the parts, 

sin a _ sin b __ sin o . 

sin A "~ sini? ~~ sin (7* ^ ' 

The common value of these three ratios is called the modulus 
of the spherical triangle. 4 

100. The theorem of sines may also be obtained directly from 
the fundamental equations as follows: 

(From the first fundamental equation (1) we obtain 
cos a — cos b cos o 



cob A = -. — t— i 

sin o sin c 
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Squaring, 

, . cos* a — 2 cob a cos b COB0 + cob* Jcob'c 

cob A = . , , . , 

Bin* o Bin o 

Hence sin* ,4 = 1 - cos* ^1 = 

(1 — COB* J) (1 — COB* c) — cos* a + 2 cob a COB ft COS fl— COS* & COB* g 

sin* b sin* o 

1 — cob* a — COB* b — COS* C-j-SScOflflCOB&COBC 

"~ sin* b sin* o 

Dividing by sin* a> 

sin* A 1 — cos* a — cos* J — c os* c -f- 2 cob a cos & cos i 
sin* a ~~ sin * a sin* J sin* 

The second member of this equation is symmetrical with 
respect to a, b 9 and 0, and so remains unchanged when these quan- 
tities are permuted among themselves. But if we derive the 

values of T-n and -7-7 — from the last two fundamental equa- 
sm sin * 

tions, the results will be simple permutations of the last equation, 

and will therefore give the same values of . . , and -rt — that 
sin 6 Bin* {? 

we have found for -?-i — . 
sin a 

Hence . , , • • z> • * sv 

sm' J. am* B __ Bin* (7 

sin* tf "" sin* & "" sin* 0' 
Extracting the square roots, the general results will have double 
(±) algebraic signs ; but as the angles are all supposed to be less 
than 180°, the positive signs are to be taken. Hence 

sin J. __ sin B _ sin C 

sin a ~~ sin & "sine* 
the reciprocal of the relations (2). 

101. Polar triangles. Def. When two triangles are so related 
• that the vertices of the one are the poles of the sides of the other, 
the one is said to be the polar triangle of the other. 

It is shown in geometry that the relation of a triangle to its 
polar triangle is reciprocal ; that is, if X and Fare two triangles, 
and Fis the polar triangle of X, then X is the polar triangle of 
Y. This reciprocity arises from the theorem : 
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If A, B, and C be the three poles of the sides QR y HP, and 
PQ of a triangle PQR, then P 9 Q, and It wiU be the poles of 
the sides BC y CA, cmd AB. 

This theorem is readily proved by the geometry of the sphere. 

Since every great circle has two poles, one at each end of a 
diameter, it follows that the three sides of a triangle have six 
poles in all. We may form a polar triangle to ABC by taking 
either of the poles of AB 9 either of the poles of BC, and either of 
the poles of CA, and joining them by R 

arcs of great circles. Hence there are /"N. 

eight possible polar triangles to every / C 

given triangle. To avoid doubt which 
triangle is to be chosen, we take for 
each vertex of the polar triangle that / 

pole of each side of the given triangle ,\ & ~— ~-^ B ; jQ 

which is on the side toward the triangle. p ^ - " 

For example, if ABO is the given triangle, we take that pole 
of AB which is on the side toward <7, and 60 with the other sides. 

Exercises. 

1. What must be the sides and angles of a triangle that it may 
coincide with its polar' triangle ? 

2. Show that if each side of a triangle is greater than 90° the 
polar triangle will fall wholly inside of it, and if each side is less 
than 90° it will be wholly within its polar triangle. 

3. If two sides exceed 90° and the third 6ide is less than 90°, 
what will be the character of the polar triangle, and how will it be 
situated relatively to the given one I 

102. Use of the polar triangle. It is shown in geometry that 
each side of the polar triangle is the supplement of the opposite 
angle of the other, and vice versa. This principle is applied to find 
new relations betweeti the parts of a triangle in the following way : 

1. We imagine ourselves to construct the polar of the given 
triangle. 

2. We write any or all the equations between the parts of the 
polar triangle. 
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3. We substitute in these equations the supplementary parts 
of the given triangle, and thus obtain equations between these 
parts. 

Let us put a', b\ c\ 

A'yB' 9 C> 
the sides and opposite angles of the polar triangle. Since the 
general equations (1) are true for every triangle, they are true of 
this polar triangle. Hence 

cos V = cos V cos & + sin V sin d cos A'. 
But the polar triangle is so related to the original triangle that 





a! = 180° - Ay 


A 1 = 180° -a; 




V = 180° - B, 


B' = 180° - b ; 




<f = 180° - <7, 


C = 180° - c. 


Therefore 








cos a' = — cos A, 


cos A' = — cos a ; 




cos V = — C08 By 


cos iP = — cos b ; 




cos cf = — cos G 9 


cos C = — cos <? ; 


and 


sin a' = sin Ay 


sin -4/ = sin a\ 




etc. 


etc 



Making these substitutions in the equations (1), we find 
cos A = — cos B cos C + sin B sin (7 cos a ; ] 
cos i? = — cos C cos A + sin (7 sin A cos J ; I (3) 

cos tf = — cos A cos B + sin J. sin 5 cos c. J 
This process may be generalized thus: 

From every relation between the parts of a spherical triangle 
we may derive another relation by changing the cosine of each 
part into the negative of the cosine of the opposite party and the 
sine of each part into the sine of the opposite part. 

But this relation will not always be different from the original 
one. If we apply the process to the equations (2), for instance, 
the same relations will be reproduced, each term being changed to 
its reciprocal. 

It is also to be remarked that the use of the polar triangle is 
not absolutely necessary to deduce the new relations (3), because 
they can all be obtained from the fundamental equations (1) by 
eliminating first b and c, then c and #, then a and b. But the use 
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of the polar triangle gives a much shorter and more elegant mode 
of deducing them. 

103. In the solution of spherical triangles we require for- 
mulae which shall express any three parts in terms of the remaining 
three ; the latter being supposed known, the former unknown. 

A set of such equations may be derived from the fundamental 
•equations (1) by substituting in any one the value of the cosine of 
a side obtained from another. Let us substitute in the third the 
value of cos a from the first. We shall have 
cos o = cos* b cos c + sin b cos beuic cos A-{-Binaawb oo&G. 
Transposing cos c, noting that 1 — cos* b = sin* J, and dividing by 
rsin J, we have 

0= — sin&cosc + cosisintfcosJ. + sintfcostf, 
which gives 

sin a cos G = sin b cos c — cos b sin o cos A. (4) 

The theorem of sines (2) also gives 

sin a sin G = sin c sin A. (5) 

Comparing these two last equations with the first equation (1), 
we see that they form a set in which the second members contain 
only the parts J, c, and A, namely, two sides and the included 
angle ; while the first members contain the third side, a, and one 
of the angles adjacent to it, namely, G 

Hence any two of these three equations may be used to find 
the side a and the angle G when J, c, and A are given. Since 
there are three equations where only two are necessary, there must 
be a relation between them, which we find as follows : 
The first members are 

cos a; 
sin a cos G; 
sin a sin G 
The sum of the squares of these quantities is 

cos* a + sin* a(cos* C + sin* C) = cos* a + sin* a = 1. 
The sum of the squares of the first members being identically 
•equal to unity, the same should be true of the sum of the squares 
of the second members, which is 
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(cos b cos o + sin b sin c cos A) % 
+ (sin i cos — cos i sin cos J.)* 
+ sin* c sin* J.. 
Forming these squares, we see that the product of the terms 
in the squares of the first two quantities cancel each other, leaving 
as the sum of the squares 

cos' b cos' c + sin' b sin* o cos* A 
+ sin' b cos' o + cos* b sin' o cos* A , 
+ sin' c sin* A, 
a sum which we readily find to reduce to unity. 

104. By permuting the sides b and c and their opposite 
angles, B and (7, we obtain a similar set of equations for a and the 
adjacent angle B. Repeating the equations already found, we 
have the following set of five equations from which we may deter- 
mine a, Bj and C, when J, c, and A are given : 

sin a sin B = sin b sin A ; 
sin a cos B = cos J sin c — sin J cos o cos .4 ; 
sin a sin C = sin c sin J. ; (6) 

sin a cos (7 = sin b cos tf — cos b sin c cos A ; 
cos <z = cosJcoso + sinJsino co& A. 

We may write a set similar to this for each of the other sides 
of the triangle, namely : 

sin b sin C = sin c sin B ; 
sin fl cos <7 = cos sin — sin c cos # cos B ; 
sin b sin A = sin a sin i? ; }. (7) 

sin J cos A = sin cos a — cos sin a cos i? ; 
co8J = coB0COS0 + 6in0sin0 cos B. 

sin c sin J. = sin a sin (7; 
sin0cosJ. = co80 8in& — sin cos J cos <7; 
sin (? sin 5 = sin b sin (7; - j. (8) 

sincco8^ = sinacosJ — cos a sin 5 cos (7; 
coeo^co&acosb-^Biaaembco&C. 
Then we obtain a similar set for the angles through the inter- 
vention of the polar triangle. Applying the set (6) to the polar 
triangle, it gives 
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sin A sin b = sin B sin a ; 

8m-4.cosJ = eo8.B8mC+riD-ScosC r co8 0; 

sin .4 sin = sin C sin a ; I- (9) 

sin A cos = sin B cos (7 + cos B sin (7 cos a ; 
cos -4. = — cos B cos (7+ sin i? sin (7(508 a. 
Applying these formulae to each of the angles in succession, we 
have a set of equations by which, when two angles and the in- 
cluded side are given, the remaining parts may be found. The 
following are the remaining formulae obtained by permutation : 
sin B sin c = sin G sin b ; 
sin B cos = cos C sin A + sin C cos A cos b ; 
sin B sin = sin A sin J ; I (10) 

sin i? cos a = sin (7 cos A + cos C sin A cos J ; 
cos B = — cos (7 cos ^4 + sin Csin -4 cos b. 

sin (7 sin a = sin ^4. sin c ; 
sin (7 cos a = cos -4 sin i? + 8 * n -4. cos B cos c ; 
sin C sin J = sin B sin ; , (11) 

sin (7 cos J = sin -4. cos B + cos -4 sin B cos ; 
cos (7 = — cos A cos i? + sin J. sin i? cose. 

105. If in the three sets of equations (6) to (8) we divide the 
second equation by the first, and the fourth by the third, and clear 
of denominators, we shall have the following additional equations : 

cot B sin A = cot b sin c — cos c cos A ; •* 
cot C sin A = cot c sin b — cos J cos A ; 
cot C sin B = cot c sin a — cos a cos B ; 
cot .4. sin B = cot a sin — cos c cos B ; 
cot ^L sin C = cot # sin b — cos J cos C ; 
cot 5 sin C = cot & sin a — cos a cos C. - 

Treating the equations (9) to (11) in the same way, we shall get 
a similar set of equations ; but on examination they will be found 
to differ from the equations (12) only in the arrangement of their 
terms, so that they need not be written. 

106. Although the foregoing equations need to be trans- 
formed for most of their uses, they may in many cases be applied 



(12) 



Digitized by VjOOQlC 



126 SPHERICAL TRIGONOMETRY. 

directly to the solution of spherical triangles. This is especially the 
case when two sides and the included angle, or two angles and the 
included side, are given and one or more of the remaining parts- 
required. If, for instance, A 9 B> and o are given, we may from are 
the first two of equations (11) obtain the values of C and a by 
Prob. I. Chap. V. Then from the next two we may obtain o and 
(7, and from the last cos (7, and thus a third value of C. If the work 
is correct, these three values of C will all agree. 

Ifoample. Two of the face-angles of a trihedral angle are a = 
132° 46'.7 and b = 59° 50'.1, and the included edge-angle is C = 
56° 28'.4. Find the remaining parts. 

The computation of A, B, and c may be effected by the equa- 
tions (8), as follows : 

(1) cos i, 9.701 13 (6) sin i, 9.936 81 

(2) sin a, 9.865 69 (7) cos C, 9.742 19 

(3) sin C, 9.920 97 (8) cos b, 9.701 13 

(4) sin J, 9.936 81 (9) sin a, 9.865 69- 

(5) cos a, - 9.831 98 (11) sin b cos <7, 9.679 00 
(12) cos a sin J, - 9.768 79 (10) cos a, - 9.831 98 

(13) — sinacosJcostf, — 9.309 01 (20) sin a cos b, 9.566 82 

(14) Diff., 0.459 78 (21)— cosasinicosC, + 9.510 98 

(15) Add. log., 0.589 12 (22) Diff., 0.055 84 

(2) + (3) sin c sin A, 9.786 66 (23) Add. log., 0.329 84 

(13)+(15) sin (? cos A, - 9.898 13 (26) sin B, 9.857 80 

(18) cos A, 9.898 14 (3)+(4) sin c sin B, 9.857 78 

(16) tan A, - 9.888 53 (21)+(23)sinccos5, 9. 840 82 

(17) A, 142° 16'.4 (24) tan B, 0.016 96 

(19) sin c y 9.999 99 (25) B, 46° 7'.1 

—— (27) sin o, 9.999 98 

(31) Subtr. log., 8.431 7 ( 30 ) Diff., 0.011 58 

(28) cos a cos b - 9.533 11 ^^ 

(29) sin asm b cos {7, 9.544 69 * 89 o 28 , 3 

Note.— We may omit the "log" from the designation of the logarithms of 
the trigonometric functions whenever no uncertainty will thus arise. 
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In this computation the numbers in parentheses show the order 
in which the lines may be written. Lines (15), (23), and (31) 
are the addition or subtraction logarithms, from the tables for 
finding the logarithm of the sum or difference of two numbers 
which are given by their logarithms. The student can equally 
well find the numbers, add them together, and take the logarithm 
of their sum. 

The agreement of the two values of sin (7 with each other and 
with cos C shows the correctness of the calculation. 

107. The following transformation, similar to that <rf Prob. 
IV. Chap. V., will often render the work convenient. In the 
second and last of equations (11) let us put 

k sin K = sin A cos o ; ) 

k cos K ; = — cos A. ) W 

By substitution these equations will then become 

sin Ocos a = — k cos JTsin B + k sin JTcos B 
= k sin (if- B)\ 
cos O = k cos iT cos B + k sin jBTsin B 
= kcoa(K— B). 

To apply these equations we compute k and K from (a), and 
then sin C cos a and cos C from (S). "We complete the work by 
computing sin C sin a from the first equation of (11). 

We may also transform the fourth equation by computing h 
and II from the equations 

Asinjffr: sin i? cos ; 
h cos H = — cos 5. 
We shall then have 

sin C cos b = A sin (jB" — -4) ; 
cos (7 =l A cos Cff— -4). 
To transform the equations (8) on the same plan, we may com- 
pute *, K y h and JZfrom 

& sin K = sin a cos C\ * 

k cos JST = cos a ; / * 

A sin jff" = sin b cos (7; 

A cos H = cos J. 
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"We then have, in the same way as before, 

sin o cos A = Jc sin ( b — K) ; (d) 

sin0cosi? = A8in(#— R) ; 

cos C = £ cos (J — K) = A cos {a — 2T). 
We compute the same example as before by these formulae, as 
follows : 



sin a, 

COS Cy 

sin by > 


9.865 69 
9.742 19 
9.936 81 


sin a, 
sin C, 
sin J, 

h-K - 
a-R, 

sin (b - K), - 

log*, 
cos(J-JT), 
sin o sin A, 
sin o cos A, ■ 
cos H, ■ 

tan A, ■ 

sin c, 

sin (a — H), 
log h, 

sin e sin B, 
sin c cos 2?, 

tan 5, 


9.865 69 
9.920 97 
9.936 81 


JcsmKy 

^008 Ky - 

cos jS^ - 


9.607 88 

- 9.831 98 

- 9.933 82 


- 89° 19'.9 
89° 14'.3 

- 9.999 97 


tanZ", - 


- 9.775 90 
149° lO'.O 
59°50'.l 
9.679 00 
9.701 13 
9.860 27 

9.977 87 

43° 32'.4 

132° 46'.7 

7.965 1 
7.9645 
89° 28'.3 
46°7'.l 


9.898 16 
8.066 9 


J, 
A sin iZJ 

A cos H, 


9.786 66 

- *9.898 13 

- 9.898 14 


cos-Hj 
tanjy, 


- 9.888 53 

142° 16'.4 

9.999 99 


cose, 

CO8 0, 


9.999 96 
9.840 86 
8.123 6 


<>> 


9.857 78 
9.840 82 




0.016 96 



EXER0T8E8. 

1. Transform the equations (6), (7), (9), and (10) in the same 
way that we have transformed (8) and (11). 

2. From the values of Ay By and c, which we have obtained 
in the last example, find those of a, by and C with which we started. 

3. If m be the arc joining the vertex A to the opposite side, 

prove 

cos b + cos c = 2 cos ±a cos m. 
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CHAPTER n. 
BIGHT AND QUADRANT AL TRI ANGLES. 



Fundamental Definitions and Theorems. 

108, Def A right spherical triangle is one which has a 
right angle. 

Def. A quadrantal spherical triangle is one which has a side 
^qual to a quacfrant. i 

Def. A trirectangular triangle is one which has three right 
angles. 

Def A trirectangular triangle is one which has two right 
angles. 

Def A biquadrantal triangle is one which has two sides equal 
to a quadrant. 

Theorem I. Every birectangidar triangle is also Mquad- 
ramtal. 

Proof Let ABC 'be a spherical triangle in 
which angle B = angle G = 90°. Then : 

Because angle B is a right angle, the pole of 
the great circle BC is on the great circle BA. 

Because angle C is a right angle, this pole is 
on the great circle CA. (Geom.) 

Therefore the pole of BC is on both BA and GA, and there- 
fore at their point of intersection A. 

Because A is the pole of BG, AB and A C are quadrants. 

Q.E.D. 

Theorem II. Conversely, Every biquadrantal triangle is also 
btrectangidar. 

Proof Because every point of the polar circle of the point 
J. is a quadrant distant from A> and because AB and AC are 
quadrants, this polar circle must pass through both B and C. 
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But only one great circle can pass through these points. 

Therefore BC is the polar circle of A y and A the pole of BC. 

Therefore the great circles AB and AC intersect BC at right 
angles. Q.E.D. 

Cor. Every trirectangular tricmgle has three quadrants for 
its sides; and, k 

Conversely, Every tricmgle having three quadrants for its 
sides is trirectangular. 

Theorem III. In a birectomgular triangle the oblique angle 
is equal to its opposite side. 

Proof. Because the plane of the great circle BC intersects 
the planes of AB and of A C at right angles, the arc BC measures 
the dihedral angle between the planes AB and B& 

But the angle A is equal to this same dihedral angle. 

Therefore BC = angle A. 

Theorem IV. The polar^ triangle of a right triangle is a 
quadrantal triangle. 

This follows at once from the fact that the angles of the one 
triangle are the supplements of the sides of the other. 

Exercise. 

Let the student translate the preceding definitions and'theorems 
into those relating to the face- and edge-angles of a trihedral angle, 
and, which is the same thing, into those relating to the angles be- 
tween three lines emanating from a point and the angles between 
their planes. 

109. Eormulm for right triangles. Since in a right triangle 
one of the parts, the right angle, is known in advance, if two other 
parts be given the remaining three parts may ^^A 

be found. 

An equation must therefore exist by y^ |* 

which, when any two parts are given, any b^ 

one of the three remaining parts may be 

found ; hence between every combination of three parts out of the 

five there must be an equation. The number of combinations of 3 

5 . 4 
in 5 being j^-x = 10, there must be ten such equations. 
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To find these equations let C be the right angle, and therefore o 
the hypothenuse. We seek for those equations in the sets (6) to 
(12) of the last chapter, in which the angle C enters, and in which 
the equation contains only three different parts. We then suppose 

sin C = 1 ; 
cos C = 0; 
cot (7=0. 
The set from which the required equations are taken, the num- 
ber in the set, and the result are shown as follows : 
From (6) t , -sin a = sin c sin A ; (1) ) 
" (7)„ -sin b = sin c sin B ; (2) \ 
" ( 6 )« cosJ. = tan i cote; (3)) 
" CO,, cos 2? = tan a cote; (4)) 
" (8) 6 , cos <? = cos a cos b ; (5) 
" (9)„ cos^ = cosJsinJ.; (6)) 
" (9) 6 , cos A = cos a sin B ; (7) \ 
" (11) § , cos c = cot A cot B; (8) 
" (12) § , cot A = cot a sin b ; (9) ) 
" (12)., cot B = cot J sin a. (10) \ 
These ten equations will be found to include all combinations 
of three out of the five parts a, J, c, A, B. From each of them 
we may determine any one part in terms < f the other two ; for 
example, the first equation gives not only 

sin a = sin c sin A, 

but 

sin a 
sin c = — — r, 
sin A' 

and 

sin a 

sini = - — . 
sin c 

Properly speaking, only six of these equations are really dis- 
tinct, as the other four can be derived from them by a mere inter- 
change of letters between corresponding parts. For instance, since 
the same relation must hold between each oblique angle and its 
opposite side, the second equation may be derived from the first 

The equations which are thus related are connected by braces 
in the formulae above. 
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110. Napier's rules. The six preceding formulae, which may 
be found difficult to remember, have been included by Napier in 
two precepts of remarkable simplicity, 
and easily remembered. 

Let us take for the five parts the 
sides a and b as before, and, instead of 
the other three parts, the complements 
of the oblique angles and of the hy- 
pothenuse. The fact that the comple- 
ments are understood is indicated by accenting the letters in the 
diagram. "We suppose 

B f = 90° - B; c' = 90° - c; A' = 90° - a. 
Omitting the right angle, the five parts 0, i, A', <J, B' form a con- 
tinuous series, B' being followed in regular order by a. Now if 
we select any three of these parts, one of two cases must occur. 
Either— 

(1) The three parts all adjoin each other, as B\ a 9 b; a y J, A', 
etc., or 

(2) Two of the parts adjoin each other and the third is separated 
from each of them by the remaining intervening parts. 

The middle part of the three in the first case, or the separated 
part in the second, is called the middle part. 

In the first case the extreme parts of the three are called 
adjacent parts. 

In the seoond case the adjoining parts are called opposite parts. 

111. Napier's rules are : 

I. T/ie sine of the middle part equals theproduct of the tan- 
gents of the adjacent parts. 

II. The sine of the middle part equals the product of the 
cosines of the opposite parts. 

f\ The concurrence of the vowel a in tangent and adjacent, and of 
■ the vowel o in cosine and opposite, will help in remembering the 
relations. 

Examples. 1. Let the parts be the hypothenuse and the two 
adjacent angles, or c, A and B. 

The middle part is c', and A' and B l are adjacent parts. 
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By the rule, 

sin (90° - C) = tan (90° - A) tan (90° - B), 
or cos o = cot A cot B, 

agreeing with the formula (8). 

2. Let the parts be a, A and C. The middle part is then a y 
and A f and C are opposite parts. Therefore 

sin a = cos (90° — A) cos (90° — C) 
= sin A sin c, 
agreeing with the formula (1). 

3. Let the three parts be the two sides containing the right 
angle and one of the oblique angles, say a, J, and A. Then b is 
the middle part, and the other two adjacent parts. Therefore 

sin b = tan a tan (90° — A) 9 
or sin b cot a = cot J., 

agreeing with the ninth formula. 

Exercises. 

1. Given A = 62° 29'.3, b = 25° 58'.8; find a. 

2. Given B = 35° 29 , .6, a = 75° 5'.3 ; find A and I. 

3. Given a = 43° 40'.5, = 98° 29'.1 ; find A, B, and b. 

4. Given a = 148° 28 , .2, ^1 = 101° 3'.9 ; find b and c. 

5. Given A = 50° 0'.8, ^ = 79° 57'.3 ; find 0, J, and 0. 

112. Relations between four parts. Although the preceding 
formulae enable us, when two parts are given, to find the remain- 
ing three parts, each" part has to be found independently by 
different equations. If all three parts are required, we may deter- 
mine two of them by a single connected set of operations. For 
this purpose we select the appropriate equations from the sets (6) 
to (11) of the preceding chapter, choosing only those in which the 
angle Centers the second member. 

113* Case I. Given cm cmgle cmd the adjacent side. 
When C = 90°, the last three equations (9) of § 104 are 
sin A sin = sin a ; 

sin.4co80 = co60cosi?; - (11) 

cos A = cos a sin B. . 
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From the first two equations we obtain sin A and c. Since we 
thus have separate values of sin A and cos Ay the agreement of 
the two values of A serves as a check upon the accuracy of the 
computation. 

If b is also required, the first two equations (9) of § 104 give 

sin J. sin £ = sin a sin _Z? ; ) ,_ 

sin A cos b = cos A ) 

From which we obtain b and another value of sin A. 

By simply reversing equations (11) we obtain a and B when 
A and e are given. 

Example. Given a = 75° 5^, B = 85° 29'.6, to find the 
remaining three parts. 

sill a> 9.985 12 

sin B 9 9.763 88 

costf, 9.410 49 

cos B } 9.910 73 

sin A sm c = sin a, 9.985 12 
sin J. cos o = cos a cos ^, 9.321 22 

tan c y 0.663 90 c = 77°46'.0 
sin^l, 9.99510 



cos J. = cosasin^B, 9.17437 A = 81° 24'.4 

sin A sin J, 9.749 00 
sin A cos J, 9.910 73 

tan by 9.838 27 & = S4°34'.2 
sin ^4, 9.995 10 

Exercises. 

1. Given a = 34° 34'.2, ^ = 81° 24'.4; find remaining parts. 

2. Given A = 45° 45'.4, c = 61°49 , .3 ; find a and A 

3. Given a = 120° 29'.6, .5 = 22° 59'.8 ; find c and A. 

4. Given A = 98° 0'.4, & = 52° 7'.8 ; find a and A 

5. Given B = 133° 33'.7, a = 7° 29'.3 ; find A and b. 
114. Case II. Given the two sides, a and b. 
Putting C = 90°, the equations (8) of § 104 become 
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sin c sin A = sin a ; 

rin cos A = cos a sin J ; 

cob o = cob a cob b ; - (13) 

sin c sin 5 = sin b; 

sin c cos 2? = sin a cos J. 

The values of o and A are determined from the first three 

equations ; those of o and B from the last three. The agreement 

of the two values of sin o with the one value of cosine o affords a 

check upon the accuracy of the work. 

Exercises. 

1. Given a = 39° 6'.8, b = 82° 39'.6 ; find A, B y c. 

2. Given a = 103° 40'.2, b = 62° 29'.3 ; find A, B, a 

3. Given a = 172° 1'.5, b = 158° 58'.8 ; find A, B, o. 

115. Case III. Given the hypothenuse and one angle. 

The first three equations of Case I. and the first three of 

Case II. give 

cos a sin B = cos A ; 

cos a cos B = sin A cos 0; 

sin a = sin A sin c ; • (14) 

cos a sin b = cos A sin ; 

cos a cos J = cos c. 

From which a, J, and B may be determined. 

EXEBOISE8. 

In a triangle, right-angled at C y prove the relations : 

1. sin A sin 25 = sin c sin 22?. 

2. sin 2J. sin = sin 2a sin B. 

3. sin 2a sin 2b = 4 cos J. cos B sin* 0. 

4. sin* %c = sin* £a cos* £J + sin' £J cos* £0. 

5. sin (0 — b) = tan' £ J. sin (b + <?)• 

6. sin a cob J = tan £ J. sin (J + <0- 

7. In a right triangle of which the oblique angles are 

A = 69° 23'.7, B = 60° 7'.6, 
find the length of the perpendicular from the right angle upon the 
base, and the angles which it forms with the sides. 
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8. In a right triangle is given 

e = 75° 25', a = 52° 16'; 
find the lengths of the segments into which a is divided by the 
bisector of A. 

EXEE0I8E8 IN GbOMETRIO APPLICATION. 

9. From a point P above a plane an oblique line PO is 
drawn, meeting the plane in O and making the angle A with the 
plane. Let Q be the projection of P upon the plane, so that OQ 
is the projection of OP. Through O a line OM is drawn, making 
an angle QOM = B with the projection OQ. It is required to 
express the angle POM in terms of A and B. 

Ans. Cos POM = cos A cos B. 

10. In the preceding case, if a perpendicular PS be dropped 
from P upon OM, express the length OS in terms of the angle A 
and B and the length OP. Am. OS = OP cos A cos ^. 

11. Two planes intersect at right angles along a line I. From 
any point B of I one line is drawn in each plane, making the 
respective angles A and B with I. Express the angle C between 
these lines. Ans. Cos C = cos A cos B . 

12. Two planes intersecting at right angles along a line / are 
intersected by a third plane, making with them the respective 
angles P and Q. Express the angles which the three lines of in- 
tersection make with each other. 

Ans. If we put PI for the angle between Zand that edge 
along which the dihedral angle P is formed, etc., we have 

cos Q 



cos PI- 
cos QI 



sinP' 
cosP 



sin#> 
cosP# = cotPcot Q. 

116. Isosceles triangles. An isosceles spherical triangle may 
be divided into two symmetrical right triangles by a perpendicular 
from its vertex upon its base. If we put 
c, each of the equal sides ; 
C, each of the equal angles at the base ; 



Digitized by VjOOQIC 



I 



BIGHT AND QUADRANTAL TRIANGLES. 137 

by the base, or third side ; 
By the angle at the vertex ; 
P, the middle point of b ; 

p, the length of the perpendicular BP from B upon 5, — 
we shall then have two right triangles in each of which the 
oblique angles are C and ±B, the hypothenuse is c, and the sides 
containing the right angle are p and $b. The equations of § 109 
will then give 

sin %b = sin c sin $B ; 

sin j? = sin c sin C; 

etc. etc; 

Exercises. 

1. The equal sides of an isosceles triangle are each 45°, and the 
angle which they contain is 95°. Find the base and the angles at 
the base. 

2. If the base of an isosceles triangle is 95°, and the angles at 
the base each 45°, find the remaining parts. 

117. Qtutdrcmtal triangles. Since the polar of a right tri- 
angle is a quadrantal triangle, the formulae for quadrantal triangles 
may be obtained by applying the formulae of § 109 to the polar 
triangle. The side c will then be a quadrant, and the relations 
among the other parts will be 

sin J. = sin C sin a ; 

cos a = — tan B cot C; 

cos<7= — cos-Acosi?; 

cos b = cos i?siaa; 

cos C = — cot a cot b ; 

sin B = tan A cot a. 

If we take, as the five parts of the triangle, 

A, B, 90° - a, 90° - J, C- 90°, (a) 

and omit the hypothenuse c, the above formulae will be expressed 
by a set of rules identical in expression with those of Napier. For 
example, let us consider the parts a, b, C. Here C will be a 
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middle part, and a and b adjacent parts. Applying Napier's rules 
to this case, with the parts (a) we have 

sin (<7- 90°) = tan (90° - a) tan (90° - V) ; 
which gives — cos C = cot a cot i, 

an equation identical with the fifth of the above list 

Exercises. 

1. Let the student deduce the six equations (15) by applying 
Napier's rules to the parts (a). 

2. Through the same point there pass two lines intersecting at 
right angles, and a plane jP making the angle a with one of the 
lines, and the angle with the other. Express the angle which 
the plane P forms with the plane of the lines. 

Ans. Sin A = ^sin* a -|- sin* p. 

3. The sides of an obelisk have a slope of 8° from the perpen- 
dicular. "What is the face-angle at the base of the obelisk, the 
slope of the edges, and the dihedral angle between two adjacent 
lateral faces? Ans. Face-angle at base, 82° 4'. 6 ; slope, 11° 14'.5 ; 
dihedral angle, 91° 6'.6. 

In this problem, to reduce to a spherical triangle, consider the centre of the 
sphere to be at a corner of the obelisk. The slope of the edge will not be 
represented by either of the six parts of the triangle, but by the complement of 
the perpendicular from the vertex upon the base. 

4. A mason cuts a stone with a rectangular base and four lateral 
edges, each making an angle of 60° with the base at its corners. 
What is the inclination of each lateral face to the base, and the 
dihedral angle between the faces, supposing such inclinations and 
dihedral angles all equal I Arts. 67° 47'.5 and 98° IV A. 

5. In another stone the base is rectangular; one lateral face 
makes an angle of 68° 29' with the base, and the lateral edge 
bounding this face makes an angle of 52° 15' with the base. What 
angles does the adjacent lateral face make with the first face and 
with the base ? 

6. When the angular distance of the sun from the south point 
of the horizon is 75°, and from the west point 60°, what is its alti- 
tude above the horizon ? 
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118. Although the formulae already given suffice for the solu- 
tion of every spherical triangle, there are many transformations 
which will facilitate the applications of spherical trigonometry, 
and render the solutions of triangles more accurate and convenient. 
Let us first take the fundamental equation (1) of Chapter L, 
co8 = cosicostf + sin&sintfcos-dL 
We may express this in the form 

cos0 = cosJcos0-|-8inJ sin o — sin b sin o (1 — cos A) j 
= cos (b — c) — 2 sin b sin o sin* %A. 
Moreover, because 

— 2 sin b sin c = cos (b -|- o) — cos (J — <?), (§ 43) 

we have, by substituting, 
cos a = cos (b — c) (1 — sin* i A) + cos (b + c) sin* \A ) ' 
= cos (5 — c) cos* -JJ. + cos Q> + <0 sin* i^« ) 

This last equation may also be derived by the following elegant 
process. The original fundamental equation may be written 
cos a = cos b cos c (cos* i A + sin* i A) 
-}- sin bsin c (cos* %A — sin* iA) 
(because cos* i A + 8in* i A = 1, and cos* i A — sin* i A = cos A). 
By conjoining the coefficients of cos* i A and of sin* $A> the 
equation (2) foDows by the addition theorem. 
By a similar process, from the equation 

cos A = — cos B cos C + sin B sin C cos 0, 
we obtain 

cos A = — cos (B + C) — 2 sin B sin (7 sin* Jfl ; (3) 

cos J. = — cos (B +tf)cos*ia -cos (5- O)rixtlo. (*) 
By a slight modification of the process employed in forming 
the equations (1) and (3) we may find 

Digitized by VjOOQlC 



140 



SPHERICAL TRIGONOMETRY. 



(5) 
(6> 



cos a = cob ( ft + <?) + 2 sin ft sin c cos* $A ; 
cos J. = — cos (B — tf) -f- 2 sin i? sin C cos* 4# ; 
which equations the stndent may prove as an exercise. 

119. Expressions when three sides or three wmgles are given. 

From the last equation (1) we find 

. , , . cos (ft — c) — cos a 
sin* i A = o • i * ; 

* 2 sin b em o ' 

by which any angle is expressed in terms of the three sides. 

By § 44, 13 we have 

cos (ft — c) — cos = 2 sin $(a -f- o — b) sin \ (a + b — o). (a) 

If we put * for half the sum of the sides, namely, 

s = Ha + b + o), 
we have 

K* + * 

Substituting these values in (a), the expression for sin* iA 

becomes 

. , , . sin (s — J) sin ($ — <?) 

sin* i J. = — . i . ; 

sm o sin c 7 

then, by permutation, 

8 in'i^ = 8iD(< T c)dn(8 -^; 

* sin c sin # 

sin (* - q) sin (s - ft)* 

Sm +1/ = : : — t . 

* sin a sm ft 

To find similar expressions for the cosines we take equation 

(5), which gives 

t A oos a — cos (ft -f- g) 



-J) = s-b;) 

— <?) = « — C. ) 



(&) 



. (7) 



cos 



But 



2 sin ft sin o 



cos a — oos(ft + 0) = 2sin£(ft-{-0 + 0)8in £(ft-f- tf _ #) 

[from (ft) J. 
Therefore 



= 2 sin * sin (* — a) 
. , . sin * sin (* — a) ^ 

COS* i^L = : , \ L l 

sm ft sm o ' 
oos f iO = 



sm {? quia 
sin * sin (* — c) 



sin a sin ft 



(8) 
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Sinde a!6 angle near 90° canhot be accurately deftertnittea by its 
sine, nor one near 0° by its cosine, neither of the f ormulse (7) or 
(8) can be advantageously used in all cases. But by taking the 
quotient of each equation (7) by the corresponding one of (8) we 
have 



m sin 8 sm (8 — a) ' 



tan* 45 = 



fefa (8 — <?) sin (8 — ft) 
sin 8 sin (* — J) 



* sm * 6in (* — <?) 



(9) 



120. Treating the equations (3) and (6) in the same way, and 

putting S = HA + B + <7), 

we find the following expressions for the sides, in terms of the 

three angles : 

., _ cosffcos^ — A) ^ 
sm -j^ — — . n • /y 5 ' 



sin i? sin 6 T 



. . ,. cobSco&(8— B) 

sm *6 = : — 77^ — -7- - ; 

m sm 6 7 sm A 7 

. ,, co8Sgob(S— C) 

BUT 4<J = : -j— -; 35-A 

sin J. sm £ 



11 sm B sm 6 7 ? 

, C0B(*- g )C0B(^) 

" sm C7 sm A 7 

cob(S-A)cob(S-B) 

CUB a^ ""■ • ii • ri • 

* sm A sm -a 



(10) 



(11) 



tan* Jo — 



cos Scob(8— A) 
cob(S-B)cob{S-C) ; 

cos Scob(8— fl) 
cob(S-C)cob(S-A) ; 

cob s cob (s — c) 



(12) 



cqz(S-A)go8(S-B)\ 

For the solution of a triangle in which all three sides or all 
three angles are given, the equations (9) and (12) are preferable. 
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For convenience in computation the following slight modification 
may be made. Put 

_ j /sin (a — a) sin (s — b) Bin (a — o) . 

then from (9), 



sin « 



tan'f4 %- 

are root, 
tan 4 J. = 



sin' (« — a)' 
extracting the square root, and writing the remaining equations, 

P 

sin (* — a) ' 

P 



tanf5 = 



sin (s — b) ' 



(13) 



tan \C = ^—i*- r . 

* sm (* — c) 

In the same way, if we put 

p J — cos S 

I r COS (S - 4) COS (#-.#) COS (S-C)*' 

we find, from (12), 

tan \a — P cos (S — A) ; \ 
tanift = Pcos( < S-J5);[ 
taniorrPcos^- C). ) 

Example of Computation. 

Given the three sides, 

a = 76° 29'.3, h = 93° 18'.6, o = 122° 7'.7 ; 
find the angles. 

a- 76°29'.3 

J= 93°18'.6 

c = 122° 7'.7 

2* = 291° 55'.0 



(14) 



« = 145°57'.8 
«-a = 69°28'.5 
«_ J = 52°39'.2 
»-o = 23°50'.l 



cosec 0.252 02 

sin 9.971 52 

9.90036 

9.60649 



9.865 20 

sin (« — a), 9.971 52 

tan iA, 9.89368 

£A, 38° 3'.35 

A 76° 6'. 7 



9.86520 

sin (a -ft), 9.90036 

tan IB, 9.96484 

*£, 42°41'.0 

5, 85°22'.0 



logy, 9.73039 

log J>, 9-865 20 

sin («-c), 9.60649 

tan \C, 0.258 71 

i<7, 61° 8'.3 

C, 122°16'.6 
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We may now check the results by computing the values of 
sin a sin b sin 
shTA' sin^ sIuTT?' and seein 8 wl *ether th ey ag***. We find 

sin a = 9.987 81 ; sin b = 9.999 27 ; sin = 9.927 81 
sin A = 9.987 11 ; sin jB = 9.998 58 ; sin C = 9.927 10 

.00070 .00069 .000 71 

Although the agreement is not perfect, the deviations are no 
greater than tljose due to the omission of decimals in the logarithms 
and angles. The angle B is that for which the check is most 
doubtful, because it is so near 90° that it may be changed V or 2' 
without changing the last figures in log. sin. by more than one or 
two units in the fifth place. In such a case certainty can be 
reached only by a duplicate computation. 

Exercises. 

1. Given a = 105° 6'.8, b = 93° 39'.9, c = 50° 20'.3 ; find the 
angles. 

2. Given A = 46° 59'.3, B = 122°32 , .6, C = 139° 0'.3 ; find 
the sides. 

3. Given A = 78° 40'.7, B = 102° 29 , .6, O = 86° 49'.4; find 
the sides. 

4. If the sides of a spherical triangle are each 120°, find the 
following numerical expressions for the sine, cosine, and tangent 
of each of the angles, and thence, by the aid of the tables, find 
the angles themselves. 

sines = V|; 

cosines = VJ; 
tangents = V2. 

121. Cagnoli>8 equation. Cagnoli's equation is 
ein a sin b + cos acos b cos (7= sin A sin B— cos A cos B cos c. (15) 

Proof. Multiplying the third equation (§ 97, 1) by cos C> we 
have 
cosccos<7 = cos a cos b cos (7 + sin asm b cos* O ) 

= cos a cos b cos C + sin # sin b — sin asin b sin* C. y ' 
The equation of sines (§ 99, 2) gives 



Digitized by VjOOQlC 



144 SPHERICAL TRIGONOMETRY. 

ain # sin C = sin A sin o ; 

sin b sin (7 = sin B sin e ; 

whence, by multiplying, 

sin a sin b sin* (7 = sin A sin 2? sin* c 

= sin J. sin B — 6in J. sin B cos* c 

Substituting this value in (#), and interchanging the terms of the 

equation, 

sin a sin b + cos a cos J cos C 

= cos e cos € + sin J. sin B — sin .A sin B cos* 
= sin A sin i? + cos (cos (7— sin A sin i? cos c). 
From the last equation (11), § 104, we have 

cos (7— sin A sin B cos c = — cos A cos i?. 
Making this substitution, we have the equation (15) as enunciated. 
Of course two other similar equations may be obtained by per- 
muting the symbols. 

1J82. Gauss's equations. We write the four equations, 

(a) Cagnoli's equation, 

(b) and (c) the fundamental equations (1), and (3) $ , and 
(d) the identical equation 1 = 1, as follows : 

(a) sinasin J + cosacosJcos (7= sin J. sin i? — cos AcosBco&c; 

(b) cos a cos b -{- sin a sin b cos C= cos c ; 

(c) oob <7= — cos J. cos i?-f- sin A sin B cose; 
(i) 1 = L 

Takmg the sum of the four equations, and substituting 

cos {a — 5) = cos a cos b + sin a sin J, 

cos ( J. + B) = cos J. cos B — sin J. sin B } 

we have 

cos (a — J) + cos C cos (a — J) -f- cos (7+ 1 = 

— cos {A + jff)— cos<Jco8(J. + i?)-|-cos04-l; 
or 

(l+«)8^7)[l+<K)8(a--&)] = (l + C08C)[l-*COS(^ + ^)] (e) 

If we form the sum — (a) — (5) + (c) + (<2), and reduce in 
the same way, we find 

(1 + oob C) [1 - cob (a- »)] = (1 -cos<?)[l -cos(J. -.&)] (f) 

The sum - (a) + (J) - (0) + (rf) gives 
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(1- COB tf)[l + COS (<» + &)] = (1 + 006 0) [1+008(^ + 5)]^) 

The sum (a) — (b) — (e) + (<*) gives 
(1 -cos <7)[1 -cos(a + o)] = (1 -cos e) [l + cos(J. -£)] (A) 
In the equations («), (/), (g), (A) we substitute the values of 
1 ± cos, namely, 

l + coBC^acosHtf; 
1 — cos C=2an t $C; 
etc. etc., 
and dividing by 2, we obtain 

«n , iC r Bin , Ka + J) = flin 9 ^ cos a i(^L — JB); (A) ' 
sin* 4 (7 cos 9 ifa + *) = cos' ^ cos* \(A + 5) ; ig) 
cos'itfsin*^ - ft) = drffr rin , 4(4 -B)\{f) 
cos* i^cos* i(a — 5) = cos* £<? sin* £{J. + B). (e) 
Extracting the square roots, we have 

sin i<7 sin i(a + b) = sin £<? cos i(A — JB) 
sin i<7 cos \{a + J) = cos \c cos i(J. -|- JB) 
cos i<7 sin %(a — J) = sin $c sin £(-4 — J?) 
cos i(7 cos £(# — b) = cos £0 sin \{A + i?). 
In strictness, the second members of this equation may have 
the negative as well as the positive sign. But it is easy to show 
that when the sides and angles are all less than 180°, all the mem- 
bers of the equations are positive. Hence the positive sign k the 
only one necessary to be taken into account. 

These equations are applicable when any three consecutive 
parts of the triangle — two angles and the included side, or two 
sides and the included angle — are given, • 

In the first case the three given parts are all in the right-hand 
members of the equations ; in the second case they are all on the 
left. 

These equations are written in the most convenient order for 
use in the first case ; in the second, the following is the orjier and 
arrangement : 

• sin \o sin $(A — JB) = cos \G sin ${a — ft) ; * 

sin \e cos \(A — B) = sin £(7 sin i(a + ft) ; , 1/n 

cos $c sin i(A + B) = cos £<? cos £{a — b) ; ' 

cos ic cos $(A + B) = sin £<7cos £(0 + b). 
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These are commonly known as Gauss's equations, after Gauss, 

who first introduced them into astronomical computations. They 

had, however, been previously published anonymously by Delambre. 

ExmrvpU. Given a = 132°46'.7, b = 59° 50'.1, C = 56° 28'.4, 

to find the remaining parts. 

a, 132° 46'.7 sin \c sin \{A - B), + 9.719 08 

sin ic co&^A — B), + 9.672 34 

tan $(A - B), 0.046 74 . 

sinfo 9.84748 

cos \c sin #A + B), 9.850 32 

<xn$c<xx${A + B), — 8.715 77 

tan 1{A + B), - 1.134 55 



b, 59° 50M 

a + b, 192°36'.8 

a -b, 72°56'.6 

&a + b), 96°18'.4 

i(a-b), 36° 88 / .8 

iC, 28° 14'.2 



sini(a-o), 9.77410 
cosiC, 9.94498 

contfa-b), 9.905 34 

sin i(a + 4 + 9.997 37 
sin $tf, + 9.67497 

cosK° + J )> — 9-04080 



cos£tf, 9.851 49 

K^-^B), 48° 4'.6 

HA + B), 94°11'.7 

ic, 44°44'.l 

A, 142° 16'.3 

^, 46° 7'.1 

e, 89°28'.2 



ExEBOISES. 

Compute the remaining three parts of each of the following 
triangles by Gauss's formulse : 

l.A = 79°28'.6, b= 28°20'.3, c = 112° 1'.9. 
2.^4 = 32°58'.5, B = 65°26'.7, c= 56°21'.2. 

3. a=112°12'.6, 5 = 124°48'.2, C= 18°17'.0. 

4. a = 52° 22'.2, B = 160° 0'.8, C= 129°52'.4. 

123. Napier's analogies. If, in the preceding problem, only 
the two remaining sides in the one case, or the two remaining 
angles in the other, are wanted, the process may be shortened. 

Dividing the first of (16) by the second, and the third by the 

fourth, we have 

co6j{A—B) 



tan J(a + b) = tan ±c 
tan J(a — b) = tan $c 



cos HA + B)' 
sin j(A — B) 



(18) 



sinK-^ + ^'J 
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from which may be found a and b when A, B, and C are given. 
In the same way we find, from (17), 



tan HA - B) = cot £<7 
tani(^l+J5) = cot£<7 



sin i(a — b) 
sin i(a -|- J) ' 
COB j(fl — ft) 



(19) 



COS i(tf + J) ' - 

from which -4. and 5 may be found when a, b, and are given. 
• The equations (18) and (19) are known as Napier's analogies. 
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124. To find the distance between two points on the earth's 
surface and their direction from each other ; when their latitudes 
amd longitudes are given.* 

Let M and N be the two points 
whose latitudes and longitudes are 
given; JP, the pole; and EQ the 
equator. Join M to -ZVby the arc of g[ 
a great circle. Also let 
<p = the lat. and A = the long, of Jf; 
<ff = " " V= " " iT. 

If from the pole P we draw 
through Jf and i)T arcs of great circles PMB and PITS, meeting 
the equator in R and #, we shall have 

<p = jSJtf = latitude of M ; 
9/ = /SZT = latitude of ^". 

If we suppose P# to be the meridian from which we reckon 

longitudes, 

Angle QPM = \; 

Angle QPN=\'. 

Then because PR = PS = 90°, we have in the triangle JfPiT 

iW=90°-?>; 

PN = 90° - 9/; 

Angle P= X -V. 

* It is assumed in the solution of this problem that the earth is a sphere. 
Although the assumption is not strictly correct, the error to which it can give 
rise can never amount to more than a few thousandths of the whole distance. 
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This is a case, therefore, in which we have given two sides and 
the included angle to find the remaining side. If we put d for 
the required distance, the general formula gives 

cosrf = co%PMqmPN+^PMwlPNoo%P) 
= sin9sin9 / + cos^oos9/cofl(A — A/). ) 
This equation will suffice to determine the distance between 
the points in arc of a great circle. 

To reduce it to statute miles, the degrees must be multiplied by 
Qto\ ; and to reduce to nautical miles, by 60. 

To solve the problem completely we should know not only the distance but 
the direction, or the angle which the great circle joining the two points makes 
with the meridian. This angle is different at the two points, being equal to the 
angle M of the spherical triangle at one point, and to N at the other. Hence 
the complete solution requires the complete solution of the spherical triangle 
PMN, for which we may use the Gaussian equations instead of th$ form (a). 

»EXEB0ISB8. 

1. Find (1) the distance,* both in degrees and nautical miles, 
between New York and Liverpool, on an arc of a great circle ; 
(2) the direction in which a ship would sail on leaving t^e one 
port for the other, on an are of a great circle, and the direction in 
which she would be sailing on approaching her destination. The 
positions of the cities are : 

New York .lat. + 40° 42'.7, long. 74° O'.O west. 

Liverpool lat. + 53° 24'.1, long. 2° 59'.1 west. 

2. Compute the distance between Liverpool and Eio de Janeiro, 
the position of the latter being: 

Latitude, - 22° 54'.7. 
Longitude, 43° 9'.0west. 
Note that the latitude of Rio is algebraically negative, being reckoned touth 
from the equator. 

3. If a ship sails from New York, starting due east, and con- 
tinues her course on an are of a great circle, what will be her 
latitude when she reaches the meridian of Greenwich, and in what 
direction will she then be sailing} 

* By dktance, as used here, distance on the arc of a great circle is to be 
understood, unless explicitly stated otherwise. 
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Geometrical Applications. 

125. Def. Three straight lines, each perpendicular to the 
other two and all passing through a common point, are called a 
system of rectangular axes. 

Def. The common point of intersection is called the origin. 

Def. Three planes, each perpendicular to the other two, are 
called three rectangular planes. 

Remark. It is shown in geometry that three rectangular planes 
intersect each other in lines forming a system of rectangular axes. 

If a sphere have its centre in the common point of intersection 
of three rectangular planes, these planes will intersect its surface 
in three great circles, forming in all eight trirectangular triangles. 

126. Theorem. The swm of the squares of the cosines of the 
three angles which a straight line forms with three rectangular 
oases is equal to wvity. 

This theorem is expressed in trigonometric language thus : 

If or, yff, and y be the angles which a straight line forms with 
three Octangular axes, then 

cos 1 a + cos* /3 -f- cos* y = 1. (1) 

Proof Let the line pass through the common point of inter- 
section of the axes. Let a sphere have 
its centre at this point, and let X, Y, 
Z, and P be the points in which the 
axes and the line intersect the spherical 
surface. 

Join PJ, PY, and PZ by arcs of 
great circles, and produce ZP until it 
meets XT" in Q. Then — 

Because the angles a, yff, and y are formed at the centre of the 

sphere, 

Arc PX measures afigle a ; 

a py « « fi; 

" PZ " " y. 

Because XYZ is a trirectangular triangle, Z is the pole of 

XY, and ZQ is therefore perpendicular to XY. Therefore the 
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spherical triangles XQP and YQP are right-angled at Q> and, 

by § 109, 5, 

cos PX = oos a = cos XQ cos QP ; 
cos P7= cos /3 = cos r# cos <>P. 

Taking the squares of these equations and adding them to the 
square of cos PZ = cos y> we have 

cosV* + C06V? + COS> = cos* QP(cob*XQ + cos* F^ + cos'PZ 
= cos' QP+ cos* PZ (becanseXT r = 90°) 
= 1 (because QZ = 90°). Q.E.D. 
Another proof. Let OX, O Y, and OZ be the axes meeting 
in 0, and let OP be the line 
making with the lines OX, OY> 
OZ the respective angles 
POX= a; 
POY=/3; 
POZ = y. 
Through P pass three planes 
parallel to the respective planes 
formed by the axes, taken two and two, namely, 
Plane PSVR || plane XOY; 
Plane PQTS || plane YOZ; 
Plane PRWQ || plane ZOX. 
These planes will then form a rectangular 
OTQ W- VSPR, of which OP will be a diagonal 
erty of this diagonal (Geom., § 692), 

OP* = OT % + OW* + OV\ 
Moreover, because these planes are respectively parallel to the 
three rectangular planes, and because each of the axes is perpendic- 
ular to one of these planes, the three planes in question are each 
perpendicular to one of the axes. 

If we join PT, P W, and P V> these lines, being in planes 

which, as just shown, are perpendicular to the axes OX, Y, and 

0Z y will be perpendicular to these axes (Geom.), and we shall have 

OT = OP cos POX = OP cos a \ 

OW= OPeo&POY= OPco&/3\ \ (b) 



parallelopiped 
By the prop- 



OV = OP cos POZ = OP coa y. 
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Taking the sunt of the squares of these three equations, and 
substituting for OT % + O TP -f- O V % its value (a), we have 

OP* = 01*(«rf a + cos* fi + eos* y). 
Dividing by OP*> 

cos* a + oos* £ + oos' r = 1. QE.D. (2) 

127. Corollary. It is easily shown that the angles a, >0, and 
y are the complements of the angles which OP forms with the 
three rectangular planes. For, pass a plane through P and OZ. 
Because OZ l plane" XO Y, the cutting plane OZP is also perpen- 
dicular to XOY y and the line OQ in which it cuts XOYl OZ. 
But, by definition of the inclination of a line to a plane (Geoiq., 
§ 603), the angle POQ will be the inclination of OP to the plane 
XO Y. Therefore, if we call this inclination a> we have 

and in the same way. 

J + y? = 90°; 

c + y = 90°; 

h and o being the inclinations of the line to the two other planes. 

Therefore sin a = cos a, sin b = cos >8, and sin c = cos y ; whence 

sin* a -|- sin* J + sin* c = 1. (3) 

Because parallel lines have equal inclinations to a plane, the 
angles which any straight line makes with the three planes are 
equal to those made by a parallel to that line through 0. Hence : 

The sum of the squares of the sines of the three angles which 
amy straight Une makes with three rectangular planes is equal to 
unity. 

128. Case of a plane cutting three rectangular planes. We 
have the following theorem : 

Theorem. If cmypUme intersect three rectangular planes, the 
sum of the squares of the cosines of the three angles which it form* 
with them is equal to unity. 

This can be demonstrated from the preceding theorem by 
dropping a perpendicular from the common point of intersection 
of the three rectangular planes upon the cutting plane. Because 
the rectangular axes and this line are each perpendicular to one of 
the four planes, the angles which they form with each other are 
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equal to the angles between the planes. The theorem, having 
already been proved for the angles formed 
by the lines, must therefore be true of the 
equal angles formed by the planes. 

But the theorem may also be proved 
independently as follows: 

Pass a sphere around the origin as a 
centre, and let XT, TZ, ZX be the arcs *£ 
of great circles in which the rectangular 
% planes intersect its surface. 

Pass a plane through the centre par- 
allel to the intersecting plane, and let FD be the great circle in 
which it intersects the spherical surface. 
Put 

Angle TDE = a ; \ the three angles which the in- 
Angle XFE = fi\ \ tersecting plane forms with 
Angle XED = y ; J the three rectangular planes. 

Join XD by an arc of a great circle. Then — 

Because XT = XZ = 90°, Xis the pole of TZ, and 

XD = 90° ; 

Angle ADC = angle ADB = 90°: 

Because AFD and AED are triangles of which the side AD 

is 90°, 

cos AFD = cos fi = — cos FAD cos ED A ; 

cos AED = cos y = — cos EAD cos EDA 

= - sin FAD cos EDA 

(because FAD = EAD + EAF= EAD + 90°). 

Taking the sum of the squares, 

cos* -|- cos* y = cos* ED A 

= 1 - An' EDA. 

Because ED A = ADB - EDB = 90° - a, 

sin* EDA = cos* a. 
Hence 

oos* a + cos* ft + cob* y = 1. Q.E.D. (4) 

129. CoroUwry. In the same way that we proved the corol- 
lary of the last theorem we may show : 
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If a plane intersects a system of three rectangular ones, form- 
ing with them the respective angles a, &, c y then 

sin* a + sin* & + sin* = !• (5) 



-/ 






1. Having a system of three rectangular axes OX, OY> 0Z y a 
line OP is drawn from O, making 

Angle XOP = 60°; 

Angle TVP = 50°. 
Find the angle ZOP and the angles which OP makes with the 
three planes XOY 9 YOZ, ZOX. 

2. Supposing OP = 32.965 centimetres, and the angles to have 
the values in the preceding exercise, „ 

find the lengths of the perpendiculars 
dropped from P upon each of the 
axes OXj OY, and OZ, and the dis- 
tances of the feet of these perpendicu- 
lars from the origin 0. 

3. The same thing being supposed, 
what are the lengths of the respective ^ 
perpendiculars dropped from P upon the three planes XOY, 
YOZ, and ZOX\ 

4. The same thing being supposed, what are the lengths of the 
projections of OP upon the three planes t 

130. Methods of defining the direction of a line in space. 
The direction of a line in a plane is defined by the angle which 
it makes with some fixed line in the plane. For example, if we 
have a known fixed line OX, and it is re- 
quired that another line OP through O 
shall make an angle + 45° with OX, this 
completely fixes the direction of OP. That' 
is, there is only one line through which makes an angle of 
+ 45° with OX, when we employ the method of measuring angles 
defined in Plane Trigonometry, Chap. I. 

But if OP is not confined to one plane, its position is not fixed 
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by the angle XOP, because any number of lines may be drawn 
through 0, some above the plane of the paper and some below it, 
all making the same angle with OX. The student will see that 
these lines are all elements of a cone having as its vertex and 
OX as its axis. 

Hence at least two conditions are necessary to define the direc- 
tion of a line in space. These two quantities may be chosen in 
various ways, of which the following is the most common. 

"We have (1) a plane of reference, the position of which we 
suppose fixed, and (2) in this plane we have a fixed line of refer- 
ence OX. We call the plane of 
reference the fomdamentalpl<me. 

Let OZ be a line through O, per- 
pendicular to the plane. 

• Let OP be the line of which the 
direction is to be defined. / '" 

From any point P of this line V x 

drop a perpendicular PQ upon the ^~--._ _---"'' 

fundamental plane, and join OQ. 

The direction of OP is then defined by the following two 
angles : 

(1) The angle POQ which OP forms with its projection OQ; 
that is, the angle between OP and the plane. 

(2) The angle XOQ which the projection of OP makes with OX. 
It will be remarked that the planes of these two angles are 

perpendicular to each other. 

To show that these two angles completely fix the direction of 
OP, we first remark that when the angle XOQ is given the line 
OQ is fixed. 

Next, because PQ is perpendicular to the plane, the point P 
and therefore the line OP must lie in the plane ZOQ, which is 
fixed because its two lines OZ and OQ are fixed. If the angle 
QOP in this (vertical) plane is given, there is only one line OP 
which can form this angle. 

Hence the direction of the Une OP is completely determined 
by the two angles XOQ wad QOP. 
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The plane XOQ is, when used in this way, the fundamental 
plane. 

131. Relation of the preceding system to latitude and longi- 
tude. To form another conception of these two angles, pass a sphere 
around as a centre, and mark on its surface the points and lines 
in which the lines and planes belonging to the preceding figure 
intersect it. Then : 

The fundamental plane OXQ intersects the spherical surface 
in the great circle MXQN. z 

The line OX intersects it in X. 

The line OQ intersects it in Q. 

The lines OP and OZ intersect 
it in P and Z. 

"We therefore have N. / ^^""^^^ \ 2 '* 

Angle XOQ = arc XQ ; 
Angle QOP = arc QP. 

If now we imagine this sphere to 
be the earth, the great circle MN to 
be its equator, Z to be one of its poles, and P any point on its 
surface, then — 

The arc QP or the angle QOP is the latitude of P. 

The arc XQ or angle XOQ is the longitude qfP, counted 
from ZX as a prime meridian. 

Thus the angles we have been defining may be described under 
the familiar forms of longitude and latitude. 

132. Position of a point. To fix the position of any point 
relative to a fundamental plane, we must select a point O in that 
plane and a line OX as a point and line of reference. If P be 
any point of which we wish to describe the position, we draw 
the line OP and form the same construction as in article 130. 
Then the position of P is fixed by the two angles XOQ and QOP y 
already described, and the distance OP. 

Hence three quantities are required to fin the position of a 
point in space. 
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Def. The quantities which fix or describe the position of a 
point are called the co-ordinates of the point. 

The angles XOQ and QOP and the length OP are therefore 
co-ordinates of the point JP, and are distinguished as polar co- 
ordinates. 



133. Polar distance and longitude. In the preceding figure, 
because MXQNhs a great circle, and Z its pole, we have 

Angle XOQ = arc XQ = angle XZP; 

Arc PQ = 90° - arc ZP. 

Therefore if we put 

p, the arc ZP, which is called ihepolar distance of P; 

<p, the arc PQ = angle QOP, 

we have 

sin <p = cosj?; 

co8 9> = sin J p; - (6) 

A = angleXZP. J 

Thus we may define the direction of a line by polar distance 
and longitude, as well as by latitude and longitude. Applying the 
same system to positions on the earth's surface, their distance from 
the north pole of the earth is used instead of their latitude. Thus 
we should have, 

For New York, p = 49° 1T.3; 
For Kio de Janeiro, p = 112° 54'.7. 

134. Rectomgvla/r co-ordmates. The rectangular co-ordinates 
of a point are its distances from 
three rectangular planes. In the 
figure the lines PQ, PR, and PS 
are the rectangular co-ordinates 
of P with respect to the axes 
OZ, OX, and OY respectively. 
In other words : 

The co-ordinate of a point rd- 
atwe to each axis is the length of the line parallel to that axis 
from the point to the plane of the two other axes. 




Digitized by VjOOQlC 




158 SPHERICAL TRIGONOMETRY. 

We designate these co-ordinates thus : If P is the point whose 
co-ordinates are », y and 2, 

x is the line PR parallel to OX ; 
y " " PS " " OF; 
3 " " PQ " " 0Z 

135. Problem. 7b .^wi ^ relation between recUmgvlcvr 
and polar (Xhordvnates. 

Let P be the point whose polar 
co-ordinates are given. - 

From P drop PQ i plane XOY. 

From <> drop QR i OX 

"We then have 

QP = z; V °^TT^ X 

Off = a>. 

The first of these equations follows immediately from the defi- 
nition of rectangular co-ordinates. 

To see the truth of the second we notice that because 
PQ || plane XOZ, the perpendicular PQ is equal to the perpen- 
dicular from P upon the plane XOZ. 

Let us now put 

% the angle QOP, or the elevation of OP> above the plane 
XO Y. We may call this angle the latitude of P. 

A, the angle XOQ which OQ, the projection of OP, makes 
with OX. We may call this angle the longitude of P. 

r, the length of OP. 

We then find 

z = QP = r &in p; 
OQ = r cos <p ; 
y = PQ = <?() sin A = r cos <p sin A ; 
a> = OP = #() cosA = roos9>co8A; 

which are the required expressions. 

If we take the sum of the squares of these three equations, we 
find, by simple reductions, 

a? + y* + * = * (8) 



(7) 
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136, The second proof of § 126 affords very simple ex- 
pressions for the rectangular co-ordinates, in terms of the angles 
which OP makes with the rectangular axes.. 

In the figure we have 

OT=x/ 

TQ=y; > (9) 

QP=z. J 
Putting, as before, a, ft, and y for the angles POX, POY, 
and POZ, which OP makes with the axes OX, 0T y and OZ 
respectively, we have, by (5), § 126, 

x = r cos a 

y = r cos ft\ |* (10) 

z = r cos y, 

Comparing these with equations (7), we have the following 
values of or, ft, and y in terms of <p and X : 
cos a = cos 9> cos X ; ^ 
cos /? = cos <p sin X ; I (11) 

cos y = sin <p. J 

The sum of the squares of the second members is identically 
equal to unity, as it should be. 

13 7. "We may find a linear expression for r in terms of the 
rectangular co-ordinates by multiplying the equations (10) by cos ar, 
cos ft, and cos y respectively, and taking the sum of the products, 
noting equation (2). We thus find 

x cos a -f- y cos ft + z cos y = r. 

138. The expressions (10) furnish us another definition of the 
rectangular co-ordinates of a point in space, which will sometimes 
be useful. Since OTP is a right angle, the point T\b> the projec- 
tion of P upon the axis OX. In the same way "FT and V are the 
projections of P upon the other axes. Because OT, OW, and 
O Fare the co-ordinates of P, we have the definition : 

The rectangular co-ordmates of a point are the distances from 
the origin to its projections vpon the three oases. 

139. The preceding formul» are directly applicable to posi- 
tions upon the surface of the earth. Let us suppose to be the 
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^centre of the earth; OZ, its axis, Z being the north pole; P, a 
point on its surface ; O Y±. OX; the great circle XT the equator, 
and the plane XO T the plane of the equator. 

Also let the great circle ZX be the meridian of Greenwich, 
from which longitudes are counted, and let PQ be the perpen- 
dicular arc of a great circle from P upon the equator. 

The three rectangular planes will 
then be: 

Plane XOY> the plane of the 
earth's equator ; 

Plane ZOX> the plane passing 
through the earth's axis and through 
Greenwich ; 

Plane YOZ, the plane at right 
angles to the other two. 

The angle QOP = <p will then be 
the latitude of the point P, and XOQ = X will be its longitude. 

The rectangular co-ordinates a, y, and z will be the distances of 
the point P from the respective planes. 

Hence if we put 

p, the radius OP of the earth, 
we.shall have 

z = p sin % distance from plane of equator; 

y = p cos <p sin A, distance from plane of Greenwich ; 

a = p cos <p cos A, distance from third plane. 




Exercises. 

1. Assuming the latitude of Washington to bs + 38° 53'.6, its 
longitude west from Greenwich 77° S'.O, and its distance from the 
•earth's centre to be 6369 kilometres, it is required to compute : 

(a) Its distance from the plane of the equator ; 

(5) Its distance from the earth's axis ; 

(c) The circumference of the circle which it describes every 
•day in consequence of the earth's rotation on its axis ; 

(d) Its distance from the plane passing through Greenwich and 
the axis of the earth. 
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2. What is the length of the straight line through the earth 
from Washington to Melbourne 1 The position of Melbourne is : 

Latitude, — 37° 3S'.7 ; 
Longitude, 144° 58'.7 east of Greenwich ; 
Distance, 6369 kilometres from earth's centre. 
Find the angle between the two radii by § 124, and then the distance by § 61. 

3. In the preceding problem, what are the lengths of the seg- 
ments into which the straight line from Washington to Melbourne 
is divided by the plane of the equator ? Begin by finding the dis- 
tance of each point from the plane of the equator. 

4. How far apart are the feet of the respective perpendicular* 
from Washington and Melbourne upon the plane of the equator I 
And how far is each foot from the centre of- the earth ? 

140. Projection of one line vpon (mother. In geometry and 
trigonometry the projection of a finite line a upon an indefinite 
line Xis defined as the distance between the feet of the perpen- 
diculars dropped from the ends of a upon X Hence it has been 
shown that if we put 

p, the projection, 

a 9 the angle which a makes with X, 
we shall have 

p = a cos a. 

In demonstrating this proposition we have supposed a and X 
to intersect, and therefore to lie in one plane. 

When they are not in one plane a general definition of the 
angle between two such lines is necessary. 

Def. The angle between two non-intersecting lines is the same 
as the angle formed by one of the lines and an intersecting line 
parallel to the other. 

Example. If Xand a do not intersect, the angle between X 
and a is the same as the angle between X and any parallel to a 
intersecting X 

The theorem which we have proved for a special case is per- 
f ectly general, and is as follows : 

If a he the angle "between amy two lines, a the length of one of 
them, amdp the projection of a vpon the other, we ha/oe 

p = a cos a. 
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Proof. Let BG be the projected line ; X y the line of projec- 
tion ; BFand GG 9 the perpendiculars 
from B and G upon X. (These per- 
pendiculars are not parallel.) 

Then FG is by definition the pro- 
jection of B G upon X. 

Through F and G pass planes 
each perpendicular to the line X. 

These planes are parallel (Geom., - 
§ 616). 

The lines FB and GG being perpendicular to X, lie in these 
respective planes (Geom., § 586). 

Therefore the points B and G lie in these planes. 

Through i^draw FH || BG> and meeting the plane through 
GG at the point R. 

Because the planes and lines are parallel, 
FE=BG 

Join EG. Because H and G are in one plane 1 line X 9 

EG l X. 
Therefore 

FG = FH cos EFG; 

or, because FH = a and angle HFG = or, 

FG = a cos a. Q.E.D. 

141. Plane triangles in space. The following problem is of 
constant occurrence in astronomy : 
Given: 

(1) The distance and direction of a point B from some point 
of reference 0, the centre of the earth, for example ; 

(2) The distance and direction of another point G from B ; 
Required the distance and direction of C from 0. 

It will be remarked that these distances and directions form 
the sides of a plane triangle, of which 0, B 9 and G are the vertices. 

To attack the problem, we may assume as the origin of co- 
ordinates, and find the rectangular co-ordinates of B and C as 
referred to 0. 
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Let us suppose 

0X 9 OY, OZ, the three coordinate axes ; 

r y the length OB;* 

8, the length BO; " ^*>^p 

a, ft, r , the angles XOB> Z--^^/7 

YOB y and ZOB, which OB makes ^ ^/^'^^j^i^ / 
with the three co-ordinate axes ; g 'jS^* / '' 

Bb y Eb\ Bb% the perpendicu- J/_ I ! 

lars from B upon the three axes ; 

Co, Ccfy Cc" } the perpendiculars from C upon the three axes. 
Then— 

I. Putting to, y, and z for the co-ordinates of By we have (§ 136) 

a> = b = r cos a ; - 

y=Ob' = rcoB0; > (12) 

^ = (?&* = r cos y. - 

II. If we designate the angles between BO and the co-ordinate 
Axes by a 7 , /?', and y\ we have (§ 140) 

be = * cos or 7 n 

JV = *cos/?'; L (13) 

J V = * cos ?/. J 

III. The lines Oc, Ocfy 0<f are by definition the co-ordinates 
of the point C. Hence if we put r" = OC> and of, ft\ y" the 
angles which 00 makes with the three co-ordinate axes, we have 

r* cos cf = Oc; 
7* cosp" = Cte 7 ; 
r* cos j'* = 0<f ; 
or, comparing with (12) and (13), 

r" cos of = r cos a + s cos a 7 ;*j 
r* cos /8* = r cos ft + * cos ft' ; V (a) 

r* cos y" = r cos y + * cos y 7 .J 
In practice the angles a, >ff, y, etc., are not generally conve- 
nient, because they are not independent. We therefore substi- 
tute for them the polar co-ordinates <p and A, defined in § 135, 
putting 

* The lines OB and OC are omitted in the figure in order to avoid complexity. 
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<p and Xj the latitude and longitude expressing the direction 
of OB. 

q>' 9 A', the same for BO. We may conceive qf to be the angle 
which CB produced makes with the plane of XY\ or, which is 
the same thing, the angle between BO and a plane through B 
parallel to XT. We also put 

(p' y \", the corresponding quantities for 00. 

The general equations (a) combined with (11) then give 

r*cos^*cosA* = rcos^cosA-|-*co80> / cosA / ; , | 
r 9 cos <p 9 sin X 9 = r cos <p sin X -j- s cos <p' sin X f ; > (f 4) 
r 9 sin 0>* = r sin 9> + * sin g/. J 

When the six quantities which enter into the second members 
are all given, r 9 , <p 9 y and X 9 may be computed by Prob. VI. Chap. 
IV. But the first two equations may be simplified by the follow- 
ing transformation : 

Multiply the first equation by sin A', and the second by cos A', 
and subtract the first product from the second. The remainder 
reduces to 

t 9 cos tp 9 sin (X 9 — X') = r cos <p sin (X — X'). 

Now multiply the first by cos A', and the second by sin X', and 
add the products. The sum reduces to 

r 9 cos <p 9 cos (X 9 — A 7 ) = r cos <p cos (X — A') -|- a cos 9/. 

From these two equations and the third of (14) the values of 
r 9 > qf, and X 9 — X' may be computed by Prob. VI. Chap. V. 

We might equally have effected the transformation by using 
sin X and cos X as multipliers, and proceeding exactly as before. 
The equations to be solved would then be 

r 9 cos <p 9 sin (X 9 — X) = s cos <pf sin (X' — A) ; ^ 

r* cos <p 9 cos (A* — X) = r cos ^> + * C06 ?>' C08 (*-' ~~ *) J r (15) 
rsin^srrsin^ + fsin?/. J 
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PKEFACE. 



Ik the present work an attempt is made to present to computers 
and students a set of logarithmic and trigonometric tables which 
shall have all the conveniences familiar to those who use German 
tables. The fire-figure tables of F. O. Gauss, of which fifteen edi- 
tions have been issued, have, after long experience with them, been 
taken as the basis of the present ones, but modifications have been 
introduced wherever any improvement could be made. 

Five places of decimals have been adopted as an advantageous 
mean. The results obtained by them, being nearly always reliable to 
the 10,000th part, are amply accurate for most computations, while 
the time of the student who uses them is not wasted in unnecessary 
calculation. 

The Introduction is intended to serve not only as an explanation 
of the tables, but as a little treatise on the art of computation, and 
the methods by which the labor of computation may be abridged. 

To avoid fostering the growing evil of nearsightedness among 
students, the author and publishers have spared neither pains nor 
expense in securing clearness of typography. 
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TABLE I 
LOGARITHMS OP NUMBERS. 



1. Introductory Definitions. 

Natural numbers are numbers used to represent quantities. 

The numbers used in arithmetic and in the daily transactions of 
life are natural numbers. 

To every natural number may be assigned a certain other number, 
called its logarithm. 

The logarithm of a natural number is the exponent of the 
power to which some assumed number must be raised to produce the 
first number. The assumed number is called the base. Kg., the 
logarithm of 100 with the base 10 is 2, because 10 s = 100; with the 
base 2, the logarithm of 64 would be 6, because 2* = 64. 

A system of logarithms means the logarithms of all posi- 
tive numbers to a given base. 

Although there may be any number of systems of logarithms, 
only two are used in practice, namely: 

1. The natural or Napierian system, base = e = 2.718282. 

2. The common system, base = 10. 

The natural system is used for purely algebraic purposes. 

The common system is used to facilitate numerical calculations 
and is the only one employed in this book. 

If the natural number is represented by n, its logarithm is called 

log n. 

A logarithm usually consists of an integer number and a decimal 
part. 

The integer is called the characteristic of the logarithm. 

The decimal part is called the mantissa of the logarithm. 

A table of logarithms is a table by which the logarithm of 
any given number, or the number corresponding to any given loga- 
rithm, may be found. 
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4 LOGARITHMIC TABLES. 

The most simple form of table is that on the first page of Table I., which 
gives the logarithms of all entire numbers from 1 to 150; each logarithm being 
found alongside its number. The student may begin his exercises with this 
table. 

Mathematical tables in general enable us, when one of two related > 
quantities is given, to find the other. 

In snch tables the quantity supposed to be given is called the 
argument. 

The argument is usually printed on the top, bottom, or side of 
the table. 

The quantities to be found are called functions of the argu- 
ment, and are found in the same columns or lines as the argument, 
but in the body of the table. 

In a. table of logarithms the natural number is the argument* 
and the logarithm is the function. 

2. The Use of Logarithms. 

The following properties of logarithms are demonstrated in 
treatises on algebra. - 

I. The logarithm of a product is equal to the sum of the loga- 
rithms of its factors. 

II. The logarithm of a quotient is found by subtracting the loga- 
rithm of the divisor from that of the dividend. 

III. The logarithm of any power of a number is equal to the loga- 
rithm of the number multiplied by the exponent of the power. 

IV. The logarithm of the root of a number is equal to the loga- 
rithm of the number divided by the index of the root. 

We thus derive the following rules: 

To find the product of several factors by logarithms. 

Rule. Add the logarithms of the several factor?. Enter the 
table with the sum as a new logarithm, and find the number corres- 
ponding to it. 

This number is the product required. 

Example 1. To multiply 7x8. 

We find from the first page of Table I. 

log 7 = 0.84510 

" 8 = 0.903 09 



Sum of logs = 1.748 19 = log of product. 
Having added the logarithms, we look in column log for a num- 
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THB UBS OF LOGARITHMS. & 

ber corresponding to 1.788 19 and find it to be 56, which ii the pro- 
duct required. 

Ex. 2 To find the continued product 2x6x8. 
log 2, 0.301 03 
" 6,0.77815 
" 8, 0.903 09 



Sum of logs, 1.982 27 = log product 
The number corresponding to this logarithm is found to be 96, 
which is the product required. 

Ex. 3. To find the quotient of 147 -t- 21. 
log 147, 2.167 32 
" 21, 1.322 22 

Difference, 0.84510 
We find this difference to be the logarithm of 7, which is the 
required quotient. 

Ex. 4. To find the quotient arising from dividing the continued 
product 98 X 102 x 148 by the continued product 21 X 37 X 68. 
log 21, 1.322 22 log 98, 1.991 23 

" 37, 1.568 20 " 102, 2.008 60 

" 68, 1.832 51 " 148, 2.170 26 



Sum = log divisor, 4.722 93 Sum = log dividend, 6.170 09 

log divisor, 4.722 93 

Difference = log quotient, 1.447 16 
. Looking into the table, we find the number corresponding to this 
logarithm to be 28, which is the required quotient. 

Note. The student will notice that we have found this quotient without 
actually determining either the divisor or dividend, having used only their loga- 
rithms. If he will solve the problem arithmetically, he will see how much 
shorter is the logarithmic process. 

Ex. 5.. To find the seventh power of 2. 
We have log 2 = 0.30103 

7 



2.107 21 = log 128 
Hence 128 is the required power. 
Ex. 6. To find the cube root of 125. 

3 | 2.096 91 
0.698 97 
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6 L0QAB1THMI0 TABLES, 

The index of the root being 3, we divide the logarithm of 125 by 
it. Looking in the tables, we find the number to be 5, which is the 
root required. 

Exercises. 

Compute the following products, quotients, powers, and roots by 
logarithms. 

1. 11 . 13. Ans. 143. 5. =£±. Ans. 128. 

^121 

2. 12\ Ans. 144. 6. 51 ' 98 *f 81 . Ans. 21. 

d4. DO 

12* 2 T 3* 

8. -^r. Ans. 48. 7. * . Ans. 144. 

O D 

. 2. 9'. 91. 78 A 1AQ Q 54.48 A _ 

13» 21 3 * * 8 9 - Ans. 36. 

3. Arrangement of the Table of Logarithm*. 

A table giving every logarithm alongside its number, as on the 
first page of Table I., would be of inconvenient bulk. For numbers 
larger than 150 the succeeding parts of Table I. are therefore used. 
Here the first three figures of the natural number are given in the 
left-hand column of the table. The first figure must be understood 
where it is not printed. The fourth figure is to be sought in the 
horizontal line at the top or bottom. The mantissa of the logarithm 
is then found in the same line with the first three digits, and in the 
column having the fourth digit at the top. 

To save space the whole logarithm is not given in the column, 
but only its last three figures. The first two figures are found in 
the first column, and are commonly the same for all the logarithms 
in any one line. 

Example 1. To find the logarithm of 2090. 

We find the number 209, the figure 2 being omitted in printing, 
in the left-hand column of the table, and look in the column having 
the fourth figure, 0, at its top or bottom. In this column we find 
320 15, which is the mantissa of the logarithm required. 

Ex. 2. To find the logarithm of 2092. 

Entering the table with 209 in the left-hand column, and choos- 
ing the column with 2 at the top, we find the figures 056. To 
these we prefix the figures 32 in column 0, making the total logarithm 
32056. Therefore 

Mantissa of log 2092 = .320 56. 
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Exercises. 

Find in the same way the mantissas of the logarithms of the fol- 
lowing numbers: 



2240 
2242 
2249 
2895 
3644 
4688 



5133 
5256 
5504 
8925 
9557 
9780. 



answer, 



,.79934. 
.79996. 



When the first two figures of the mantissa are not found in the 
;8ame line in which the number is sought, they are to be found in the 
first line above which contains them. 

Example. The first two figures of log 6250 are 79, which be- 
longs to all the logarithms below as far as 6309. Therefore mantissa 
of log 6250 = .79588. 

Exercises. 

Find the mantissa of the logarithms of 

6300 

6309 

6434 

6653 

6755 

6918 

7868. 
Exception. There are some cases in which the first two figures 
-change in the course of the line. In this case the first two figures 
are to be sought in the line above before the change and in the line 
next below after the change. 

Example. The mantissa of log 6760 is .829 95. But the man- 
tissa of log 6761 is .83001. In this case the figures 83 are to be 
found in the next line below. To apprise the computer of these 
cases, each of the logarithms in which the two first figures are found 
in the line below is indicated by an asterisk. 



Exbbcisbs. 
Find the mantissa of 

log 1022; 
log 1024; 



answer, .009 45. 
" .01030. 
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8 LOGARITHMIC TABLES, 



1381; 


1999 


1387; 


3988 


1419; 


4675 


1621; 


4798 


1622; 


6377 


1862; 


8612 


1863; 


1009. 



4. Characteristic* of Logarithms. 

The part of the table here described gives only the mantissa of 
each logarithm. The characteristic must be found by the general 
theory of logarithms. 

The following propositions are explained in treatises on algebra: 
The logarithm of 1 is 0. 



10 


it 


l. 


100 


a 


2. 


1000 


tc 


3. 


10» 


u 


«. 



Since any number of one digit is between and 10, its logarithm 
is between and 1; that is, it is plus some fraction. In the same 
way, the logarithm of a number of two digits is 1 + a fraction. And 
in general, 

The characteristic of the logarithm of any number greater than 1 is 

less by unity than the number of its digits preceding the decimal point. 

Example. The characteristic of the logarithm of any number 

between 1 and 10 is 0; between 10 and 100 it is 1; between 100 and 

1000 it is 2, etc. 

Characteristic of log 1646 is 3. 

" " " 164.6 " 2. 

" " " 16.46 " 1. 

<; " " 1.646 " 0. 

It is also shown in algebra that if a number be divided by 10 we 

diminish its logarithm by unity. 

Logarithms of numbers less than unity are most conveniently ex- 
pressed by making the characteristic alone negative. 
For example: 

log 0.2 = log 2 - 1 = - 1 + .301 03; 
" 0.02 = log2-2 = -2 + .301 03. 
Hence: The mantissa of the logarithms of dU numbers which 
differ only in the position of the decimal point are the same. 
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Hence, also, in seeking a logarithm from the table we find the 
mantissa without any reference to the decimal point. Afterward we 
affix the characteristic according to the position of the decimal point. 
For convenience, when a negative characteristic is written the 
minus sign is put above it to indicate that it extends only to the 
characteristic below it and not to the mantissa. Thus we write 

log .02 = 2.301 03. 
In practice, however, it is more common to avoid the use of 
negative characteristics by increasing them by 10. We then write 
log .02 = 8.301 03 -10. 
If we omitted to write — 10 after the logarithm, the latter would, 
in strictness, be the log of 2 X 10 s . But numbers so great as this 
product occur so rarely in practice that it is not generally neces- 
sary to write — 10 after the logarithm. This may be understood. 

A convenient rule for remembering what characteristic belongs to 
the logarithm of a decimal fraction is: 

The characteristic is equal to 9, minus the number of zeros after 
the decimal point and before the first significant figure. 
Examples, log 34060 = 4.532 24 

" 340.60 =2.532 24 

" 3.4060 =0.532 24 

" .034 06 =8.532 24-10 

" .0003406 = 6.53224 - 10 

It will be seen that we can find the logarithms of numbers from 
1 to 150 without using the first page of the table at all, since all the 
mantissas on this page are found on the follo^bg pages as loga- 
rithms of larger numbers. 

Exercises. 

Find the logarithms of the following numbers: 
1.515 .003 899 

.01 702 0.4276 

18.62 464 700 

.03 735 98.030 

Find the numbers corresponding to the following logarithms: 
3.241 80; 8.750 35 - 10; 9.999 91 - 10; 

1.19145; 7.41128-10; 5.999 96; 

5.653 81* ans. 450000 6.889 97 -10; 2.960 28; 
6.748 27; ans. 5 601 000 9.116 94-10; 0.886 27; 
7.560 08; ans. 36 310 000 7.250 18 0.000 87. 
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6. Interpolation of Logarithms. 

In all that precedes we have used only logarithms of numbers- 
containing not more than 4 significant digits. But in practice 
numbers of more than four figures have to be used. To find the 
logarithms of pch numbers the process of interpolation is necessary. 
This process is one of simple proportion, which can be seen from .the 
following example. 

To find log. 1167.23. 

The table gives the logarithms of 1167 and of 1168, which we find 
to be as follows: 

log 1167 = 3.067 07 

" 1168 = 3.067 44 

Difference of logarithms = .000 37 

Now the number of which we wish to find the logarithm being 
between these numbers, its logarithm is between these logarithms; 
that is, it is equal to 3.067 07 plus a fraction less than .000 37. 

Since the difference 37 corresponds to the difference of unity in 
the two numbers, we assume that the quantity to be added to the 
logarithm bears the same proportion to .23 that 37 does to unity* 
We therefore state the proportion 

1 : .23 :: 37 : increase required. 

The solution of this proportion gives .23 X 37 = 8.51, which ia 
the quantity to be added to log 1167 to produce the logarithm 
required. * The result is 3. 067 155 1. 

But our logarithms extend only to five places of decimals, while 
the result we have written has seven. We therefore take only five 
places of decimals. If we write the mantissa 3.06715, the result will 
be too small by .51. If we write 3.067 16, it will be too great by .49. 
Since the last result is nearer than the first, we give it the prefer- 
ence, and write for the required logarithm 

log 1167.23 = 3.06716. 

We thus have the following rule for interpolating: 

Take from the table the logarithm corresponding to the first four 
significant digits of the number. 

Considering the following digits as a decimal fraction, multiply 
the difference between the logarithm and the next one following by 
such decimal fraction. 

* In this multiplication we have used a decimal point to njark off the 
fifth order of decimals. This is a convenient process in all such computations. 
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This product being added to the logarithm of the table mil give 
the logarithm required. 

The whole operation by which we have found log 1167.23 would 
then be as follows: 

log 1167 = 3.06707 
37 X 0.2 7.4 • 

X 0.03 1.11 



/ 



log 1167.23 = 3.067 16 

The products for interpolation, 7.4 and 1.11, may be found by 
multiplying by the fifth and sixth figures of the number separately. 

To facilitate this multiplication, tables of proportional parts are 
given in the margin. Each difference between two logarithms will 
be readily found in heavy type not far from that part of the table 
which is entered, and under it is given its product by .1, .2, etc., . . .9. 
We therefore enter this little table with the fifth figure, and take out 
the corresponding number to be added to the logarithm. Then if 
there is a sixth figure, we enter with that also and move the decimal 
one place to the left We then add the two sums to the logarithm. 

6. Labor-saving Devices. 

In using a table of logarithms, the student should accustom 
himself to certain devices by which the work may be greatly facili- 
tated. 

In the first place it is not necessary to take the whole difference 
between two consecutive logarithms. He has only to subtract the 
last figure of the preceding logarithm from the last one of the fol- 
lowing, increased by 10 if necessary, and thus find the last figure of 
the difference. 

The nearest difference in the margin of the table having* this 
same last figure will always be the difference required. 

Example. If the first four figures of the number are 1494, in- 
stead of subtracting 435 from 464 we say 5 from 14 leaves 9, and 
look for the nearest difference which has 9 for its last figure. This 
we readily find to be 29, at the top of the next page. 

Notb. In nearly all cases the difference will be found on the same page 
with the logarithm. The only exception is at the bottom of the first page, where, 
owing to the number of differences, they cannot all be printed. 

In the preceding examples we have written down the numbers in 
full, which it is well that the beginner should do for himself. But 
after a little practice it will be unnecessary to write down anything 
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but the logarithm finally taken out. The student should accustom 
himself to take the proportional parts mentally, adding them to the 
logarithm of the table and writing down the sum at sight. The 
habit of doing this easily and correctly can be readily acquired by 
practice. 

Exercises. Find the logarithms of 
792 638: 



1000.77 
1000.07: 
100 007 
181 982 
281.936 



0.99997 
949.916 
20.8962 
660 652 
77.642 
8.8953. 



As a precaution in taking out logarithms, the computer should 
always, after he has got his result, look into the table and see that 
it does really fall between two consecutive logarithms in the table. 

If the fraction to be interpolated is nearly unity, especially if it 
is equal to or greater than 9, it will generally be more convenient to 
multiply the difference of the logarithms by the complement* of the 
fraction and subtract the product from the logarithm next succeed- 
ing. The following are examples of the two methods, which may 
always be applied whether the fraction be large or small: 

Example 1. log 1004.28 = log (1005 - .72). 

log 1004, .00173 log 1005, .00217 

pr. pi for .2, 8.8 pr. pi for .7, — 30.8 



€€ €€ €€ 



.08, 



3.5 



<< « M 



.02, - .9 
log, 3.001 85 



log, 3.001 85 
Ex. 2. log 154 993 = 155 000 - 7. 

log 1549, .190 05 1550, .190 33 

pf. pt for .9, 25.2 pr. pi for — .07, — 1.96 

.03, 0.8 



€t €€ €€ 



log, 5.19031 



log, 5.19031 



* By the complement or arithmetical complement of a decimal fraction is here 
meant the remainder found by subtracting it from unity or from a unit of the 
next order higher than itself. Thus : 

co. .728 = .827 

co. .1796 = .8204 

co. .9982 = .0068. 
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7. To find the Number corresponding to a given 
Logarithm. 

The reverse process of finding the number corresponding to a 
given logarithm will be seen by the following example: 

To find the number of which the logarithm is 2.. 027 90. 

Entering the table, we find that this logarithm does not exactly 
occur in the table. We therefore take the next smaller logarithm, 
which we find to be as follows: 

log 1066 = 2.02776. 

Subtracting this from the given logarithm we find the latter to be 

greater by 14, while the difference between the two logarithms of 

the table is 40. We therefore state the proportion 

40 : 14 :: 1 to the required fraction. 

The result is obtained by dividing 14 by 40, giving a quotient .35. 
The required number is therefore 106.635. It will be remarked that 
we take no account of the characteristic and position of the decimal 
until we write down the final result, when we place the decimal in 
the proper position. 

The table of proportional parts is used to find the fifth and sixth 
figures of the number by the following rule: 

If the given logarithm is not found in the table, note the ex- 
cess of the given logarithm above the next smaller one in the table, 
which call A. 

Take the difference of the two tabular logarithms, and find it 
among the large figures which head the proportional parts. 

That proportional part next smaller than A will be the fifth 
figure of the required number. 

Take the excess of A above this proportional part; imagine its 
decimal point removed one place to the right, and find the nearest 
number of the table. 

This number will be the sixth figure of the required number. 

Example. To find the number of which the logarithm is 2.193 59. 

Entering the table, we find the next smaller logarithm to be 
.193 40. Therefore A = 19. 

Also its tabular difference = 28. , 

Entering the table of proportional parts under 28, we find 16.8 
opposite 6 to be the number next smaller than 19 the value of A. 
Therefore the fifth figure of the number is 6. 

The excess of 19 above 16.8 is 2.2. Looking in the same table 
for the number 22, we find the nearest to be opposite 8. 
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Therefore the fifth and sixth figures of the required number are 
68. Now looking at the log .19340 and taking the corresponding 
number, we find the whole required number to be 

156168. 

The characteristic being 2, the number should have three figures 
before the decimal point. Therefore we insert the decimal point at 
the proper place, giving as the final result 156.168. 



8. Number of Decimals neoeuary. 

In the preceding examples we have shown how with these tables 
the numbers may be taken out to six figures. In reality, however, 
it will seldom be worth while to write down more than five figures. 
That is, we may be satisfied by adding only one figure to the four 
found from the table. In this case, when we enter the tabic of 
proportional parts, we take only the number corresponding to the 
nearest proportional part. 

To return to the last preceding example, where we find the num- 
ber corresponding to 2.193 59. We find under the difference 28 that 
the number nearest 19 is 19.6, which is opposite 7. 

Therefore the number to be written down would be 156.17. 

In the following exercises it would be well for the student to 
write six figures when the number is found on one of the first two 
pages of the table and only five when on one of the following pages. 
The reason of this will be shown subsequently. 

Examples akd Exebcisbs. 

1. To find the square root of |. 
We have log 3, 0.477 JL2 

" 2, (X30103 

log |," 0.176 09 
4-2, log Vf", 0.088 04 
Here we have a case in which the half of an odd number is 
required. We might have written the last logarithm 0.088 045, but 
we should then have had six decimals, whereas, as our tables only 
give five decimals, we drop the sixth. If we write 4 for the fifth 
figure it will be too small by half a unit, and if we write 5 it will 
be too large by half a unit. It is therefore indifferent which figure 
we write, so far as mere accuracy is concerned. 
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15 



A good rale to adopt in such a case is to write the nearest eyejt 
number. For example, 

for the half of .261 81 we write .130 90; 



it tt 
tt tt 
ti tt 
tt tt 
tt tt 
tt tt 


.261 83 " 
.261 85 " 
.261 87 " 
.261 89 " 
.261 97 " 
.261 99 " 


.130 92; 
.1*30 92; 
.130 94; 
.130 94; 
.130 98; 
.131 00. 


Returning to our example, we find, by taking the number corre- 
sponding to 0.088 04, 

Vj = 1.224 72. 


2. To find the square 


root of $. 
log 2, 0.301 03 
" 3, 0.477 12 





log |, 9.823 91 -10 
*logf, 4.91196- 5 = Iog if* 
The last logarithm is the same as 

9.91196 - 10, 
which is the form in which it is to be written in order to apply the 
rule of characteristics. The corresponding number is 0.816 50. 

We have here a case in which, had we neglected considering the 
surplus — 10 as we habitually do, the characteristic of the answer 
would have been 4 instead of 9 or — 1. The easiest way to treat 
such cases is this: 

When we have to divide a logarithm in order to extract a root, 
instead of increasing the characteristic by 10, increase it by 10 X 
index of root. 

Thus we write log | = 19.823 91 - 20. 
Dividing by 2, log Vf" = 9.911 96 — 10, 

which is in the usual form. 
3. To find the cube root of £. 

log 1,0.000 00 
" 2,0.30103 

log i, 9.698 97 - 10, 
which we write in the form 

log* = 29.69897 -30. 
Dividing this by 3, 

t log i = log Vi = 9.899 66 - 10. 
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This logarithm is in the usual form, and gives 
VJ= 0.793 70. 

The affix — 30, or — 10 x divisor, can be left to be understood 
in these cases as in others. All that is necessary to attend to is that 
instead of supposing fhe characteristic to be one or more units less 
than 10, as in the usual run of cases, we suppose it to be one or more 
units less than 10 x divisor. 

Find: 4. The square root of £; 

5. The cube root of 2; 

6. The fourth root of }; 

7. The fifth root of 20; 

8. The tenth root of 10; 

9. The tenth root of fa 

9. The Arithmetical Complement. 

When a logarithm is subtracted from zero, the remainder is 
called its arithmetical complement 

If L be any logarithm, its arithmetical complement will be — L. 

Hence if 

i = logn, 
then 

arith. oomp. = — L = log -; 

that is, 

The arithmetical complement of a given logarithm is the logarithm 
of the reciprocal of the number corresponding to the given logarithm. 

Notation. The arithmetical complement of a logarithm is writ- 
ten co-log. It is therefore defined by the form 

co-log n = log -. 
n 

Finding the arithmetical complement. To find the arithmetical 
complement of log 2 = 0.301 03, we may proceed thus: 

0.00000 
log 2, 0.30103 

co-log 2, 9.69897-10. 

We subtract from zero in the usual way; but when we oome to 
the characteristic, we subtract it from 10. This makes the re- 
mainder, too large by 10, so we write — 10 after it, thus getting a 
quantity which we see to be log 0.5. 

We may leave the — 10 to be understood, as already explained- 
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The arithmetical complement may be formed by the following 
rule: 

Subtract each figure of the logarithm from 9, except the last sig- 
nificant one, which subtract from 10. The remainders will form the 
arithmetical complement. 

For example, having, as above, the logarithm 0.301 03, we form, 
mentally, 9 — = 9; 9 — 3 = 6; 9-0 = 9; 9 — 1 = 8; 9 — = 9; 

10 — 3 = 7; and so write 

9.698 97 
as the arithmetical complement. 

To form the arithmetical complement of 3.284 00 we have 9 — 3 
= 6; 9 — 2 = 7; 9 — 8 = 1; 10 — 4 = 6. The complement is 
therefore 

.71600. 
The computer should be able to form and write down the arith- 
metical complement without first writing the tabular logarithm, the 
•subtraction of each figure being performed mentally. 

Use of the arithmetical complement The co-log is used to substi- ' 
tute addition for subtraction in certain cases, on the principle: To 
add the co-logarithm is the same as to subtract the logarithm. 

Example. We may form the logarithm of J in this way by ad- 
dition: 

log 3, 0.47712 
co-log 2, 9.69897 

log |, 0.176 09 

Here there is really no advantage in using the co-log. But there 
is an advantage in the following example: 

To find the value of P = 2763 * 9 419 ' 24 . We add to the loga- 
rithms of the numerator the co-log of the denominator, thus: 

og 2763, 3.44138 

log 419.24,2.62246 

oo-log 99, 8.00436 



logP, 4.06820 

•.P = 11700. 

The use of the arithmetical complement is most convenient when 
the divisor is a little less than some power of 10. 
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Exercises. 

Form by arithmetical complements the values of: 

109 X 216.26 
0.99316 
A 8263 X 9162.7 



3. 



92 X 99.618 
4 X 6 X 8219 
9X992 



10. Practical Hints on the Art of Computation. 

The student who desires to be really expert in computation 
should learn to reduce his written work to the lowest limit, and ta 
perform as many of the operations as possible mentally. We have- 
already described the process of taking a logarithm from the table 
without written computation, and now present some exercises which 
will facilitate this process. 

1. Adding and subtracting from left to right. If one has bnfc 
two numbers to add it will be found, after practice, more easy and 
natural to write the sum from the left than from the right The- 
method is as follows: 

In adding each figure, notice, before writing the sum, whether 
the sum of the figures following is less or greater than 9, or equal 
to it. 

If the sum is less than 9, write down the sum found, or its last 
figure without change. 

If greater than 9, increase the figure by 1 before writing it down. 

If equal to 9, the increase should be made or not made accord- 
ing as the first sum following which differs from 9 is greater or lesa 
than 9. 

If the first sum which differs from 9 exceeds it, not only must wc* 
increase the number by 1, but must write zeros under all the places- 
where the 9's occur. If the first sum different from 9 is less than 9, 
write down the 9's without change. 

The following example illustrates the process: 

7502768357858892837 
8239171645041102598 

15741940002899995435 
Here 7 and 8 are 15. 5 + 2 being less than 9, we write 15 without 
change. 8 + being less than 9, we write 7 without change. 9 + 2 beings 
greater than 9, we increase the sum 8 + by 1 and write down 4. 7 + 1 being; 
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lees than 9, we write the last figure of 9 + 2, or 1, without change. 6 + 7 being 
greater than 9, we increase 7 + 1 by 1 and write down 9. Under 6 + 7 we 
write down 8 or 4. To find which, 8+ 1 = 9; 3 +6 = 9; 5 + 4 = 9; 7 + 5 = 
12. This first sum which is different from 9 being greater than 9, we write 4 
under 6 + 7, and O's in the three following places where the sums are 9. 7 + 5 
= 12. Since 8 + < 9, we write down 2. Before deciding whether to put 8 or 
9 under 8 + 0, we add 5 + 4 =9;8 + l =9;8 + l = 9; 9+0 = 9; 2 + 2 = 4 
This being less than 9, we write 8 under 8 + 0, and 9's in the four following 
places. Since 5+8 = 18> 9, we write5under 2+2. Since9+8 = 12 > 9, we 
write 4 under 5 + 8. Since 8 + 7 = 15 > 9, we write 8 under 9+8. Finally, 
under 8+7 we write 5. 

This process cannot be advantageously applied when more than 
two numbers are to be added. 

Exercises. 

Let the student practise fcdding each consecutive pair of the fol- 
lowing lines, which are spaced so that he can place the npper margin 
of a sheet of paper nnder the lines he is adding and write the sum 
upon it. 



2 
2 


5 

5 



1 


9 
2 


1 

3 


7 
5 


2 
9 


8 
6 


5 

4 


3«1 
6 9 


6 
2 


9 
1 


8 
8 


1 

4 


2 
3 



6 


8 
8 


7 
2 


9 



1 

8 


6 
5 


1 
3 


5 
2 


8 
1 


3 
6 


2 

4 


3 1 

3 7 


6 
9 


6 
1 


4 



6 
2 


8 
9 


9 



1 
9 


8 
9 


6 
8 


8 

7 


5 
6 


8 
5 


8 
4 


9 
3 


6 
2 


4 
1 


3 4 
1 


2 
2 


9 
3 


4 
4 


4 
5 


8 
6 


2 

7 


5 

4 



Subtracting. We subtract each figure of the subtrahend from 
the corresponding one of the minuend (the latter increased by 10 if 
necessary), as in arithmetic. 

Before writing down the difference, we note whether the follow- 
ing figure of the subtrahend is greater, less, or equal to the corre- 
sponding figure of the minuend. 

If greater, we diminish the remainder by 1 and write it down.* 

If less, we write the remainder without change. 

If equal, we note whether the subtrahend is greater or less than 
the minuend in the first following figure in which they differ. 

If greater,, we diminish the remainder by 1, as before, and write 
9 J s under the equal figures. 

* If the student is accustomed to carrying 1 to the figures of the minuend 
when he has increased the figure of his subtrahend by 10, he may find it easier 
to defer each subtraction until he sees whether the remainder is or is not to be 
diminished by 1, and, in the latter case, to increase the minuend by 1 before 
subtracting. 
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If less, write the remainder unchanged, patting 0*8 under the 
equal figures. 

Example. 

72293516214394 
24268518014198 



48024998200196 

Here 7 — 2 =5; because 4 > 2, we write 4 12 — 4 = 8; because 2 = 2 
and 6 < 9, we write 8; and write in the following place. 9—6 = 3; be- 
cause 8 > 8, we write 2. 13 — 8 = 5; 5 = 5; 1 = 1; 8 > 6; so under 13 — 8 we 
write 4, with 9's in the two next places. 16 — 8 = 8; because < 2, wo write 
8. 2 — = 2; 1 = 1; 4 = 4; 1< 3; so under2 —Owe write 2, followed by 0*s. 
3 — 1 = 2; because 9 = 9, 8 > 4, we write 1, with 9 in the next place. 14— 8 = 
6, which we write as the last figure. 

Exercises. 

The preceding exercises in addition will serve as exercises in sub- 
traction by subtracting each line from that above or below it The 
student should be able to subtract with equal facility whether the 
minuend is written above or below the subtrahend. 

Mental addition and 8ubtr%ction. When an expert computer has 
to add or subtract two logarithms, as in forming a product or quo- 
tient of two quantities, he does not necessarily write both of them, 
but prefers to write the first and, taking the other mentally, add (or 
subtract) each figure in order from left to right, and write down the 
sum (or difference). He thus saves the time spent in writing one 
number, and, sometimes, the inconvenience of writing it where 
there is not sufficient room for it. 

This process of inverted addition is most useful in adding the 
proportional part in taking a logarithm from the table. It is then 
absolutely necessary to save the computer the trouble of copying 
both logarithm and proportional part. 

Expert computers can add seven-figure logarithms in this way 
without trouble. But with those who do not desire to become ex- 
perts it will be sufficient to learn to add two or three figures, so as 
to be able to take a five-figure or seven-figure logarithm from the 
table without writing anything but the result. 

11. Imperfections of Logarithmic Calculations. 

Nearly all practical computations with logarithms are affected 
by certain sources of error, arising from the omission of deci- 
mals. It is important that these errors should be understood in 
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order not only to avoid them so far as possible, but to avoid spend- 
ing labor in aiming at a degree of accuracy beyond that of which the 
numbers admit. 

Mathematical results may in general be divided into two classes: 
{1) those which are absolutely exact, and (2) those which are only 
to a greater or less degree approximate. 

As an example of the former case, we have all operations upon 
entire numbers which involve only multiplication and division. For 
example, the equations 

16* = 256 

6 1 "" 9 
are absolutely exact. 

But if we express the fraction \ as a decimal fraction, we have 
| = .142857. ., etc, ad infinitum. 

Hence the representation of \ as a decimal fraction can never be 
absolutely exact. The amount of the error will depend upon how 
many decimals we include. If we use only two decimals we shall 
certainly be within one hundredth; if three, within one thou- 
sandth, etc. Hence the degree of accuracy to which we attain de- 
pends upon the number of decimals employed. By increasing the 
number of decimals we can attain to any degree of accuracy. As an 
example, it is shown in geometry that if the ratio of the circumfer- 
ence of a circle to its diameter be written to 35 places of decimals, 
the result will give the whole circumference of the visible universe 
without an error as great as the minutest length visible in the most 
powerful microscope. 

There are no numbers, except the entire powers of 10, of which 
the logarithms can be exactly expressed in decimals. We must 
therefore omit all figures of the decimal beyond a certain limit. The 
number of decimals to be used in any case depends upon the degree 
of accuracy which is required. The large tables of logarithms con- 
tain seven decimal places, and therefore give results correct to the 
ten-millionth part of the unit. This is sufficiently near the truth 
in nearly all the applications of logarithms. 

With five places of decimals our numbers will be correct to the 
hundred-thousandth part of a unit. This is sufficiently near for 
most practical applications. 

Accumulation of errors. When a long computation is to be 
made, the small errors are liable to accumulate so that we cannot 
rely upon this degree of accuracy in the final result. The manner 
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in which the tables are arranged so as to reduce the error to a mini- 
mum may be shown as follows: 

We have to seven places of decimals 

log 17 = 1.2304489 
" 18 = 1.2552725 

When the tables give only five places of decimals the two last 
figures must be omitted. If the tables gave log 17=.23044, the 
logarithm would be too small by 89 units in the seventh place. It is 
therefore increased by a unit in the fifth place, and given .23045. 
This quantity is then too small by 11, and is therefore nearer the 
truth than the other. The nearest number being always given, we 
have the result: 

Every logarithm in the table differs from the truth by not more 
than one half a unit of the last place of decimals. 

Since the 6rror may range anywhere from zero to half a unit, and 
is as likely to have one value as another between those limits, we 
conclude: 

The average error of the logarithms in the tables is one fourth of 
a unit of the last place of decimals. 

Errors in interpolation. When we interpolate'the logarithm we 
add to the tabular logarithm another quantity, the proportional part, 
which may also be in error by half a unit, but of which the average 
error will only be one fourth of a unit. 

As most logarithms have to be interpolated, the general result 
will be: 

An interpolated logarithm may possibly be in error by a unit in 
the last place of decimals. 

The sum of the average errors will, however, be only half a unit. 
But these errors may cancel each other, one being too large and the 
other too small. The theory of probabilities shows that, in conse- 
quence of this probable cancellation of errors, the average error only 
increases as the square root of the number of erroneous units added. 

The square root of 2 is 1.41. 

If, therefore, we add two quantities each affected with a probable 
error ± .25, the result will be, for the probable error of the sum, 

1.41 X .25 = 0.35. 
We therefore conclude: 

The average error of a logarithm derived from the table by inter- 
polation is 0.35 of a unit of the last place. 

Applying the above rule of the square root to the case in which 
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several logarithms are added or subtracted to form a quotient, we 
find the results of the following table: 

No. of logs added or subtracted. Average em*. 

1 0.35 

2 0.50 

3 0.63 

4 0.72 

5 0.81 

6 0.88 

7 0.95 

8 1.02 

9 1.08 

10 1.14 

From this table we see that if we form the oontinued product of 
eight factors, by adding their logarithms the average error of the 
sum of the logarithms will be more than a unit in the last place. 

As an example of the accumulation of errors, let us form the 
product 11 . 13. 

We have from the table 

log 11 = 1.041 39 
"13 = 1.113 94 

log product, 2.155 33 
We see that this is less than the given logarithm of the product 
143 by a unit of the fifth order. But if we use seven decimals we 
have log 11, 1,041 392 7 

" 13,1.113 9434 

2.155 3361 
Comparing this with the computation to five places, we see the 
source of the error. 

If the numbers with which we enter the tables are affected by 
errors, these errors will of course increase the possible errors of the 
logarithms. 

In determining to what degree of accuracy to carry our results, 
we have the following practical rule : 

It is never worth while to carry our decimals beyond the limit of 
precision given by the tables, which limit may be a considerable frac- 
tion of the unit in the last figure of the tables. 

Let us have a logarithm to five places of decimals, 1.92949, of 
which we require the corresponding number. Entering the table, we 
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perceive that the corresponding number is between 85.01 and 85.02. 
If this logarithm is the result of adding a number of logarithms, 
•each of which may be in error in the way pointed out, we may sup- 
pose it probably affected by an error of half a unit in the last figure 
And possibly by an error of a whole unit or more. That is, its true 
value may be anywhere between 92.948 and 92.950. 

The number corresponding to the former value is 85.012, and 
that corresponding to the latter 85.016. Since the numbers may 
fall anywhere between these limits, we assign to it a mean value of 
85.014, which value, however, may be in error by two units in the 
last place. It is not, therefore, worth while to carry the interpolation 
further and to write more than five digits. 

Next suppose the logarithm to be 2.021 70. Entering the table, 
we find in the same way that the number probably lies between the 
limits 105.121 and 105.126. There is therefore an uncertainty of 
five units in the sixth place, or half a unit in the fifth place. If the 
greatest precision is desired, we should write 105.124. But our last 
figure being doubtful by two or three units, the question might arise 
whether it were worth while to write it at all. As a general rule, if 
the sixth figure is required to be exact, we must use a six- or seven- 
place table of logarithms. 

Still, near the beginning of the table, the probable error will be 
diminished by writing the sixth figure. 

Now knowing that at the beginning of the table a difference of 
•one unit in the number makes a change ten times as great in the 
logarithm as at the end of the table, we reach the conclusions : 

In taking out a number in the first part of the table, it can never 
he worth while to write more than six significant figures, and very 
•little is added to the precision by writing more than five. 

In the latter part of the table it is never worth while to write more 
than five significant figures. 

Sometimes no greater accuracy is required than can be gained by 
using four-figure logarithms. There is then no need of writing the 
last figure. If, however the printed logarithm is used without 
change, the fourth figure must be increased by unity whenever the 
fifth figure exceeds 5. When the fifth figure is exactly 5, the increase 
should or should not be made according as the 5 is too small or too 
great. To show how the case should be decided, a stroke is printed 
«bove the 5 when it is too great. In these cases the fourth figure 
should be used as it stands, but, when there is no stroke, it should 
be increased by unity. 
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12. Applications of logarithms to the Computation of 
Annuities and Aooumulationa of Funds at Com- 
pound Interest. 

One of the most useful applications of logarithms is to fiscal 
calculations, in which the value of moneys accumulating for long 
periods at compound interest is required. 

Compound interest is gained by any fund on which the interest 
is collected at stated intervals and put out at interest. 

As an example, suppose that $10 000 is put out at 6 per cent 
interest, and the interest collected semi-annually and put out at the* 
same rate. The principal will then grow as follows: 

Principal at starting. $10 000.00 

Six months' interest = 3 per cent 300.00 

Amount at end of 6 months $10 300.00 

Interest on this amount = 3 per cent . 309.00 

Amount at end of 1 year $10 609.00 

Interest on .this amount = 3 per cent . 318.27 

Amount at end of 1£ years $10 927.87 

Interest on this amount for 6 months. . 327.82 

Amount at end of 2 years $11 255.09 

Although in business practice interest is commonly payable semi- 
annually, it is in calculations of this kind commonly supposed to be 
collected and re-invested only at the end of each year. This makes 
the computation more simple, and gives results nearer to those ob- 
tained in practice, because a company cannot generally invest its 
income immediately. If it had to wait three months to invest each, 
semi-annual instalment of interest collected, the general result would 
be about the same as if it collected interest only once a year and in- 
vested it immediately. 

If r be the rate per cent per annum, the annual rate of increase 

will be y^t. Let us put 

Pj the annual rate of increase = -r-xr; 

100 

p, the amount at interest at the beginning of the time, or the 
principal; 

a, the amount at the end of one or more years. 
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Then, at the beginning of first year, principal p 

Interest during the year.' pp 

Amount at end of year p (1 + p) 

Interest on this amount during second year pp (1 + p) 

Amount at end of second year, (1 + p) p (1 + p) = p (1 + />)* 
Continuing the process, we see that at the end of n years the 

amount will be , % 

a=p(l + p)». (1) 

To compute by logarithms, let us. take the logarithms of both 
members. We then have 

log a = logp + n log (1 + p). (2) 

Example. Find the amount of $1260 for 30 years at 6 per cent 
per annum. 

Here p = .06 

l + /> = 1.06 
log (1 + p) = 0.025 306 (end of Table L) 
30 

nlog(l+/>), 0.75918 
logjt?, 3.096 91 

log a, 3.856 09 

a, $7179.50 = required amount. 

Exercises. 

1. Find the amount of $100 for 100 years at 5 per cent compound 
interest. 

2. A man bequeathed the sum of $500 to accumulate at 4 per 
cent interest for 80 years after his death. After that time the annual 
interest was to be applied to the support of a student in Harvard 
College. What would be the income from the scholarship? 

3. If the sum of one cent had been put out at 3 per cent per 
annum at the Christian era, and accumulated until the year 1800, 
what would then haye been the amount, and the annual interest on 
this amount? 

It is only requisite to give three significant figures, followed by the necessary 
number of zeros. 

4. Solve by logarithms the problem of the horseshoeing, in which 
a man agrees to pay 1 cent for the first nail, 2 for the second, and so 
on, doubling the amount for every nail for 32 nails in all. 

Note. It is only necessary to compute the amount for the 82d nail, be- 
cause it is easy to see that the amount paid for each nail is 1 cent more than for 
all the preceding ones. 



Digitized by VjOOQlC 



• COMPUTATION OF AlfNUlTlEa, ETC. 27 

5. A man lays aside $1000 as a marriage-portion for his new-born 
daughter, and invests it so as to accumulate at 8 per cent compound 
interest The daughter is married at the age of 25. What does the 
portion amount to? 

6. A man of 30 pays $2000 in full for a $5000 policy of insurance 
on his life. Dying at the age of 80, his heirs receive $7000, policy 
and dividends. If the money was worth 4 per cent to him, how 
much have the heirs gained or lost by the investment? 

7. What would have been the answer to the previous question, 
had the man died at the age of 40, and the amount paid been 
$6000? 

Other applications of the formula. By means of the equations 
(1) and (2) we may obtain any one of the four quantities a, p, p, and 
n when the other three are given. 

Case L Given the principal, rate of interest, and time, to 
find the amount. 

This case is that just solved. 

Case II. Given the amount, time, and rate per cent, to find 
Hie principal. 

Solution. Equation (1) gives 

Taking the logarithms, 

log p = log a - n log (1 + p), 
by which the computation may be made. 

Case III. Given the principal, amount, and time, to find the rate. 

Solution. Equation (2) gives 

Example. A man wants a principal of $600 to amount to $1000 
in 10 years. At what rate of interest must he invest it? 
Solution. log a = 3.000 00 

logp = 2.77815 

log £ = 0.221 85 

p 4 

1 log| = 0.022 185 = log (1 + p). 

Hence, from last page of logarithms, 

l + /> = 1.05241; 
and rate = 5.241, 

or 5± per cent, nearly. 
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Exercises* 

1. At what rate of interest will money double itself every ten 
years? Ans. 7.177. 

2. At what rate will it treble itself every 15 years? Ans. 7.599. 

3. A man having invested $1000, with all the interest it yielded 
him, for 25 years, finds that it amounts to $3386. What was the 
rate of interest? Ans. 5 per cent. 

4. A life company issued to a man of 20 a paid-up policy for 
$10,000, the single premium charged being $3150. If he dies at the 
age of 60, at what rate must the company invest its money to make 
itself good? Ans. 2.93 per cent. 

5. A man who can gain 4 per cent interest wants to invest such a. 
sum that it shall amount to $5000 when his daughter, now 5 years old, 
attains the age of 20. How much must he invest? Ans. $2776. 62. 

6. How much must a man leave in order that it may amount to- 
$1,000,000 in 500 years at 2| per cent interest? Ans. $4.36$ 

7. How much if the time is 1000 years, the rate being §till 2$ 
per cent, and the amount $1,000,000? Ans. 0.0019 of a cent. 

8. A man finds that his investment has increased fivefold in 25- 
years. What is the average rate of interest he has gained? 

Ans. 6.65. 

9. An endowment of $7500 is payable to a man when he attains 
the age of 65. What is its value when he is 45, supposing the rate 
of interest to be 4 per cent? Ans. $3423. 

13. Accumulation of an Annuity. 

It is often necessary to ascertain the present or future value of & 
series of equal annual payments. Thus it is very common to pay & 
constant annual premium for a policy of life insurance. The value 
of such a series of payments at any epoch is found by reducing the 
value of each one to the epoch, allowing for interest, and taking the 
sum. Supposing the epoch to be the present time, the problem may 
be stated as follows: 

A man agrees to pay p dollars a year for n years 9 the first pay- 
ment being due in one year 9 and the total number of payments n* 
What is the present value of all n payments f 

_ , , . , M rate of interest ,, , , . 

Putting, as before, p = =^ , the present value of p 

dollars payable after y years will, by § 12, Case IL, be 

P 
(1+P)*' 
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Putting in succession, y = 1, y = 2, . . . y ss n, the sum of th& 
present values is 

This is a geometrical progression in which 
First term = =-^? — : 

Common ratio = 



l + p> 
Number of terms = n. 
By College Algebra, § 212, the sum of this progression will be 

1 + /» I L_ * (! + P) n+1 -a + />)»" 

1+P 

= * • ( 1 + A') n -1 

(l+p)» p - (1) 

If the first payment is to be made immediately, instead of at the 
end of a year, the last or nth payment will be due in » - 1 years, 
and the progression will be 

V -1--^P— I- P , , p 

p ^l+P+(T+-p?+' • ' + {1 + p) n-r 
We find the sum of the geometric progression to be 

2 -- (*+P) n -l 

• *(l+p)»- { l +p) n-V (») 

ElEBCISES. 

„, 1^ « ^ P f *"?* Tatae of 15 aMmal Payments of $85 each, 
„ J ^e first is due m one year, the rate being 5 per cent? 
We find by substitution 

Present yalue = 85 -i^!!zJ_ _ 85 1.05"- 1 
1.05"- 1.05" ~ IW ' ~M — 
_ 1700 (1.05"- 1) 
(1.05)" ' 
log 1.05, 0.021189 1.05", 2. 078 95 



2£ 1.05" — l, 1.078 95 



log 1.05", 0.31784 kfcOOWOO 

co-log 1.05", 9.68216 

log 1700, 3.23045 

Value, $882.28 log value, 2^i 61 



Digitized by VjOOQlC 



SO LOGARITHMIC TABLES. 

« 

2. The same thing being supposed, what would be the present 
value if the rate of interest were 4 per cent? Ana, $945.80. 

3. What is the present value of 25 annual payments of $1000 

Ana. $17,935. 
each, the first due immediately, if the rate of interest is 3 per cent? 

4. A debtor owing $10,000 wishes to pay it in 10 equal annual 
instalments, the first being payable immediately. If the rate of 
interest is 6 per cent, how much should each payment be? 

Ans. $1281.76. 
Nora This problem is the reverse of the given one, since, in the equation 
(2), we have given 2 t = 10000, p = 0.06, and n = 10, to find p. 

5. The same thing being supposed, what should be the annual 
payment in case the payments should begin in a year? 

Ans. $1358.69. 
Perpetual annuities. If the rate of interest were zero, the 
present value of an infinity of future payments would be infinite. 
But with any rate of interest, however small, they are finite. For if, 

in the first equation (1), we suppose n infinite, f ] will converge 

toward zero, and we shall have 

2 = * + 4-rh) = '' * 

This result admits of being put into a concise form, thus: 

Since 2 is the present value of the perpetual annuity p, the 

annual interest on this value will be /£?. But the equation (3) gives 

p2=p. 

Hence: 

The present value of a perpetual annuity is the sum of which the 

annuity is the annual interest 

Example. If the rate of interest were 3| per oent, the present 

value of a perpetual annuity of $70 would be $2000. 

Exercises. 

1. A government owing a perpetual annuity of $1000 wishes to 
pay it off by 10 equal annual payments. If the rate of interest is 4 
per cent, what should be the amount of each payment? 

Ans. $3082.30. 

2. A government bond of $100 is due in 15 years with interest at 
6 per cent. The market rate of interest having meanwhile fallen to 
3£ per cent, what should be the value of the bond? 

Note. "We find, separately, the present value of the 15 annual Instalments 
of interest, and of the principal. 
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TABLE IL 
MATHEMATICAL CONSTANTS. 



14. In this table is given a collection of constant quantities 
which frequently occur in computation, with their logarithms. 

The logarithms are given to more than five decimals, in order to 
be useful when greater accuracy is required. When used in five* 
place computations, the figures following the fifth decimal are to be 
dropped, and the fifth decimal is to be increased by unity in case 
the figure next {pllowing is 5 or any greater one. 
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TABLES in. AITO IT. 
LOGARITHMS OF TRIGONOMETRIC FUNCTIONS. 



15. By means of these tables the logarithms of the six trigono- 
metric functions of any angle may be found. 

The logarithm of the function instead of the fnnotion itself is 
given, because the latter is nearly always used as a factor. 

We begin by explaining Table IV., because Table IIL is used only 
in some special cases where Table IV. is not convenient 

I. Angles less than 45°. If the angle of which a function is 
sought is less than 45°, we seek the number of degrees at the top of 
the table and the minutes in the left-hand column. Then in the 
line opposite these minutes we find successively the sine, the tan- 
gent, the cotangent, and the cosine of the angle, as given at the 
heading of the page. 

Example. log sin 31° 27' = 9. 717 47; 

log tan 31° 27' = 9.786 47; 

log cotan 31° 27' = 0.213 53; 

cos 31° 27' = 9.93100. 

The sine, tangent, and cosine of this angle being all less than 
unity, the true mantissa of the logarithm are negative; they ar$ 
therefore increased by 10, on the system already explained. 

If the secant or cosecant of an angle is required, it can be found 
by taking the arithmetical complement of the cosine or sine. It is 
shown in trigonometry that 

secant = — -. — , 
cosine 

and 

cosecant = — — . 
sine 

Therefore log secant = — log cosine = co-log cosine; 

log cosec = — log sine = co-log sine. 

We thus find log sec 31° 27' = 0.069 00; 

log cosec 31° 27' = 0.282 53. 

After each column, upon intermediate lines, is given the differ- 
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ence between every two consecutive logarithms, in order to facilitate 
interpolation. « 

In the case of tangent and cotangent, only one column of differ- 
ences is necessary for both functions. 

If we use no fractional parts of minutes, no interpolation is 
necessary; but if decimals of a minute are employed, we can inter- 
polate precisely as in taking out the logarithms of numbers. 

Where the differences are very small they are sometimes omitted. 

Tables of proportional parts are given in the margin, the use of 
which is similar to those given with the logarithms of numbers. 

Example 1. To find the log sin of 31° 27'.7. 

We have from the tables, log sin 31° 27' = 9.717 47 
Under diff. 20, P.P. for 7, 14 

log sin 31° 27'. 7 = 9.717 61 
Ex. 2. To find log cot 15° 44'.34. 

The tables give log cot 15° 44' = 0.550 19 
Under diff. 48, opposite 0.3, P.P., - 14.4 
" " 0.4 -5- 10, - 1.9 

log cot 15° 44'. 34, 0.550 03 

Since the tabular quantity diminishes as the angle increases, the 
proportional parts are subtractive. 

Exercises. " m 

Find from the tables: 

l/ log cot 43° 29'. 3; 

2. log tan 43° 29'.3; 

3. Iogcos27°10'.6; 

4. log sin 27° 10'. 6; 

. 5. log tan 12° 9'. 43; 
6. log cot 12° 9'.43. 

In the case of sines and tangents of small angles the differences 
vary so rapidly that in most cases the exact difference will not be 
found in the table of proportional parts. In this case, if the pro- 
portional parts are made use of, a double interpolation will generally 
be necessary to find the fraction of a minute corresponding to a given 
sine or tangent. If only tenths of minutes are used, an expert com- 
puter will find it as easy to multiply or divide mentally as to refer to 
the table. 

II. Angles between 45° and 90°. It is shown in trigonometry 
that if we compute the values of the trigonometric functions for the 
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first 45°, we have those for the whole circle by properly exchanging 
them in the different parts of the circle. First, if we have 

a + /3 = 90, 
then a and fi are complementary functions, and 

sin fi = cos a; 
tan /3 = cotan a. 
Therefore if our angle is between 45° and 90°, we may find its 
complement. Entering the table with this complement, the com- 
plementary function will then be the required function of the angle. 

Example. To find the sine of 67° 23', we may enter the table 
with 22° 37' (= 90°- 67° 23') and take out the cosine of 22° 37% 
which is the required sine of 67° 23. 

To save the trouble of doing this, the complementary angles and 
the complementary denominations of the functions are given at the 
bottom of the page. 

The minutes corresponding to the degrees at the bottom are given 
on the right hand. Therefore: 

To find the trigonometric functions corresponding to an angle 
between 45° and 90°, we take the degrees at the bottom of the page and 
the minutes in the right-hand column. The values of the four func- 
tions log sine, log tangent, log cotangent, and log cosine, as read at 
the bottom of the page, are then found in the same line as the 
minutes. 

Example 1. For $2° 59' we find 

log sin = 9.902 25; 
log tan = 0.122 62; 
log cot = 9.877 38; 
log cos = 9.779 63. 
Ex. 2. To find the trigonometric functions of 77° 17'. 28. 

stn. tan. cot oos. 

77° 17' 9.989 21 0.646 53 9.353 47 9.34268 
P.P. for 0.2 + 0.6 + 11.8 - 11.8 - 11.2 

" 0.08 + 0.2 + 4.7 - 4.7 - 4.5 

9.989 22 0.646 70 9.353 30 9.342 52 
Then log sec = co-log cos = 0.657 48; 

log cosec = co-log sin = 0.010 78. 

Exercises. 

Find the logarithms of the six functions of the following angles; 

1. 45° 50'. 74; 3, 74° V.68; 

2. 48°49'.37; 4. 83° 59\62. 
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85 



Sine positive 



IH When the angle exceeds 90°. 

Bulb. Subtract from the angle the greatest multiple of 90° 
which it contains. 

If this multiple is 180°, enter the table with the excess of the angle 
over 180° and take out the functions required, as if this excess were 
itself the angle. 

If the multiple is 90° or 270°, take out the complementary func- 
tion to that required. 

By then assigning the proper algebraic sign, as shown in trigo- 
nometry, the complete values of the function will be obtained. 

The , computer should be able to assign the proper algebraic 
sign according to the quadrant, without burdening his memory with 
the special rules necessary in each 
case. This he can do by carrying 
in his mind's eye the following 
scheme. He should have at com- 
mand the arrangement of the four 
quadrants as usually represented in 
trigonometry, so as to know, when 
an angle is stated, where it will fall 
relatively to the horizontal and ver- 
tical lines through the centre of the 
circle. Then, in the case of — 

Sine or cosecant. If the angle 
is above the horizontal line (which 
it is between 0° and 180°), the sine is positive; if below, negative. 

Cosine or secant. If the angle is to the right of the vertical 
central line (as it is in the first and fourth quadrants), the cosine and 
secant are positive; if to the left (as in the second and third quad- 
rants), negative. 

Tangent or cotangent. Through the opposite first and third quad- 
rants, positive; through the opposite second and fourth quadrants, 
negative. 

Example 1. To find the tangent and cosine of 122° 44'. Sub- 
tracting 90°, we enter the table with 32° 44' and find 

log cot 32° 44' = 0.191 92; 
log sin 32° 44' = 9.732 98. 

Therefore, writing the algebraic sign before the logarithm, we have 

log tan 122° 44' = - 0.191 92; 
log cos 122° 44' = - 9.732 98. 



I 



2/^~ 




1 


AX 

| 




\ 8 


\ </* 




A 


3^^^ 




4 



Sine negative 



Digitized by VjOOQlC 



36 LOGARITHMIC TABLES. 

Ex. 2. To find the sine and cotangent of 322° 58'. 
Entering the table with 52° 58' = 322° 58' - 270°, and taking 
out the complementary functions, we find 

log sin 322° 58' = - 9.779 80; 

log cot 322° 58' = - 0.122 36. 
Ex. 3. To find the sine and tangent of 253° 5'. 
Entering with 73° 5', we take out the sine and tangent, finding 

log sin 253° 5' = - 9.890 79; 

log tan 253° 5' = + 0.516 93. 
Ex. 4. To find the six trigonometric functions of 152° 38'. We 



have 



log sin 152° 38' = log cos 62° 38' pos. = + 9.662 46 
log cos 152° 38' = log sin 62° 38' neg. = - 9.948 45 
log tan 152° 38' = log cot 62° 38' neg. = - 9.71401 
log cot 152° 38' = log tan 62° 38' neg. = - 0.285 99 
log sec = co-log cos = — 0.05155 

log cosec = co-log sin = -J- 0.337 54. 

Exercises. 

Find the six trigonometric functions of the following angles: 

276° 29\3; 

66° 0'.5; 

96° 59'.8; 

252° 20'.3; 

318° 10'. 7; 

- 25° 22'.2; 

-155° 30'. 7. 



16. Method of Writing the Algebraio Signs. 

As logarithms are used in computation, they may always be con- 
sidered positive. It is true that the logarithms of numbers less than 
unity are in reality negative, but, for convenience in calculation, we 
increase them by 10, so as to make them positive. 

The number corresponding to a given logarithm may, in compu- 
tation, be positive or negative. There are two ways of distinguishing 
the algebraic sign of the number, between which the computer may 
choose for himself. 

I. Write the algebraic sign of the number before the logarithm. 
As usually interpreted, the algebraic sign written thus would apply 
to the logarithm, which it does not. It is therefore necessary for the 
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computer to bear in mind that the sign belongs, not to the loga- 
rithm, as written, but to the number. 

II. Write the Utter n after the logarithm when the number is 
negative. This plan is theoretically the best, but, should the com- 
puter accidentally omit the letter, the number will be treated as 
positive, and a mistake will be made. It therefore requires vigilance 
on his part. An improvement would be to write a letter not likely 
to be mistaken for », s for instance, after all positive logarithms. 



17. To Find the Angle Corresponding to a Given 
Trigonometrio Function. 

Disregarding algebraic signs, there will always be four angles 
corresponding to each function, one in each quadrant. These angles 
will be: 

The smallest angle, as found in the table; 
This angle increased by 180°; 
The complementary angle increased by 90°; 
The complementary angle increased by 270°. 
For instance, for the angle of which log tan is 0.611 92, we find 
76° 16'. But we should get this same tangent for 103° 44', 256° 16', 
and 283° 44'. 

Of the four functions corresponding to the four angles, two will 
always be positive and two negative; so that, in reality, there will 
only be two angles corresponding to a function of which both the 
sign and the absolute value are given. These values are found by 
selecting from the four possible ones the two for which the functions 
have the givon algebraic sign. After selecting them, they may be 
checked by the following theorems, which are easily deduced from 
the relations between the values of each function as given in trigo- 
nometry: 

The sum of the two angles corresponding to the same sine is 180° 
or 540°. 

The sum of the two angles corresponding/ to the same cosine is 
360°. 

The difference of the two angles corresponding to the same tangent 
&180°. 

Which of the two possible angles is to be chosen depends upon 
the conditions of the problem or the nature of the figure to which 
the angle belongs. If neither the conditions nor the figure decide 
the question, the problem is essentially ambiguous, and either or 
both angles are to be taken. 
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EXBBOISBS. 



Find the pain of values of the 
of the trigonometrio functions: 

1. log sin a = + 9.902 43: 

2. log sin a= - 9.90243 

3. log cos a = + 9.902 43: 

4. log cos a = — 9.902 43 

5. log tan a = + 0.14316 

6. log tana = - 0.14316 

7. log cot a = +0.14316; 

8. log cot a = — 0.14316: 

9. log tan a = — 9.024 81: 

10. log tan a = - 0.97519 

11. log tan a = + 0.97519: 



angle a from the following values 



12. log 

13. log 

14. log 

15. log 

16. log 

17. log 

18. log 

19. log 

20. log 

21. log 

22. log 



sec a 
sec a 
sec a 
sec a 
sin a 
sin a 
cos a 
cos a 
tana 
tana 
cot a 



= +0.22106; 
= - 0.221 06; 
= -0.099 20; 
= + 0.123 46; 
= + 8.990 30; 
= — 8.990 30; 
= + 9.218 67; 
= - 9.218 67; 
= - 9.136 90; 
= + 9.136 90; 
= + 9.136 90. 



18. Oases when the Function Is very Small or Great. 

When the angle of which we are to find the functions approaches 
to zero, the logarithms of the sine, tangent, and cotangent vary so 
rapidly that their values to five figures cannot be readily interpolated. 
The same remark applies to the cosine, cotangent, and tangent of 
angles near 90° or 270°. The mode of proceeding in these cases will 
depend upon circumstances. 

In the use of five-place logarithms, there is little advantage in 
carrying the computations beyond tenths of minutes, though the 
hundredths maybe found when the tangent or cotangent is given. 
Where greater accuracy than this is required, six- or seven-place 
tables must be used. 

If the angles are only carried to tenths of minutes, there is no 
necessity for taking out the sine, tangent, or cotangent to more than 
four decimals when the angle is less than 3°, and three decimals 
suffice for angles less than 30'. The reason is that this number of 
decimals then suffice to distinguish each tenth of minute. 

When the decimals are thus curtailed, an expert computer will be 
able to perform the multiplication and division for the tenths of 
minutes mentally. If, however, this is inconvenient, the following 
rule may be applied* 

To find the log sine or log tangent of an angle less than 2° to 
four places of decimals: 

Rule. Enter the table of logarithms of numbers with the vahte 
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of the angle expressed in minutes and tenths, and take out the loga- 
rithm. 

To this logarithm add the quantity 6.4637. 
The sum will be the log sine, and the log tangent may be assumed 
to have the same value. 

Example 1. To find log Bin 1° 22'.6. 
1°22'.6 = 82'.6 

log 82'.6 = 1.9170 
constant, 6.4637 

log sin 1° 22'. 6, 8.3807 
This rule is founded on the theorem that the sines and tangents 
of very small arcs may be regarded as equal to the arcs themselves. 
Since, in using the trigonometric functions, the radius of the circle 
is taken as unity, an arc must be expressed in terms of the unit 
radius when it is to be used in place of its sine or tangent Now, it 
is shown in trigonometry that the unit radius is equal to 57°. 2958 or 
3437'. 747 or 206 264 , .8. Hence we must divide the number of 
angular units in the angle by the corresponding one of these coef- 
ficients to obtain the length of the corresponding arcs in unit 
radius. Now, 

log 3437.747 = 3.5363 

co-log. 6.4637 

which may be added instead of subtracting the logarithm. 

To find the cosine of an angle very near 90°, we find the sine of 
its complement, which will then be a very small angle, positive or 
negative. 

Ezebcisbs. 

Find to four places of decimals: 

1. log sin 22'. 73; 

2. log sin 1° 1M2; 

3. log cos 90° 0'.78; 

4. log tan 88° 59'.35; 

5. log cot 90° 28'. 76; 

6. logcos # 89°22'.23; 

7. log sin 0° 0'.25. 

If an angle corresponding to a given sine or tangent is required, 
the rule is: 

From the given log sine or tangent subtract 6.4637 or add 3.5363. 
The result is the logarithm of the number of minutes. 

Of course this rule applies only to angles less than 2°, in the 
value of which only tenths of minutes are required. 
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Exercises. 
Find a from: 

1. log sin a = 7.2243; 3. log tan a = — 2.8816; 

2. log cot a = 2.8816; 4. log cos a = 6.9218. 
When the small angle is given in seconds; Although the com- 
puter may take out his angles to tenths of minutes, cases often arise 
in which a small angle is given in seconds, or degrees, minutes, and 
seconds, and in which the trigonometric function is required to five 
decimals.- In this case the preceding method may not always give 
accurate results, because the arc and its sine or tangent may differ by 
a greater amount than the error we can admit in the computation. 

Table II. is framed to meet this case. The following are the 
quantities given: 

In the second column : The argument, in degrees and minutes, as 
already explained for Table III. 

In tlie first column : This argument reduced to seconds. From 
this column the number of seconds in an arc of less than 2°, given in 
degrees, minutes, and seconds, may be found at sight. 

Example. How many seconds in 1° 28' 39'? In the table, before 
1° 28', wo find 5280% which being increased by 39' gives 5319', the 
number required. 

Col. 3. The logarithm of the sine of the angle. This is the same 
as in Table ILL 

Col. 4. The value of log sine minus log arc; that is, the difference 
between the logarithm of the sine and the logarithm of the number 
of seconds in the angle. 

Col 5. The same quantity for the tangent. 

Cols. 6 and 7. The complements of the preceding logarithms, dis- 
tinguished by accents. 

The use of the tables is as follows. 

To find the sine or tangent of an angle less than 2°: 

Express the angle in seconds by the first two columns of the table. 

Write down the logarithm in column 8 or column T, according as 
the sine or a tangent is required. 

Find from Table I. the logarithm of the number of seconds. 

Adding this logarithm to S or T, the sum will be the log sine or 
log tangent. 

Example. Find log sin 1° 2' 47'.9. 

#,4.685 55 
1° 2' 47'.9 = 3767'.9; log, 3.576 10 

log sin 1° 2' 47'.9, 8.261 65 

Digitized by VjOOQlC 



WHEN THE FUNCTION 18 VEST SMALL OR GREAT. 41 

To find the arc corresponding to a given sine or tangent: 

Find in the column L. sin. the quantity next greater or next 
smaller than the given logarithm. 

Take the corresponding value of 8' or T f according as the given 
function is a sine or tangent, and add it to the given function. 

The sum is the logarithm of the number of seconds in the required 
angle. 

Example. Given log tan x = 8.401 25, to find x. 
log tan x, 8.401 25 
T', 5.314 33 

log x, 3.715 58 
x = 5194'. 9 = 1° 26' 34'. 9, from ooL 2. 

Exercises. 

Find: 1. log sin 0° 20' 20'.25; 

2. log tan 0° 0' 1'.2273; 

3. log sin 1° 59' 22'. 7; 

4. log tan 1° 0'59'.7. 
Find x from: 

1. log tan x = 8.427 96; 

2. log tan x = 7.427 96; 

3. log tan x = 6.427 96; 

4. log sin x = 5.354 35; 

5. log sin x = 4.226 19; 

6. log sin x = 8.540 78. 

When the cosine or cotangent of an angle near 90° or 270° is re- 
quired, we take its difference from 90° or 270°, and find the comple- 
mentary function by the above roles. 

Remark. The use of the logarithms of the trigonometric func- 
tions is so much more extensive than that of the functions themselves 
that the prefix "log" is generally omitted before the designation of 
the logarithmic function, tfhere no ambiguity will result from the 
omission. 
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19« This table gives the actual numerical values of the sine and 
cosine for each minute of the quadrant. 

To find the sine or cosine corresponding to a given angle less than 
45°, we find the degrees at the top of a pair of columns and the 
minutes on the left. 

In the two columns under the degrees and in the line of minutes 
we find first the sine and then the cosine, as shown at the head of 
the column. 

A decimal point precedes the first printed figure in all cases, ex- 
cept where the printed value of the function is unity. 

If the given angle is between 45° and 90°, find the degrees at the 
bottom and the minutes at the right. 

Of the two numbers above the degrees, the right-hand one is the 
sine and the left-hand one the cosine. 

For angles greater than 90° the functions are to be found ac- 
cording to the preoepts given in the case of the logarithms of the 
sines and tangents. 
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20. Addition and subtraction logarithms are used to solve the 
problem: Having given the logarithms of two numbers, to find the 
logarithm of the sum or difference of the numbers. 

The problem can of course be solved by finding the numbers 
corresponding to the logarithms, adding or subtracting them, and 
taking out the logarithm of their sum or difference. The table 
under consideration enables the result to be obtained by an abbrevi- 
ated process. 

I. Use in addition. The principle on which the table is con- 
structed may be seen by the following reasonings. Let us put 

S=a + b, 
a and b being two numbers of which the logarithms are given. We 
shall have 

putting, for clearness, x = -. 

We then have 

log S = log a + log (1 + x). 
Since log a and log b are both given, we can find log x from the 
equation 

log x = log b — log a, 

which is therefore a known quantity. 

Now, for every value of log x there will be one definite value of 
each of the quantities x, 1 + x, and log (1 -f- #)• Therefore a table 
may be constructed showing, for every value of log x, the correspond- 
ing value of log (1 + x). 

Such a table is Table VI. 

The argument, in column A, being log x, the quantity B in the 
table is log (1 + x). 

Example, log 0.25 = 9.89794. 
Entering the table with A = 9.897 94, we find 
£=0.09691, 
which is the logarithm of 1.25. 
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Therefore, entering the table with log x as the argument, we 
take out log (1 -J- z), which added to log a will give log 8. 

We have therefore the following precept for using the table in 
addition: 

Take the difference of the two given logarithms. 

Enter the table with this difference as the argument A, and take 
out the quantity B. 

Adding B to the subtracted logarithm, the sum will be the required 
logarithm of the sum. 

It is indifferent which logarithm is subtracted, but convenience 
in interpolating will be gained by subtracting the greater logarithm 
from the lesser increased by 10. The number B will then be added 
to the greater logarithm. 

Example. Given log m = 1.62974, log n = 2.203 86 ; find 
log (m + n). 

The required logarithm is found in either of the following two 
ways: 

log m, 1.629 74 (1) log B, 0.676 76 (4) 

log n, 2.203 86 (2) log m, 1.629 74 (1) 

B y 0.102 64 (4) log n, 2.203 86 (2) 

A = logm -5- w, 9.425 88 (3) log n -f- m, 0.574 12 (3) 

log (m + w), 2.306 50 (5) log (m + n), 2.306 50 (5) 

The figures in parentheses show the order in which the numbers 
are written. 

Exercises. 
Log a and log b having the following values, find log (a + b). 

1. log a = 1.700 37; log b = 1.921 69. 

2. log a = 0.624 60; log b = 1.881 26. 

3. log a = 9.791 86; log b = 0.322 09. 

4. log a = 9.601 62; log b = 1.306 06. 

5. log a = 0.792 90; log b = 9.221 27. 

6. log a = 0.601 32; log b = 9.001 68. 

7. log a = 2.796 43; log b = 3.981 86. 

II. Use in subtraction. The problem is, having given log a and 
log b 9 to find the logarithm of 

D = a-b. 

Whence logZ> = logi + log(£-l). 
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Since log 7- is found by subtracting log b from log a, if we can 

find log (j — lj from log p the problem will be solved. 

From the construction of the table already explained, if we have 

* = log£, 
we must have 

We now have the following precept for subtraction: 
Subtract the lesser of the given logarithms from the greater. 
Enter the table so as to find the difference of the logarithms in the 
numbers B of the table. 

Add the corresponding value of A to the lesser of the given loga- 
rithms. The sum will be the logarithm of the difference. 

Example. Find log (n — m) in the example of the preceding 
section. 

log n, 2.203 86 (1) 

log m, 1.629 74 (2) 

A, 0.439 45 (4) 

log-^ = B, 0.57412 (3) 

log (n - m), 2.069 19 (5) 

EXBBCISBa 

Find the logarithms of the differences of the quantities a and b 
in the preceding section. 

Remark. . In the use of addition and subtraction logarithms, 
the precepts apply to numerical sums and differences, without 
respect to the algebraic signs of the quantities. For example, the 
algebraic difference between + 1473 and — 29 462 is to be found by 
addition, and the algebraic sum of a positive and negative quantity 
by subtraction. 

Case where the quotient is large. Near the end of the table, A 
and B become nearly equal; the structure of the table is therefore 
changed so as to simplify its use. It is evident that if b is very 
small compared with a, the logarithms of a + I and a — b will 
not differ much from the logarithm of a itself. Henoe, in this case, 
we shall have smaller numbers to use if we can find the quantity 
which must be added to log a to give log (a + b), or subtracted from 
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(with Arg. A) 
(with Arg. B) 



log a to give log (a — b). Now, the equations already written give, 
when a > b, log a = log £ + -4, 

log(a + &) = logJ + 5; 
whence, by subtraction, 

log(a + J) -loga = #-^, 
or log (a + 6) = log a + 5 — -4. 

We find in the same way, 

log (a — b) = log a — (5 — ^). 
Now, whenever log a — log ft is greater than 1.65, we shall find 
it more convenient to take out B — A from the table than either 
A or B. We notice that the last two figures of B in this part of 
the table vary slowly, and we need only attend to them in interpolat- 
ing. For instance, in the horizontal line corresponding to A = 1.66 
we find: 

5 = 1.669 40; B- ^ = .009 40 
.670 38; .009 38 

.67136; .009 36 

.672 33; .009 33 

.673 31; .009 31 

.674 29; .009 29 

etc. eta 

The interpolation of B — A is now very easy whether the quan- 
tity given is A or B. We note that B — A has but three significant 
figures, of which the first is found in column zero, and the other two 
are the last two figures of B as printed. 

As an example, let us find log (a + b) from 
log a = 2.79163 
log J = 1.12819 

A = 1.663 44 
Entering the table with this value of A, we find by column 
that B — A falls between .009 40 and .009 19. Following the hori- 
zontal line A = 1.66 to column 3 and interpolating the last two 
figures between 33 and 31 for .44, with the difference — 2, we find 

B - A = .009 32 
Then log a = 2.791 63 

log (a + b) =2.800 95 
Next, if log (a — b) is required, we have to find the difference 
1.663 44 in the part B of the table. We find in the table: 
for B = 1.662 55; B - A = .009 55; 
for B = 1.663 53; B - A = .009 53. 



for A = 1.660 00 
.66100 
.662 00 
.663 00; 
.664 00 
.665 00 
etc. 
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Therefore 

for B = 1.66344; B - A = .00953. 
Subtracting this from log a, we have 

log (a -J) = 2.78210. 

Exercises. 
Find log (a + J) and log (a — J) from: % 

8. log a = 0.367 02; log b = 8.462 83. 

9. log a = 0.001 26; log b = 8.329 07. 

10. log a = 2.069 23; log b = 0.110 85. 

11. log a = 5.807 35; log A = 3.838 09. 

For values of A and 2? greater than 2.00, the table is so arranged 
that no interpolation at all is necessary. The computer has only to 
find what value of A or B given in the table comes nearest his value 
of log a — log b and take the corresponding value of B — A. He 
must remember that column A is to be entered for addition, and B 
for subtraction. 

In this part of the table A and B are given to fewer than five 
decimals; because five decimals are not necessary to give B — A with 
accuracy. The nearer the end of the table is approached, the fewer 
the decimals necessary in taking the difference. 

Example. Find log (a + b) and log (a — b) from 
log a = 1.265 32 
log b = 9.222 30 

log a — log by 2.043 02 
Entering column A with this difference, we find the nearest tabu- 
lar value of A to be 2.0425, to which corresponds B — A = .003 92. 
Hence 

log (a + b) = 1.265 32 + .003 92 = 1.269 24. 
Entering column B with the same difference, we find B — A = 
•00395; whence 

log (a - b) = 1.265 32 - .003 95 = 1.261 37. 

Exercises. 
Find log (a + b) and log (a — b) from: 

1. log a = 4.069 05; log b = 2.001 32. 

2. log a = 3.926 93; log b = 1.201 59. 

3. log a = 3.061 64; log b = 0.126 15. 

4. log a = 1,22C 68; log b = 7.321 56. 

5. log a = 0.693 17; log b = 6.010 23. 

6. log a = 2.306 20; log b = 7.023 01. 
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Case of nearly equal numbers. Near the beginning of the table 
the reverse is true: it is not possible to find A with accuracy to five 
places of decimals. But here the value of A taken from the tables, 
though it be found to only two, three, or four places of decimals, 
will give as accurate a result as the computation of a and b to five 
places will admit of. Let us suppose, for example, that we have to 
find log (a — b) from 

log a = 9.883 15 

log b = 9.882 96 

B = 0.000 19 
We find A = 6.64 - 10; 

whence log (a — b) = 6.52 — 10. 

We note that the value of A may be -6. 63 or 6.65 as well as 6.64, 
so that the result cannot be carried beyond two decimals. To show 
that these two are as accurate as the work admits of, we find the 
natural numbers a and b from Table I. 

a = 0.76410 
» = 0.763 77 



a-i = 0.000 33 
Since a — b has but two significant figures, and the first of these 
is less than 5, two figures in the logarithm are all that can be 
accurate. 
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TABLE VIL 
SQUARES OF NUMBERS. 



21. By means of this table the square of any number less than 
1000 may be found at sight, and that of any number less than 10 000 
by a simple and easy interpolation. 

The first page gives the squares of the first 100 numbers, which 
it is often convenient to have by themselves. 

On the second and third pages (98 and 99) the hundreds of the 
number to be squared are found at the tops of the several columns, 
and the tens and units in the left-hand column. The first three or 
four figures of the square are in the column under the hundreds, 
and opposite the tens and units, and the last two figures on the right 
of the page after the column 9 + + 

Examples. The square of 634 is 401 956; 
" " 329 « 108241; 

" " 265 " 70225; 

« " 153 " 23409; 

« « 999 " 998001. 

The same table may be used for any number of three significant 
figures by attention to the position of the decimal-point. Thus: 
51100* =2 611210000; 

611* = 261 121; 
51. I 1 = 2 611.21; 

5.11* = 26.1121; 

0.511* = 0.261121. 

When there are four significant figures, an interpolation may be 
executed in several ways. If n be the nearest number the square of 
which is found in the table, and h the excess of the given number 
over this, so that n + A is the number whose square is required, we 
shall have 

(n + hy = n % + 2nh + V = n % + h(2n + h) 

where N = n + A, the given number. 
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We may therefore find the square of 257.4 in the following way: 

257* = 66 049 
514.4 X .4 = 205.76 



(257. 4)* = 66254.76 
To find the square of 9037 we proceed thus: 
9037 
9030* =81640900 



18067 X 7 = 126469 



9037* =81667369 
In many oases only one more figure will be required in the square 
than in the given number. The square can then be interpolated with 
all required accuracy by the differences, the last two figures of which 
are found in the last column of the table, while the remaining figures 
are found by taking the difference between two consecutive numbers 
in the principal column. 

To return to the last example, we find the* difference between 
257* and 258 s to be 515, the first figure being the difference between 
660 and 665, and the last two, 15, in the last column. Then 

257* = 66 049 
515 X 0.4 = 206 

(257.4)* = 66 255 
— which is correct to the nearest unit. 

It will be remarked that the two methods are substantially the 
same when only five figures are sought in the result. The substantial 
identity rests upon the general theorem that 

The difference of the squares of two consecutive numbers is equal 
to the sum of the numbers. 

We prove this theorem thus: 

(» + 1)' - n* = 2n + 1 = n + (n + 1). 
When the tabular difference is taken in the way already described, 
it will often happen that the difference between the numbers in the- 
columns of hundreds is to be diminished by unity. Thus, although 
4173 — 4160 = 13, the difference between 645* and 646* is not 1391, 
but 1291. These cases are noted by the asterisk after the number in 
the last column. 

The squares of numbers of more than four figures may be found 
in the same way, but in such cases it will generally be easier to use 
logarithms than the table of squares. 
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TABLE YIH. 

TO CONVERT HOURS, MINUTES, AND SECONDS 
INTO DECIMALS OF A DAY, AND VICE VEMSA. 



23. The familiar method of solving this problem is to convert 
the seconds into decimals of a minute, and the minutes into decimals 
of an hour, by dividing by 60, and then the hours into decimals of a 
day by dividing by 24. The reverse problem is solved by multiply- 
ing by 24, 60, and 60. 

Table VIIL enables us to perform these operations without divi- 
sion. Column D gives each hundredth of a day, but its numbers may 
also be regarded as ten thousandths or millionths of a day, according 
to which of the following three columns is used. In column H.M.S. 
are found the hours, minutes, and seconds corresponding to these 
hundredths. In the next column is one hundredth of column H. M. S., 
or the minutes and seconds in the number of ten thousandths of a 

tt jtf a 

day in column D. Finally, column * * ' shows the number of 

seconds in the number of millionths of a day found in column D. 
Example. To convert d .532 946 into hours, minutes, and seconds. 
d .53 = 12 h 43 m 12 8 

.002 9 = 4 m 10 8 .56 

.000 046= 3 8 .97 



d .532 946 = 12 h 47 m 26 8 .53 
It will be seen that we divide the figures of the given decimal of 
a day into pairs, and enter the three columns of time with these 
three pairs in succession. 

If seven decimals are given, we may interpolate the last number, 
as in taking out a logarithm. 

Example. Convert d . 050 762 7. 

d .05 = l h 12 m 0" 

.000 7 = 1* 8 .48 

.000 062 = 5 8 .36 

.000 000 7 = .7X.08= 8 .06 



l h 13 m 5 8 .90 
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In practice the computer will perform the interpolation mentally, 
• adding .7 X .08 = .06 to the number 5.36 of the table in his head, 
and writing down 5 8 .42 as the last quantity to be added. 

Exercises. 

Convert into hours, minutes, and seconds: 

1. d .203 0792; 

2. d . 783 605 8; 

3. d .010 203 4; 

4. d .990 9909. 

To use the table for the reverse operation, we proceed as in the 
following example: 

It is required to convert 17 h 29 m 30*. 93 into decimals of a day. 
Looking in the table, we find that the required decimal is between 
0.72 and 0.73. Hence the first two figures are 0.72, the equivalent 
of 17* 16 m 48*. Subtracting the lat- 17* 29 m 30 s . 93 
ter from the given number, we 0.72 = 17 h 16 m 48' 
have a remainder 12 m 42 s . 93, to be 12 m 42*. 93 
... . , H.M.S. _. -0088 « 12* 40».32 
sought for in column -jg^-. This ,0000«0» = 2^61 

gives 88 as the next two figures. Subtracting the equivalent of 
.0088 or 12 m 40 8 .32, we have left 2 8 .61, which we are to seek in 

TT Tkf a 

column ■ ' *, ' . We find the corresponding number of column D to 

be 302. Hence 

l«j* 29» 30-. 93 = 0*.728 830 2. 
In solving this problem the computer should be able, after a little 
practice, to perform the subtractions and carry the remainders men- 
tally, thus saving himself the trouble of writing down the numbers. 

Exercises. 

Take the answers obtained from the four preceding exercises, 
subtract each result from 24 h 0" s , change the remainder to deci- 
mals of a day, and see if when added to the decimals of the preceding 
exercises the sum is l d . 000 000 0, as it should be. 
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TABLE EX. 
TO CONVERT TIME INTO ARC, AND VICE VERSA. 



23. In astronomy the right ascensions of the heavenly bodies 
are commonly given in hours, minutes, and seconds, the circumfer- 
ence being divided into 24 hours, eadh hour into 60 minutes, and 
each minute into 60 seconds. 

Since 360 r = one circumference, 

we have l h = 15°; • 

l m = 15'; 

1- = 15'; 

the signs h , m , and • indicating hours, minutes, and seconds of time. 

Hence we may change time into arc by multiplying by 15, and 
arc into time by dividing by 15, the denominations being changed in 
each case. Table IX. enables us to do this by simple addition and 
subtraction by a process similar to that employed in changing hours, 
minutes, and seconds into decimals of a day. 

To turn time into arc, we find in the table the whole number of 
degrees contained in the time denomination next smaller than the 
given one, and subtract the former time denomination from the 
latter. 

Next we find the minutes of arc corresponding to the given time 
next smaller than the remainder, and again subtract. 

Lastly we interpolate the seconds corresponding to the second 
remainder. 

Change 15 h 29" 46 B .24 to arc. 
Given time, 15 h 29 m 46%24 

The table gives 232° = 15 h 28 m 

Bemainder, l m 46 8 .24 

The table gives 26' = l m 44* 



Hence 



Bemainder, 2 s . 24 = 33'. 6 

15 h 29» 46«.24 = 232° 26' 33'.6. 
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The computer should be able to go through this operation with- 
out writing down anything but the result. 

The operation of changing arc into time is too simple to require 
description, but it is more necessary to write down the work. 

EXBRCI8BS. 

Change the following times to arc, and then check the results by 
changing the arcs into time and seeing whether the original times 
are reproduced: 

1. 7* 29* mse; 

2. 0* 4» 8 .25; 

3. 12* 4 m 0-.25; 

4. 13 h 48 m 16«.40; 
6. 19* 7 n 59 9 .92. 
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TABLE X. 

TO CONVERT MEAN TIME INTO SIDEREAL TIME, 
AND SIDEREAL INTO MEAN TIME. 



34. Since 365± solar days = 366± sidereal days (very nearly), 
any period expressed in mean time may be changed to sidereal time 

by increasing it by its part, and an interval of sidereal time 

may be changed to mean time by diminishing it by its q^f"ok P ar ^* 
The first part of the table gives, for each 10 minutes of the argu- 
ment, its q fifi ~K V^rtf by which it is to be increased. The second 

part of the table gives the qfifi Qfi part of the argument. 

The small table in the margin shows the change for periods of 
less than 10 minutes. 

Example 1. To change 17 h 48 m 36 B .7 of mean time to sidereal 

time. 

Given mean time, 17* 48 m 36 8 .70 
Oorr. for 17 h 40 m , 2 m 54U3 

Oorr. for 8 m 37% 1 8 .41 

Sidereal time, 17 h 51 m 32 8 .24 

Ex. 2. To change this interval of sidereal time back to mean 

time. 

Corr. for 17* 50* - 2 m 55 8 .29 

Oorr. for 1» 32% - 0-.25 







- 2 m 55 8 .54 






Sidereal time, 


17 h 51 m 32 8 .24 






Mean time, 


17 h 48" 36 8 .70 




Change 
1. 
2. 


Exeboibbs. 
> to sidereal time: 
3* 42 m 36 8 .5 m. t.; 3. 22* 3 m 5 8 .61 
18 h 46 m 29 8 .82 <* 4. 0* l m 12 8 .55 


m. t 

it 


Change to mean time: 

5. 0* 7* 16- 

6. 22 h 17" 29« 


.3 sidereal time; 
'.65 





Digitized by VjOOQlC 



56 OF INTERPOLATION. 



OF DIFFERENCES AND INTERPOLATION 



25. General Principles. 

We call to mind that the object of a mathematical table is to 
enable one to find the value of a function corresponding to any value 
whatever of the variable argument. Since it is impossible to tabulate 
the function for all values of the argument, we have to construct the 
table for certain special values only, which values are generally equi- 
distant. For example, in the tables of sines and cosines in the 
present work the values of the functions are given for values of the 
argument differing from each other by one minute. 

The process of finding the values of functions corresponding to 
values of the argument intermediate between those given is called 
interpolation. 

We have already had numerous examples of interpolation in its 
most simple form; we have now to consider the subject in a more 
general and extended way. 

In the first place, we remark that, in strictness, no procesa of 
interpolation can be applicable to all cases whatever. From the 
mere facts that 

To the number 2 corresponds the logarithm 0.301 03, 
" " " 3 " " " 0.477 12, 

we are not justified in drawing any conclusion whatever respecting 
the logarithms of numbers between 2 and 3. Hence some one or 
more hypotheses are always necessary as the base of any system of 
interpolation. The hypotheses always adopted are these two: 

1. That, supposing the argument to vary uniformly, the function 
varies according to some regular law. 

2. That this law may be learned from the values of the function 
given in the table. 

These hypotheses are applied in the process of differencing, the 

* The study of this subject will be facilitated by first mastering so much of 
it as is contained in the author's College AlgBbra, §§ 290-302. 

It is also recommended to the beginner in the subject that, before going 
over the algebraic developments, he practise the methods of computation 
according to the rules and formula, so as to have a clear practical understand- 
ing of the notation, He can then more readily work out the developments. 
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nature of which will be seen by the following example, where it is 
applied to the logarithms of the numbers from 30 to 37: 

Function. A< J" J'" A* 
. log 30. 1.47712 , 1424 
" 31. 1.491 36 + ,££ - 45 
32 



1.505 16 + ]IH -43 + J + 2 
33. 1.518 51 J ;%ll - 39 + * - 3 
34 1.53148 + gJJ- 38 + 1 + 1 
35. 1.54407 + I,,, - 36 + * + 1 

1.556 30 T™- 33 + d 



36. i.yuv ou _L iiqa 

37. 1.568 80 + 11W 

The column A' gives each difference between two consecutive 
values of the function, formed by subtracting each number from that, 
next following. These differences are called first differences. 

The column A" gives the difference between each two consecu- 
tive first differences. These are called second differences. 

In like manner the numbers in the succeeding columns, when 
written, are called third differences, fourth differences, etc. 

Now if, in continuing the successive orders of differences, we find 
them to continually become smaller and smaller, or to converge to- 
ward zero, this fact shows that the values of the functions follow & 
regular law, and the first hypothesis is therefore applicable. 

In order to apply interpolation we must then assume that the 
intermediate values of the function follow the same law. The truth 
of this assumption must be established in some way before we can 
interpolate with mathematical rigor, but in practice we may suppose 
it true in the absence of any reason to the contrary. 

36. Effect of errors in the values of the functions. In the pre- 
ceding example it will be noticed that if we continue the orders of 
differences beyond the fourth, they will begin to increase and become 
irregular. This arises from the imperfections of the logarithms, 
owing to the omission of decimals beyond the fifth, already described 
in §11. 

When we find the differences to become thus irregular, we must 
be able to judge whether this irregularity arises from actual errors in 
the original numbers, which ought to be corrected, or from the small 
errors necessarily arising from the omission of decimals. 

The great advantage of differencing is that any error, however 
small, in the quantities differenced, unless it follows a regular law, 
will be detected by the differences. To show the reason of this, wo 
investigate what effect errors in the given functions will have upon 
the successive orders of differences. 
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Theobem. The differences of the sum of two quantities are equal 
to the sums of their differences. ' 

General proof. Let 

fi> fv f%> e ^°*> b® one Mb °* 'unctions; 
f\> /%>/%> e ^°'> another set 
/i + //> /i + //» /• + //> eto -> ™ u th en be their sums. 

In the first of the following columns we place the first differences 
of/, in the second those of/', and in the third those ot/+ /', each 
formed according to the rule : 

etc. etc. etc. 

It will be seen that the quantities in the third column are the 
sums of those in the first two. 

Numebigal Example. 

/ A' /' A' f+f A 1 

We see that the third set of values of A' follow the theorem. 

Because the second differences are the differences of the first, the 
third the differences of the second, etc., it follows that the theorem 
is true for differences of any order. 

Now when we write a series of functions in which the decimals ex- 
ceeding a certain order are omitted, we may conceive each written num- 
ber to be composed of the algebraic sum of two quantities, namely: 

1. The true mathematical value of the function. 

2. The negative of the omitted decimals. 

Example. In the preceding collection of logarithms, since the 
true value of log 30 is 1.477 121 3 . . . , we may conceive the quantity 
written to be 

1.47712 = log 30 - .000 0013 

Hence the differences actually written are the differences of the 
true logarithms minus the differences of the errors. Now suppose 
the errors to be alternately 4-0.5 and — 0.5 = the point marking 
off the last decimal Their differences will then be as follows: 

/' A' A" A m 

-4 

- 4 
etc. 
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-0.5 
+ 0.5 


+ 1 
- 1 

+ 1 


+ 2 
-% 


-0.5 


+ 2 


+ 0.5 


-2 


etc. 


etc. 


etc*. 
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It is evident that the nth order of differences of the errors are. 
equal to ± 2*-- 1 . Hence, in this case, if the nth order of differences 
of the true values of the function were zero, still, in consequence of 
the omission of decimals, the actual differences of the nth order would 
be2»- 1 . 

This, however, is a very extreme case, since it is beyond all proba- 
bility that the errors should alternate in this way. A more probable 
average example will be obtained by supposing a single number to have 
an error of 0.5, while the others are correct. ^ We shall then have: 
/ J' J" A 1 ' 1 J lr J r 

0.5 + f « I 1.0 7 H + 3.0 + f J 
-J 5 +0.5 + J'* -2.0 7 JJ 
° ~ °' 5 + 0.5 + 2 ' 5 
In this ca3e the maximum value of the difference of the nth order 
is 1.5 in the differences of the third order, 3 in those of the fourth, 
5 in those of the fifth, etc. Its general expression is 
1 n (n - 1) (n- 2) (n - 8 + 1) 
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the order of differences, and 






* 


n 

"~2 


n-l 
or "2 




according 


as n is even or odd. Thus: 






J' 


1 
~2 ; 








J" 


1 
~2 


2 _ 
' 1 ~" 


i; 




J'" 


1 
~~2 


3 

* 1 - 


1.5; 




JIT 


1 
~2 


4.3 
' 1.2~ 


3; 




J* 


1 

~2 


5.4 
* 1.2 - 


5; 



etc. etc. 

This being about the average case, in actual practice the differ- 
ences may be two or three times as great without necessarily imply- 
ing an error greater than 0.5 in the numbers written. 

We have now the following general rule for judging whether a 
series of numbers do really follow a uniform law: 

Difference the 8erie8 until we reach an order of differences in which 
the + and — signs either alternate or follow each other irregularly. 
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If none of the differences of this order expressed in units ef the 
last place of decimals exceed the limit 

n (n -> 1) . . . . (n — * + 1) 

1 . <« • d . • • . S 

— that is, the value of the largest binomial coefficient of the nth order — 
the given numbers mag be assumed to follow a regular law, and 
therefore to be correct to a unit in the last figure. 

If some differences exceed this limit, their quotient by the above 
binomial coefficient mag be considered to show the maximum error 
with which the number opposite it is probably affected. 

We can thus detect an isolated error in a series of numbers with 
great certainty. Suppose, for example, an error of 2 in some number 
of the series. Differencing the series 0, 0, 0, 2, 0, 0, 0, we shall 
find the four largest differences of the fifth order to be — 10, + 20, 
— 20, + 10, which would enable us to hit at once upon the erro- 
neous number and judge of the magnitude of its error. 

An error near the beginning and end of the series of numbers of 
which the differences are taken cannot be detected by the differences 
unless it is considerable. If, for instance, the first or last number 
is in error by 1, the error of each order of differences will only be 1, 
as we may easily see by the following example: 
/' A' A 11 A'" 
1 _ x 
<> + J - 1 ete. 

It is only in those differences which are on or near the same line- 
as the numbers which are magnified in the way we have shown. But 
at the beginning and end of the series we cannot determine these 
differences. 

Examining the various tables of differences, we see that n numbers 
have n — 1 first differences, n — 2 second differences, and so on, the 
number diminishing by 1 with each succeeding order. Hence, unless 
the number of given functions exceeds the index expressing the order 
of differences which we have to form, no certain conclusion can be 
drawn. 

What is here said of the correctness of the numbers when the 
differences run properly must be understood as applicable to isolated 
errors only. If all the numbers were subject to an error following a. 
regular law, this error would not be detected by the differences be- 
cause, from the nature of the case, the latter only show deviations, 
from some regular law. 
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87. Fundamental Formulas of Interpolation. 

We suppose a series of numbers to be differenced in the way already 
shown, and the various differences to be designated as in the follow- 
ing scheme, which is supposed to be a selection from a series preceding 
and following it. 

Function. lBtDiff. SdDiff. 8dDIff. 4thDiff. Oth DHL 

** — « At ** — . « Attt ** 



« 

«. 



-j'_» .„-•■ j'"-» j,r' ^ T -» 

^# ™" 4k Attt *•* 4k ^ — 



J J', JW « J'", ^ J', 
J J', • J'", « <*, 

* A't * * 

etc. etc. etc. etc. etc. etc 

It will be seen that the lower indices are chosen so as to show 
on which line a difference of any order falls. Thus all quantities 
with index 2 are on one horizontal line, those with index | = 2£ are 
half a line below, etc. This notation is a little different from that 
used in algebra, but the change need not cause any confusion. 

It is shown in algebra that if n be any index, we have 

the notation being changed as in the preceding scheme. 

Now the fundamental hypothesis of interpolation is that this 
formula, which can be demonstrated only for integral values of n, is 
true also for fractional values; that is, for values of the function u 
between those given in the table or in the above scheme. We there- 
fore suppose this formula to express the value of the function u for 
any value of n between and 1. 

For values between + 1 and + 2 we have only to increase the 
indices of u and its differences by unity, thus: 

tH+ n = u, + nA\ + n ( * ~ 1} J", + etc,, 

and by supposing n to increase from to 1 in this formula we shall 
have values of u from u x to u t . 
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Increasing the indices again — that is, applying onr general for- 
mulae to a row of quantities one line lower — we shall have 

«.+. = «, + »J', + tt( ?^ 1) ^", + etc. 
The equation (a) is known as Newton 9 8 formula of 'interpolation. 

28. Transformation* of the Formula of Interpolation. 

In the equation (a) and those following it, the formula of inter- 
polation is not in its most convenient form. We shall therefore 
transform it so that the differences employed shall be symmetrical 
with respect to the functions between which the interpolation is to 
be made. 

In working these transformations we shall suppose the sixth and 
following orders of differences to be so small as not to affect the 
result These differences being supposed zero, any two consecutive 
fifth differences may be supposed equal. 

First transformation. Let us first find what the original formula 
(a) will become when, instead of using the series of differences 

A' h J»„ J"',, J*, etc, 
we use 

J'*, J" , J'"*, J»V etc. 

To effect the transformation we must find the values of the first 
series of differences in terms of the second, and substitute them in 
the formula (a). 

We find, by the mode of forming the differences, 



J", 


= J". 


+ J'"i 


\\ 


d'" t 


= A"\ 


+ A\. 


» 
> 




= A"\ 


+ *\ 


+ **; 


A\ 


= J". 


+ A\ 


+ 4W, 



for which, because we suppose the values of J T to be equal, we may put 

A\ = *\ + M\\ 

Making these substitutions in (a), we have 
«»=«.+ n 4\ + n <» ~ 2) (J". + A"\) 

+ n(tt " 1 i H n 2 i (n " 3) ^ +8JT *> 

n(n-l) . ... (n-4) . 
x 1.2.3.4.6 ** 
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Beducing by collecting the coefficients of equal differences, we find 
«. - « = nJ\ + n (n ~ 1} J " + fo + 1 )"(»-l) J ,„, 

, (» + i)» («-i)(»-a) JtT 

" r 1.2.3. 4 • 

(n + 2)(» + l)»(n -!)(»- 2) ,, ,« 

"•" 1.2.3.4.5 ** w 

Second transformation. Next, instead of the series of this last 

formula, (J), 

J' t , J"„ J'",, J>%, etc., 
let ns use 

J'_ t , J"„ J'"_», J'%, etc. 

To effect this transformation we substitute in (b) for J' h A'\, etc., 

J'", = J'"_ t + J»*,; 

The series (J) then changes into 

«.-«=»J' , + "<" + 1) ^„ , (*+ 1) n (n - 1) 



(w + 2) (n + 1) n{n-\) , 
-r 1.2.3.4 • 



(tt+2)(»+l)tt(tt-l)(«-2) 

+ 1.2.3.4.5 * "♦• W 

J^irrf transformation. Stirling's formula. We effect a third 

transformation by taking the half sum of the equations (b) and (c), 

which gives us a formula perfectly symmetrical with respect to the 

lines of differences, namely, 

. «'(»•-!) j. , «(«'-l)(n'-4)^. t + ^ , ., ,. 
+ 1.2..3.4 * • + 1.2.3.4.5 2 + •»■» W 

which is known as Stirling's formula of interpolation. 
It will be seen that we have put 

n* - 1 for (» + 1) (» - 1), 
»• - 4 for (n + 2) (n - 2), 
etc. etc. 

Fourth transformation. In the equation (J), instead of the series 
of differences 

J'», J"„ 4'% *\, etc., 
let us use 

J't, J"„ J"' t , J»*„ etc. 
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To effect this we put 

A'\ = A'\ - J"V, 
A l \ = J*\ - A\. 

Making these substitutions in (i), it becomes 



(n + l)n(n-l)(n-2) '„ 
T 1.2.3.4 • 

(»+!)» (»-l)(»-2)(n-3) ,. . ,. 

+ OT3.4.5 ** W 

.ftj/lft transformation. BessePs formula. Let tu take half the 
ram of the equations (0) and (J). We then have 

„ - ., = ^ + "fr-" J "-+ J " + » «-7J>j— » *-. 

(» + !)» (»-!)(» -2)^+ J* 
""" 1.2.3.4 2 

( n + l) n („-l)( n -2)(n--i) 
+ 1.2.3.4.5 *** l/> 

which is commonly known as BesseVs formula of interpolation, and 
which is the one most convenient to use in practice. 

In applying this formula to find a value of the function inter- 
mediate between two given values, we must always suppose the 
index to apply to the given value next preceding that to be found, 
and the index 1 to apply to that next following. The quantity n 
will then be a positive proper fraction. 

29. Example of interpolation to halves* If we increase the loga- 
rithms of 30, 31, etc. , already given, by unity, we shall have the 
logarithms of 300, 310, 320, etc. It is required to find, by interpola- 
tion, the logarithms of the numbers half way between the given onea 
(omitting the first and last), namely, the logarithms of 315, 325, 335, 
etc. 

Here, the required quantities depending upon arguments half way 
between the given ones, we have n = |, and the values of the Bessel- 
ian coefficient, so far as wanted, are 

*(*-!) _ 1. 
2 8 ' 

n(n-l)(n-j) _ 
6 
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65 



• The subsequent terms are neglected, being insensible. So, if we 
put a and a x for any consecutive two of the numbers 300, 310, etc., 
we have • 



and 



/I 1 A" 4- A" \ \ 

log (a. + 5) = log a. + (±J'» -| * + ' ) 

/l 1 A" 4- J" \ 

log (a, - 5) = log a, - g. J' f + | £ '+* ' ), 



(A) 



where we put J^ for that first difference between « and a x . 

These two formulae are two expressions for the same quantity, 
because ^ + 5 = ^ — 5. They are both used in such a way as to 
provide a check upon the accuracy of the work. For this purpose we 
compute the two quantities 



1 1 A" 4- A" 

log K + 5) - log*. = \A' k - Y 2 '' 

1 1 A" 4- J" 

loga, - log («. + 5) = \a\ + ^ ^ ' - 



(*) 



The most convenient and expeditions way of doing the work is 
shown in the accompanying table, where we give every figure which 
it is necessary to write, besides those found on p. 57. The following 
is the plan of computation: 



No. Log. 
310 2.49136 



JXaL 2 J * 8—2 ' — 1 ' 



695 



315 .498 31 ££ +689.5 -5.5 
320 .50515 J™ 

663 668 -° 
644 648,5 

i 629,5 

607 + 611 ' 6 



325 
330 
335 
340 
345 
350 
355 



.51188 
.518 51 
.525 04 
.53148 
.537 82 
.54407 
.550 23 



-5.1 
-4.8 
-46 
-4.3 



-44 
-41 
-38 
-37 
-34 



360 2.556 30 
We compute the right-hand column by the formula 



J" 4- A" 1 

*^ ' = J". + i- A'" 



» = j", - !•<-'"„ 



using the values of J given in the scheme, p. 57. 

This mode of computing the half sum of two numbers which are 
nearly equal is easier than adding and dividing by 2. 

In the next two columns to the left, the sixth place of decimals 
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ifl added in order that the errors may not accumulate by the addition 
of several quantities. This precaution should always be taken when 
the interpolated quantities are required to be as accurate as 'the given 
ones. 

The fourth column from the right is formed by adding and sub- 
tracting the numbers of the second and third columns according to 
the formula (k). The additional figure is now dropped, because no 
longer necessary for accuracy. The numbers thus formed are the 
first differences of the series of logarithms found by inserting the 
interpolated logarithms between the given ones, as will be seen by 
equation (&). 

We write the first logarithm of the series, namely, 
log 310 = 2.49136, " 
and then form the subsequent ones by continual addition of the dif- 
ferences, thus: 

log 315 = log 310 + 695; 
log 320 = log 315 + 684; 
log 325 = log 320 + 673; 
etc. etc. etc. 

If the work is correct, the alternate logarithms will agree with the 
given ones in the former table. 

The continuance of the above process for a few more numbers, 
say up to 450, is recommended to the student as an exercise. 

30. Interpolation to thirds. Let us suppose the value of a 
quantity to be given for every third day, and the value for every 
day to be required. By putting n = ■£ and applying formula (/) to 
each successive given quantity, we shall have the value for each day 
following one of those given, and by putting n = $ we shall have 
values for the second day following, which will complete the series. 
But the interpolation can be executed by a much more expeditious 
process, which consists in computing the middle difference of the 
interpolated quantities and finding the intermediate differences by a 
secondary interpolation. 

Let us put 

/•* f%> f%> *&•> *h e given series of quantities; 

Ay A> fv /•> fo e *°., the required interpolated series; 

A' y J", etc., the first differences, second differences, etc., of the 
given series; 

<?', <F", etc., the first differences, second differences, etc., of the 
interpolated series. 
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We may then put 

/•""/• = 4\ (in the given series); 

/,—/,= <?'| >• (in the interpolated. series). 

We shall then have 

*'* + *'i + *'| = JV 
The value of /,—/„ = * * is given by putting n = J in the Bes- 
selian fonnula (/). Thus we find 

*. 8 * 9 2 ^162 * 

T 243 2 1458 * 

Patting n = $ , we have the value of/, — /„, that is, of 6' t +6'f. 
Thus we find 

'8 * 9 2 162 



" * ~ " I 9 ** * Q O 1 ft* ^ * 



5 J^.+ J", 



243 2 ^ 1468 r 

Subtracting these expressions, we have 

1 3 * 81 *^?89 * 
which is most easily computed in the form 

*•« r k» -£('"» -4 '»)}• (m) 

We see that the computation of tf'f, the middle difference of the 
interpolated quantities, is much simpler than that of <$'*. It will 
therefore facilitate the work to compute only these middle differ- 
ences, and to find the others by interpolation. 

This process is again facilitated, in case the second differences are 
considerable, by first computing the second differences of the inter- 
polated series on the same plan. The formulae for this purpose are 
derived as follows: 

Let us put 

The second difference of which we desire the value is then 

<?",= tf'j - 6'* 
The value of S\ is given by the equation 

f l = J'»-(*'*+*'i), 
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and the value of d'f is found from that of 6\ by simply increasing the 
indices of the differences by unity, because it belongs to the next 
lower line. 

We thus find . 

1 1 A" 4- A" 1 

U| 8 * 9 2 ^162 f 

X ^. + ^^ jL 

^243 2 1458 *' 

1 1 J" 4- J" 1 

° f 8 *^9 2 ^162 * 

5 J* +J* 1 
243 2 1458 * 

Then by subtraction, 

*", = J(^ f - j%> - J *:+**\+*\ + _|_ ( j- f « j- ) 

_5_ ^,+2^ l+ J", _ J_ _ 

^243 2 1468 ll " # 

Beducing the first of these terms, we hare 

A\ - A\ = A" x . 
For the second term, 

A'\ = J",- J'" ri 
A" % = J",+ J'" f ; 
whence 

A'\ + J", = 2 A'\ + A'" % - J'"* = %A'\ + A"„ 
and 

A". 4- 2 J" 4- J" 1 

2 * » T 2 »• 

For the third term, 

For the fourth term, dropping the terms in A* as too small in 
practice, we may put 

A lr 4- 2A lr 4- A lr 

2 ~~ * »' 

The difference of the fifth terms may also be dropped, because 
they contain only sixth differences. 

Making these substitutions in the value of d"„ we find 

d" = - A" — ^-(%A" 4- - J ly \ 4- JLjit 4. J2.jit 
° • 8 l 9\ irr 8* V + 1«T ' + 243 « 

9 » 243 l 
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By this formula we may compute every third value of tf", and 
then interpolate the intermediate values. By means of these values 
we find by addition the intermediate values of 6', of which every 
third value has been computed by formula (m). Then, by continu- 
ally adding the values of 6', we find those of the function/. 

As an example of the work, we give the following values of the 
Bun's declination for every third day of part of July, 1886, for Green- 
wich mean noon: 

Date. o'b Dec A' J" A'" 

1886. o i it i n it a 

July 3 22 57 37.5 1A 9ft Q 

6 22 41 9.2 - ^ **•* - 212.4 , ±K 

9 22 21 8.5 " ™ 9 £* - 207.9 + " 

12 21 57 89.9 " ^ **n - 203 - 4 ± ' 

15 21 30 47.9 "" 5S 6 J2 - 197.7 + 5 ' 7 

18 21 38.2 ~" * u *•' 

The values of A ly are too small to have any in^uence. 

The whole work of interpolation is shown in the following table, 
where, as before, the right-hand column is that first computed, and 
gives the value of A' — -faA'" according to formula (m): 



/// 



Date. o'sDec. <J' 6" A' - frA 

1886. o i a i it a 

July6 22 41 9.2 fl1 «o«- 23.60 

7 22 34 52.4 ~ A inS ~ 88 ' 48 - 20 87 

8 22 28 12.1 * « £? ~ 23.27 ■ M W,OT 

9 22 21 8.5 ~ 1 3«« - 23-10 

10 22 13 41.9 ~ 7 11 •** - 22.93 _ go 28 77 

11 22 5 52.3 I **•£? - 22.78 " ,i8 ' 77 

12 21 57 39.9 ~ 5 IHl - 22.61 

13 21 49 4.9 Z a *» £ ~ 22.42 _ 2fi .„ M 

14 21 40 7.5 5 %•*£ - 22.19 * M *' 1 

15 21 30 47.9 ~ 9 19 ' 59 - 21.19 

To make the process in the example clear, the computed differ- 
ences, etc., are printed in heavier type than the interpolated ones. 

It is also to be remarked that the sum of the three consecutive 

values of <?", formed of one computed value and the interpolated 

values next above and below it, should be equal to the difference 

between the corresponding computed first differences. For instance, 

23".27 + 23".10 + 22".93 = V 49".59 - 6' 40".29. 

But in the first computation this condition will seldom be exactly 
fulfilled, owing to the errors arising from omitted decimals and other 
.sources. If the given quantities are accurate, the errors should never 
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exoeed half a unit of the last decimal in the given quantities, or five 
units in the additional decimal added on in dividing. 

To correct these little imperfections after the interpolation of the 
second differences, bnt before that of the first differences, the sum of 
the last two figures in each triplet of second differences should bo 
formed, and if it does not agree with the difference of the first differ- 
ences, the last figures of the second difference should each be slightly 
altered, to make the sum exact. 

The first differences can then be formed by addition. 

In the same way, the sum of three consecutive first differences 
should be equal to the difference between the given quantities. If, 
as is generally the case, this condition is not exactly fulfilled, the 
differences should be altered accordingly. This alteration may, how- 
ever, be made mentally while adding to form the required inter- 
polated functions. 

As an exercise for the student we give the continuance of the 
sun's declination for the remainder of the month, to be interpolated 
for the intermediate dates from July 15th onward: 

O I ff 

July 21 20 27 16.5 

24 19 60 49.1 

27 19 11 22.7 

80 18 29 4.8 

Aug. 2 17 44 3.1 

As another exercise the logarithms of the intermediate numbers 
from 998 to 1014 may be interpolated by the following table: 
Number. Logarithm. 

994 2.9973864 

997 : 2.9986952 

1000 3.0000000 

1003 3.001 300 9 

1006 3.0025980 

1009 3.003 8912 

1012 3.005 1805 

1015 . 3.006 466 

1018 3.0077478 

32. Interpolation to fifths. Let us next investigate the formulae 
when every fifth quantity is given and the intermediate ones are to 
be found by interpolation. By putting n = f in the Besselian for- 
mula, we shall have the value of the interpolation function second 
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following one of the given ones, and by putting n = f that third 
following. The difference will be the middle interpolated first dif- 
ference of the interpolated series. Patting n = f in (/), we have 

2 ., 2.3 A'\ + A'\ , 2.3.1 .,„ 

2.3.7 .8 J'\ + J lT , _ 2.3.7.8.1 .. 
+ 2.3.4.5* 2 2*. 3. 4. 5. 5* ** 

Patting n = \ > we have 

, 3 A , 2.3 J". + A'\ 2.3.1 „,„ 

2.3.7.8 ^ tT , + J lT , 8.3.2.7.1 .. 
+ 2.3.4.5* 2 " + " 2*. 3. 4. 5. 5' ** 

The difference of these expressions, being reduced, gives 



5( * 25 \ * 125 V) 



The term in J v will not produce any effect unless the fifth differ- 
ences are considerable, and then we may nearly always, in practice, 
put \ instead of -^. 

The interpolated second differences opposite the given functions 
are most readily obtained by Stirling's formula, (d). Putting n = \, 
we hare the following value of the interpolated first differences im- 
mediately following a given value of the function: 

«»-«.- g % +60^ . + 6X25 2 

24 
+ 6T5T20jT5 J,T ' +etC - 
Again, putting n = — \> and changing the signs, we find for the 
first difference next preceding a given function 

*• w ~* ~5 2 50 °^ 6.5.25 2 

M .J^ # -etc. 



6.5.20.26 

The difference of these quantities gives the required second dif- 
ference, which we find to be 

• 25 ° 625 • 25\ • 25 V' 
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As an example and exercise we show the interpolation of loga- 
rithms when every fifth logarithm is given: 

Number. Logarithm. <?' 6" A' A" 

1000 3.000 0000 +21661 

1005 3.0021661 ,, 109i -4.82 -108 

1006 .002598 *"*•* - 4,31 

1007 .003 029 6 Stntt - 4-30 

1008 .003 460 6 **"£•£ -430 +21553 

1009 .003 8912 ***** -4.29 

1010 3.0043214 J*™-? -4.28 -107 

1011 .004 7512 **"«•* -427 

1012 .0051806 7*^-426 

1013 .005 609 4 t£z'Z - 423 + 21 446 

1014 .006 037 9 JZRZ -420 

1015 3.0064660 *^ w * 8 - 4.16 . 01 QAa - 104 



1020 3.008 6002 

1025 3.010 723 9 

1030 3.012 8372 

1035 3.014 9403 

1040 3.017 0333 



+ 21342 
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FOR THB SOLUTION OF 



PLAIN AND SPHERICAL TRIANGLES. 
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REMARKS. 



1. It is better to determine an angle by its tangent than by its 
sine or cosine, because a small angle or an angle near 180° cannot be 
accurately determined by its cosine, nor one near either 90° or 270° 
by its sine. 

Sometimes, however, the data of the problem are such that the 
angle can be determined only through its sine or cosine. Any un- 
certainty which may then arise from the source pointed out is then 
inherent in the problem; e.g., if the hypothenuse and one side of a 
right triangle are 0.39808 and 0.39806 respectively (sixth and follow- 
ing decimals being omitted), the value of the included angle may be 
anywhere between 0° 25' and 0° 42', no matter what method of com- 
putation be adopted. 

2. If the sine and cosine can be independently computed, their 
agreement as to the angle will generally serve as a check on the 
accuracy of the computation. If they agree, their quotient will give 
the tangent. 

3. It is desirable, when possible, to have a check upon the accu- 
racy of the computation; that is, to make a computation which must 
give a certain result if the work is right. But no check can give a 
positive assurance, of accuracy: all it can do is to make it more or 
less improbable that a mistake exceeding a certain limit exists. 

4. In the following list several formulae are sometimes given as 
applicable to the same problem. In such cases, the most convenient 
for the special purpose must be chosen. 
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Notation, a, b, and c are the three sides. 

Ay B, and (7 are the opposite angles. 

PLANE TMANGLES. 



Given. 

a, b, c, 

the three 

sides. 



b, c, A, 
two sides 

and the 

included 

angle. 



Required. 

one angle. 

^, B, C, 

all the 
angles. 



a, b, A, 
two sides 
and the 
angle oppo- 
site one of 
them. 



-Band C, 

the other 

angles. 



a, B, C, 

the 

remaining 

parts. 

c, B, C, 
the re- 
maining 
parts. 



8 = i (a + * + o). 
7 r *(* — a) 

tani-4 = 
tani^ = 

* 8 — c 

Checks: -4 + £ + C = 180°; 
g _ b __ g 
sin J! ~~ sin 5 "" sin (7 



H 



tan*(5-£7) = ^cot*^; 

i(B+ C) = 90° -iA; 

B = t(B+C)+i(B-C); 
C=i(B+C)-i(B-C). 
Check, as before. 

a sin i(B - C) = (J - c) cos i^4; 
acosi(-B- 0) = (J + <?) sin j.4. 
Having found a and | (-B — tf), proceed 
as in the last case. 



sin B = - sin -4; (two values of B.) 
a 



O =180° -(^4 + B); 
b sin (7 a sin (7 



c = 



sin-B 



8in-4 * 
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RIGHT SPHERICAL TRIANQLB& 



Given. 

a, A, B, 

one side 

and any 

two angles. 



Required. 
b, C, C, 
the re- 
maining 
parts. 



J = 



180° - {A + B)i 
a sin B 
sin A ' 



asin C _ a sin (A + B) 

"" sin A ~~ sin -4 



EIGHT SPHERICAL TRIANGLES. 



a, J, 

the sides 

containing 

the right 

angle. 



-4, B, or c. 



a, c, 

one side 

and the hy- 

pothenuse. 

a, A, 
one side 
and the 
opposite 

angle. 

a,B, 
one side 
and the 
adjacent 

angle. 



A andc. 



2?andc 



A 9 B, or b 



b, c, or B. 



b, c, or A. 



cand A. 



c is the hypothenuae. 
cot A = cot a sin S; 
cot B = cot J sin a; 
cos $ = cos a cos J; 
sin a 



sine = 



sin .4* 



sin c sin A = sin a; 
sin c cos -4 = cos a sin S; 
cos c = cos a cos b 9 

sin c sin 5 = sin b; 

sin c cos 2? = sin a cos J. 



sin .4 = 


sin a 
sin £* 


cos B = 


tan a cot c; 


cos J = 


C08 £ 

cos a 


sin S = 


tan a cot A; 


sin c = 


sin a 
sin -4* 


sin 2? = 


cos A 
cos a 


tan b = 


sin a tan B; 


tan c = 


tana 
cos £' 


cos A = 


cos a sin A 


sin -4 sin c = sin a; 


sin J cos c = cos a cos 5; 


cos 


-4 = cos a sin 2?. 
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QUADRANTAL SPHERICAL TRIANGLES, 



n 



Given. 
a 9 B. 

c,A, 

the hypo- 

thenuse 

and one 

angle. 



A,B, 
the two 
angles. 



Required. 
Sand A. 

a, by or B. 

m 

a and 2?. 
a and }. 



a, by or c. 



sin A sin b = sin a 8in B; 
sin A cos b = cog B. 



sin a = sin c sin -4; 
tan b = tan c cos <4; 
cot 5 = cos c tan -4. 

cos a sin 5 = cos A; 
cos a cos 2? = sin A cos c; 
sin a = sin .4 sin c. 



cos a sin J 


= cos 


A 


sine; 


cos a 


J cos J 

cos 
sin 


= cose. 




cos a 


A 
B y 






cos J 


cos 

sin 


B 
A' 







cos o — cot A cot 5. 



QUADBANTAL SPHERICAL TRIANGLES. 



a, J, 
the two 


A, B, or G, 
either 


c is the omitted side equal to 90°* 

Cis the angle opposite this side. 

. oosa 
cos -4 = -. — r ; 
sind 


sides. 


angle. 


D cos b 
cos 2? = -: — : 
sin a 

cos C = — cot a oot J. 


a, (7, 


A, B, or b. 


sin -4 = sin a sin (7; 


one side 




tan B = — cos a tan C; 


and the 




cot J = — tan a cos ft 


angle oppo- 
site the 


A and b. 


cos -4 sin b = cos a; 


right side. 




cos A cos 5 = — sin a cos CI 
sin A = sin a sin ft 




A and 2?. 


cos -4 sin B = cos a sin (7; 






cos -4 cos 2? = — cos (7. 
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QUAD RAN TAL 8PSERI0AL TRIANGLES. 



Given. 

A,b, 

one angle 

and the 

adjacent 

side. 



a, A, 
one side 
and the 
opposite 

angle. 

A,C, 
one angle 
and the 
angle oppo- 
site the 
right side. 

A,B, 
two angles. 



Required, 
a, B, or C. 



a and B. 



a and C. 



b, B y or 0. 



a, b, or B. 



a, b, or C. 



a and C. 



J and C. 



cos a = cos A sin J; 
tan 2? = sin -4 tan b; 
cot (7 = — • cot -4 cos 6. 

sin a sin 5 = sin A sin J; 
sin a cos 2? = cos b; • 
cos a = cos A sin J. 

sin a sin (7= sin A; 

sin a cos (7 = — cos -4 cos i. 



cos a 



sin b = t, 

COS -4' 

sin B = cot a tan A; 

. ~ sin -4 
sin = 



sin a 



sin A 



sin a = - — ^5 
sin C 

cos J = — tan -4 oot C; 

cos ff 

cos"2* 



cosJ9 = — 



cot a = cot A sin 1?; 
cot J = sin A cot 5; 
cos = — cos A cos 5. 

sin (7 sin a = sin -4; 
sin C cos a = cos A sin 5; 
cos C == — cos A cos 5. 

sin C sin J = sin B; 

sin C cos J = sin A cos 2?. 
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SPHERICAL TRIANGLES IN GENERAL. 



7» 



SPHERICAL TRIANGLES IN GENERAL. 



Given. 

a, b, c, 

the three 

sides. 



a, J, C 9 
two sides 

and the 

included 

angle. 



Required. 

A, B 9 C, 

the three 

angles. 



A and c, 

one angle 

and the 

remaining 

side. 
-Band (?. 



A, B, c, 
all the 

remaining 
parts. 



* = i(a + b + c); 



sin s 



jt _ jj/ * m (8— a) sin (s— b) Bin (8—c) m 

tan i-4 = -. — 7 r; 

sin (8 — ay 

taniJ? = -r- H 



taniC = 
Check 



sin (s — b) 9 
H 

sin (* — c)* 
sin a __ sin } _ sin g 
sin -4 "~ sin 5 ~~ sin CT 



sin c sin A = sin a sin 0; 
sin c 008.4 = cos a sin J — sin a cos & cos C; 
cos c = oos a cos £ + sin a sin £ cos (7. 



sincsin^=sinJsin(7; 
sin c cos 5 = sin a cos £ — cos a sin J cos (7. 
If addition and subtraction logarithms 
are not available for this computation, we 
may compute h and K from 

h sin K = sin a cos (7; 
jfe cos JT = cos a. 
Then 

sincoosil = # sin (S — JT); 
cos c = it cos (b — ^). 



Also, 



Then 



A sin if = sin b cos (7; 
h cob H = cos 5. 

sin c cos 2? = A sin (a — H); 
cos c = A cos (a — JT). 



rini(?sini(^ —5) = cos£Csini(a — J) 
sini^cosi (A — B) = sini <7sin$(a + b) 
cosi csini (^4 + -B) = cos i Ccosi (a — J) 
cos|ccosJ (A + B) = sin} <7cos$(a + *). 
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BPHERIGAL TRIANGLES. 



Given. 

a, b f A, 

two sides 

and an 

opposite 

angle. 



A By c, 
two angles 

and the 

included 

side. 



Required. 

B, C, c, 

all the 

remaining 

parts. 



A y By a, 

two angles 

and an 

opposite 

side. 



Ay By C, 

the three 
angles. 



a and C 9 

one side 

and the 

third angle. 

b and C. 



sin B = 



gin A sin * 



sin a 



a, ty Oy 

all the 

remaining 

parts. 

b, Cy Cy 

all the 

remaining 

parts. 



a, by Cy 

the three 
sides. 



(two Tallies of B); 

fan i g _ cos j(q - b) cotjjA + B) _ 

* cos ±(a + V) ' 

9 cos i (A — 5) 

sin <7sina = sin J sin c; 
sin (7 cos a = cos -4 sin 2? + sin -4 cos B oos c; 
cos C= — cos^cos J?4-suL4sin2?cos& 



sin C&mb = sin 5 sine; 
sin <7cos J = sin -4 oos 2? + cos -4 sin Booec. 
If we compute h and K from 
k sin JT = cos A 9 
Je cos JT = sin A cos c, 
then sin (7 cos a = it oos (J? — JT); 
oos C = i sin (5 — K). 
U we oompute h and iTfrom 
A sin H = cos 5, 
A cos H = sin 2J cos e, 
then sinCcos J = h cos (.4 — JET); 

cos O = A sin (A - J?), 
sin J Csin $(* + }) = sin JccosJ(^4 — 5) 
sin^(7cosJ(a + *) = cosiccos^^l + B) 
cos^Csin^a — b) = sin^c sin ±(A — 5) 
cos \ Ccos\{a — J) = cos i c sin £ (-4 + B). 



sinft =s 



sin a sin i? 
sin .4 



(two values of b); 



. eoBiM+J)tmi(a+>) , 

^^^ co*i(A^£) • 

x^ t r - cos j (a - g) cot j Q4 + £) 
fU ~ cos±(a + *) 

S=j( A + £+C); 

P = i/ -co* 3 . 

tan Ja = P cos (# - ^4); 
tan$J = Pcoa(S— B); 
tan j c = P cos (8 - <?). 
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TABLE I. 

o 



COMMON LOGARITHMS 

OF NUMBERS. 



N. 



Log. 



—Infinity. 



1 

2 
3 

4 
5 
6 

7 
8 
9 

10 

11 
12 
13 

14 
15 
16 

17 
18 
19 

20 

21 
22 
23 

24 
25 
26 

27 
28 
29 

80 



o.ooooo 
0.30 103 

0.47712 

0.60206 
0.69 897 

0.77 815 

0.84 510 
0.90309 
0.95424 



1. 00 000 



.04139 

.07 918 
.11 394 

.14613 
.17609 
.20412 

.2304? 
.25 W 

.27 875 



,30 103 



.32 222 

34 242 

.36 173 

.38021 
•39 794 
.41497 

.43 13$ 
.44716 
.46240 

1.47 71* 



N. 



80 

31 
32 
33 

34 
35 
36 

37 
88 
39 

40 

41 
42 
43 

44 
45 
46 

47 
48 
49 

60 

51 
52 
53 

64 
65 
56 

57 
58 



Log. 



1 .47 712 



49 136 

50515 

.51851 

.53148 

54407 

.55630 

.56820 

.57978 
.59106 



,60 206 



.61 278 
.62 323 
63347 

64345 
.65 321 
.66276 

.67 210 

.68 124 
.69020 



.69897 



.70 757 
.71 600 
.72428 

•73 239 
.74036 

74819 

75 587 

70 343 
.77085 

1.77 815 



N. 



60 

61 
62 
63 

64 
65 
66 

67 
68 



70 

71 
72 
73 

74 
76 
76 

77 
78 
79 

80 

81 
82 
83 

84 
85 
86 

87 



00 



Log. 



.77815 



•78 533 
79239 
.79934 

.80618 
.81 291 
.81 954 

.82607 
.83 251 
.8388? 



,84 510 



.85 126 
.85733 

.86 332 

.86923 

.87 506 
.88081 

.88649 
.89209 
.89763 



.90309 



.90849 
.91 381 
.91908 

.92428 
.92942 
•93 4?o 

93 952 
.94448 
•94 939 

195424 



N. 



90 

91 
92 
93 

94 
95 
96 

97 
98 
99 

100 

101 
102 
103 

104 
105 
106 

107 
108 
109 

110 

111 
112 
113 

114 
115 
116 

117 
118 
119 

120 



Log. 



1.95424 



1.95904 

196379 
1.96848 

1.97 313 
1.97772 

1.98 227 

1.98677 

1.99 123 
1.99564 



2.00000 



2.00432 
2.00860 
2.01 284 

2.01 703 

2.02 119 

2.02 531 

2.02938 
2.03342 

2.03 743 



2.04 139 



2.04 532 
2.04922 

2.05 308 

2.05690 
2.06070 
2.06446 

2.06810 
2.07 188 
2.07 555 

2.07 918 



N. 



120 

21 
22 
23 

24 
25 
26 

27 

128 

29 

80 

31 
32 
33 

34 
35 
36 

37 
38 
39 

40 

41 
42 
43 

44 
45 
46 

47 
48 
40 

160 



Log. 



2.07*918 



2.08 279 
2.08636 

2.08 991 

2.09 342 

2.09 691 
2.10037 

2.10 380 

2.10 721 

2 . 1 1 059 



2. 11 394 



2. 1 1 727 

2.12 057 
2.12385 

2.12 710 
2.13033 

2.13 354 

2.13672 
2.13988 

2. 14 301 



2. 14 613 



2.14922 
2.15 229 

2.15 534 

2.15836 

2.16 137 

2.16 435 

2.16732 
2.17026 

2.17 319 

2.17609 



TABLE I. 



N. 





1 


9 


3 


4 


ft 


6 


7 


8 


9 


Prop. Pta. 


100 


OO 000 


043 


087 


130 


173 


217 


260 


303 


346 


389 




or 


43* 


475 


518 


5$1 


604 


647 


689 


732 


771 


817 


02 


86o 


9<>3 


$ 


988 


♦030 


♦072 


♦115 


♦157 


♦199 


♦242 




44 


43 


4a 


03 


oi 284 


326 


410 


452 


494 


536 


578 


620 


662 


1 


4.4 


4 3 


4 * 


04 


703 


745 


787 


828 


870 


912 


953 


99? 


♦036 


♦078 


2 


8 8 


8 e 


M 


05 


02 119 


160 


202 


243 


284 


325 


366 


407 


449 


490 


3 


13 1 


11 9 


11 6 


06 


53i 


572 


612 


653 


694 


733 


776 


816 


857 


898 


4 


17.6 


173 


16 S 


07 


938 


979 


♦019 


♦060 


*IOO 


*i4i 


*i8i 


*222 


♦262 


♦302 


6 


*4 


3i B 


*5 3 


08 


03 342 


383 


423 


463 


5<>3 


543 


583 


623 


663 


703 


7 


30 8 


a»-» 


*9 4 


09 
110 

11 


743 

04 139 

532 


782 


822 


862 


902 


941 
336 


981 


*02I 


♦060 


♦ioo 


9 


35 ■« 
39 6 


34 4 
3* 7 


336 

37-* 


179 


218 


258 


297 


376 


415 


454 


493 


57i 


610 


650 


689 


727 


766 


805 


844 


883 




12 


922 


961 


999 


♦038 


*077 


*ii 5 


*I54 


*I92 


♦231 


♦269 




4i 


40 


39 


13 


05 308 


346 


385 


423 


461 


500 


538 


576 


614 


652 


1 


4.1 


4 


39 


14 


690 


729 


767 


805 


843 


881 


918 


956 


994 


♦032 


3 


8. a 


60 


7* 


15 


06 070 


108 


H5 


183 


221 


258 


296 


333 


37i 


408 


s 


ia -J 


16 O 


11- J 


16 


446 


483 


521 


558 


595 


633 


670 


707 


744 


78i 


4 
1 


10 4 


20 O 


15.0 
195 


17 


819 


856 


893 


930 


967 


♦004 


♦041 


♦078 


♦115 


♦151 


6 


*4 G 


-4 


n * 


18 


07 188 


225 


262 


298 


335 


372 


408 


445 


482 


518 


7 


*8 7 


»6 


*7 3 


19 


555 


591 


628 


664 


700 


737 


773 


809 


846 


882 


8 


3** 


3» a 


31 3 


120 

21 


918 
08 279 


954 


990 


♦027 


♦063 


♦099 


*I35 


♦171 


♦207 


♦243 
600 


9 3° 9 


3G. etas 1 


3H 


35o 


386 


422 


458 


493 


529 
884 


565 




22 


636 


672 


707 


743 


77^ 


814 


849 


920 


955 




*" 


jf 


j* 


23 


991 


♦026 


♦061 


♦096 


♦132 


♦167 


*202 


♦237 


♦272 


*3°7 


X 


3-B 


3-7 


3-6 


24 


09 342 


377 


412 


447 


482 


l\ 7 


899 


587 


621 


656 


a 


76 


7 4 


7. « 

10-8 


25 


691 


726 


760 


795 


830 


864 


934 


968 


*oc>3 


4 


15.3 


14 


u 4 


26 


10 037 


072 


106 


140 


175 


209 


243 


278 


312 


346 


5 


19 


*»5 


i3 


27 


380 


41? 


449 


483 


517 


55i 


585 


619 


653 


687 


6 


33 8 


33 9 


: : 6 


28 


721 


75? 


789 


823 


857 


890 


924 


958 


992 


♦025 


7 


?d 6 


*S 9 


35-ft 


29 
130 

31 


11 059 


093 


126 


160 


193 


227 


26l 


294 


327 


361 


8 


iu 4 






394 


428 


461 


494 


528 


561 


594 


628 


661 


694 




727 


760 


793 


826 


860 


893 


926 


959 


992 


♦024 




1S 


M 


33 


32 


12 057 
385 


090 


123 


156 


189 


222 


254 


287 


320 


352 










33 


418 


450 


483 


516 


548 


58i 


613 


646 


678 


l 

9 


3-5 
7 


3 4 
6» 


3 3 
6,6 


34 


710 


743 


775 


808 


840 


872 


905 


937 


969 


♦ooi 


3 


JO. 5 


IO * 


9 


35 


13 o33 


066 


098 


130 


162 


194 


226 


258 


290 


322 


4 


M 


1 ■ 


13 a 


36 


354 


386 


418 


450 


481 


513 


545 


577 


609 


640 


5 


17 5 


I7-e 


(6 S 


37 


672 


704 


735 


767 


799 


830 


862 


893 
♦208 


925 


956 


t 


ft] 


*o-4 


19S 


38 


988 


♦019 


♦051 


♦082 


♦114 


*I45 


♦176 


♦239 


♦270 


7 

8 


*4 S 


*3 * 


*3 * 

•6 A 


39 
140 

41 


14 301 


333 


364 


395 


426 


457 


489 


520 


551 


582 


9 


31 sbp.6 


*■ * 
*9 T 


613 
922 


644 
953 


675 


706 


737 


768 


799 


829 


860 


891 




983 


♦014 


♦045 


♦076 


*io6 


*I37 


*i68 


♦198 




3» 


3* 3« 


42 


15 229 


259 


290 


320 


351 


381 


412 


442 


473 


503 










43 


534 


564 


594 


625 


655 


685 


715 


746 


776 


806 


t 


Li 

6 * 


3 * 
A 3 


3 O 
60 


44 


836 


866 


897 


927 


957 


987 


♦017 


♦047 


♦077 


♦107 


3 


96 


9 3 


90 


45 


16 137 


167 


197 


227 


256 


286 


316 


346 


376 


406 


4 


u£ 


ia 4 


13 O 


46 


435 


465 


495 


524 


554 


584 


613 


643 


673 


702 


5 


16 


*S 5 


18- a 

31 .0 


47 


732 


761 


791 


820 


850 


879 


909 


938 


967 


997 


7 


33 4 


M .7 


48 


17 026 


056 


085 


114 


H3 


173 


202 


231 


260 


289 


£ 


35 6 


14.8 


34. 


49 
150 


319 


348 


377 


406 


435 


464 


493 


522 


551 


580 


9 


aS 8 


»79 


37, a 


609 


638 


667 


696 


725 


754 


782 


811 


840 


869 




N. 





1 


9 


3 


4 


ft 


6 


7 


8 


9 


Prop. Pta. 









LOGARITHMS OF NUMBERS 












3 


N. 





1 


9 


3 


4 


ft 


6 


7 


8 


9 


Prop. Pts. 


160 

51 
62 
53 


17 609 


638 


667 


696 


72? 


754 


782 


811 


840 


869 




808 

18 184 

469 


926 

3 


955 
241 
526 


984 
270 
554 


♦013 

% 


*04i 

3^7 
611 


♦070 

2 55 
639 


♦099 

384 
667 


♦127 

si 


♦156 
441 

724 


1 
2 


29 

2.9 
5 8 


28 

2.8 
5 6 


54 
55 
56 


75a 

19033 

312 


780 
061 
340 


808 
089 
368 


837 
396 


86? 
145 
424 


893 
173 
451 


921 
201 
479 


949 
V9 
507 


977 
257 

53? 


♦005 
562 


3 

4 
5 


8.7 
11.6 
14.5 


8.4 
11.2 
14.0 


57 
58 
59 

160 

61 
62 
.63 


m 

20 140 


618 

893 
167 


645 
921 
194 


673 
948 
222 


700 
976 
249 


728 

♦003 

276 


756 

*030 
3<>3 


41 

33o 


811 

♦085 

358 


838 

*II2 
385 


6 

7 

8 



17.4 
20.3 
23.2 


16.8 
19.6 
22.4 
25.2 

26 

2.6 
5,2 


412 


439 


466 


493 


520 


548 


57? 


602 


629 


656 


«7 *U. X 


683 

952 

21 219 


710 
978 
245 


737 

♦005 

272 


763 
♦032 

299 


790 
♦059 

325 


817 

♦085 

352 


844 

*II2 
378 


871 

*I39 

40? 


898 

♦165 

43i 


92? 
*I92 

458 


1 

2 


27 

2.7 
5,4 


64 
65 
66 


484 
748 

22 on 


5" 
775 
037 


537 
801 
063 


564 
827 
089 


g 90 
854 

"5 


617 
880 
141 


543 

167 


669 

932 
194 


958 
226 


722 
985 
246 


3 
4 
5 


8.1 
10.8 
13.5 


7.8 
10.4 
13.0 


67 
68 
69 

170 

71 
72 
73 


272 

789 


298 
814 


324 
840 


33o 
608 
866 


376 
634 
891 


401 
660 
917 


427 

686 
943 


453 
712 
968 


479 
737 
994 


505 

763 

*OI9 


6 
7 
8 
9 


16.2 
18.9 
21.6 
9A a 


15.6 
18.2 
20.8 

9.3 4 


23 04? 


070 


096 


121 


H7 


172 


198 


223 


249 


274 




300 

III 


830 


35o 
603 

851 


376 
629 
880 


401 
654 
905 


426. 

679 

930 


452 
704 

955 


477 
729 
980 


502 

754 
♦005 


528 

779 
*030 


1 
2 


25 

2.5 
5.0 


74 
75 
76 


2405? 
304 
551 


080 

329 
576 


10? 

353 
601 


130 
378 
625 


15? 
403 
650 


180 
428 
674 


204 

452 
699 


229 
477 
724 


254 
502 
748 


279 
527 
773 


3 
4 
5 
6 

7 
8 
9 


7.6 ' 
10.0 
12.5 
15.0 
17.5 
20.0 
22.5 


77 
78 
79 

180 

81 
82 
83 


• 797 
25.042 

527 


822 
066 
310 


846 
091 
334 


871 

"5 

..351 
600 


895 

139 
382 


920 
164 
406 


944 
188 

43i 


969 
212 
45? 


993 
237 
479 


*oi8 
261 
503 


55i 


575 


624 


648 


672 


696 


720 


744 




768 

26 007 

245 


792 
031 
269 


816 
05I 
293 


840 
079 
316 


864 
102 
34o 


888 
126 
3^4 


912 

'5° 

387 


935 
174 
411 


959 
198 

435 


983 
221 

4*8 


1 
2 


2.4 

4.8 


Z8 

2.3 

4.6 


84 
85 
86 


482 
717 
95i 


505 
74i 
975 


529 
764 
998 


553 
788 

*02I 


576 

811 

*o4? 


600 

834 
♦068 


623 

858 

♦091 


647 
881 
"114 


670 

90? 

♦138 


694 

928 

*i6i 


3 

4 
5 
6 


7.2 

9.6 

12.0 

14 4 


6.9 

9.2 

11.5 

13.8 


87 
88 
89 

190 

91 
92 
93 

94 
95 
96 


27 184 
416 
646 

S75 


207 

439 
669 

898 


231 
462 
692 


485 
715 


277 
508 

738 


300 

531 
761 


323 
554 
784 


346 

IS 


37o 
600 
830 


393 
623 

852 


7 
8 
9 


16.8 
19.2 
21.6 


16.1 

18.4 
20.7 


921 


944 


967 


989 


*OI2 


♦035 


♦058 


♦081 




28 103 

33o 
556 

780 

29 003 
226 


126 

353 

578 

803 
026 
248 


149 

SI 

270 


171 

398 
623 

847 
070 
292 


J94 
421 
646 

870 
092 
3H 


217 

443 
668 

892 

"I 

336 


240 
466 
69I 

914 
137 
358 


262 
488 
713 
937 


28? 
5" 
735 

?I? 

403 


307 
533 
758 

981 
203 
425 


1 
2 
3 

4 
5 
6 


2.2 
4.4 
6.6 
8.8 
11.0 
13.2 


si 

2.1 
4.2 
6.3 
8.4 
10.6 
12.6 


97 
98 
99 

200 


* 

885 
30 103 


460 

58 
907 


491 
710 
929 


513 
732 
951 


53? 
754 
973 


776 
994 


798 

*oi6 


601 

820 

♦038 


623 

842 

*06o 


863 

♦081 


7 
8 
9 


15.4 
17.6 
19.8 


14.7 
16.8 
18.9 


12? 


146 


168 


190 


211 


233 


«5? 


276 


298 




N. 





1 


9 


3 


4 


ft 


6 


Dyitiz 


8 


9 


Prop. Pts. 



1 










TABLE L 
















n. 





1 1 9 


S 


4 


ft 


6 


7 


8 


9 


Prop.Pta. 


200 

01 
02 
03 


30 103 


12? 


146 


168 


190 


211 


233 


351 


376 


398 




320 
>7%> 


341 

557 
771 


365 
578 
792 


814 


406 
621 
835 


428 

643 
856 


449 
87$ 


471 
899 


492 
707 
920 


728 
942 


1 
2 
3 
4 
5 


22 

2.2 
4.4 
6.6 
8.8 
11.0 


21 

2.1 
4.2 
6.3 
8.4 
10.6 


04 
05 
06 


963 

31 175 

387 


984 
408 


*oo6 
218 
429 


♦027 

239 
450 


♦048 
260 
471 


♦069 

. 281 
492 


♦091 
302 
513 


*II2 
323 

534 


*i33 
34? 
555 


**54 
366 
576 


07 
08 
09 

210 

11 
12 
13 


& 

32 01 "J 


618 
827 
035 


056 


660 
869 
o77 


681 
890 
098 


702 

118 


723 
93i 
139 


744 
952 
160 


76? 

973 
181 


785 
994 
201 


6 

7 
8 

Q 


13.2 
15.4 
17.6 


12.6 
14.7 
16.8 


222 


243 


263 


284 


3<>5 


325 


346 


366 


387 


408 


V LV.O XO.V 


428 
634 
838 


449 
654 
858 


469 
671 
879 


490 
695 
899 


510 

715 
919 


531 
736 
940 


552 
960 


572 
777 
980 


593 
797 

*OOI 


613 
818 

*02I 


1 

2 


20 

2.0 
4.0 


14 
15 
16 


33 <Hi 
244 

445 


062 
264 
465 


082 
284 
486 


102 

304 
506 


122 
32I 
526 


143 
546 


163 

365 
566 


385 
586 


203 
405 
606 


224 

425 
626 


3 
4 
5 


6.0 

8.0 

10.0 


17 
18 
19 

220 

21 
22 
23 


646 

846 

34044 


666 
866 
064 


686 
885 
084 


7o6 

905 
104 


726 

925 
124 


746 

945 
H3 

341 


766 
163 


786 
183 


806 

♦005 

203 


826 

*025 
223. 

420 

"6l6 

8ll 

*005 


6 
7 
8 
9 

1 
2 


12.0 
14.0 
16.0 
18.0 

19 

1.9 
3.8 


242 


262 


282 


301 


321 


361 


380 


400 

"596 
792 
986 


439 
635 
830 


459 
850 


479 
674 
869 


498 
694 
889 


518 
713 
908 


537 
733 
928 


557 
753 
947 


577 
772 
967 


24 
25 
26 


35 £1 

411 


044 
238 
430 


064 
257 
449 


083 
276 
468 


102 
295 
488 


122 
3i? 
507 


141 
334 
526 


160 
353 
545 


180 
372 
564 


199 
392 
583 


3 
4 

5 
6 
7 
8 
9 


6.7 
7.6 
9.5 
11.4 
13.3 
15.2 
17.1 


27 
28 
29 

280 

31 
32 
33 


603 

793 
984 


622 
♦003 


641 

832 
♦021 


660 

851 

♦040 


679 

870 

♦059 


698 

889 

♦078 


717 

908 

♦097 


736 

927 
*n6. 


75 l 
946 

*I35 


774 

961 

*I54 


36 173 


192 


211 


229 


248 


267 


286 


30? 


324 


342 




361 

549 
736 


380 
568 
754 


399 
586 

773 


418 
605 
791 


436 
624 
810 


455 
642 
829 


474 
661 

847 


493 
680 
866 


5" 
698 

884 


530 
717 
903 


1 
2 


18 

1.8 
3.6 


34 
35 
36 


922 

37 107 

291 


940 
125 
310 


959 
144 

328 


977 
162 

346 


996 
181 
365 


♦014 
199 
383 


*o33 
218 
401 


♦051 
236 
420 


♦070 
254 
438 


♦088 
273 
457 


3 
4 
5 
6 


5.4 

7.2 

9.0 

10 8 


37 

38 
39 

240 

41 
42 
43 


475 
658 
840 


493 
676 
858 


5" 
694 
876 


530 

712 

894 


548 

73i 
912 


566 
749 
93i 


5 ! ? 
767 

949 


603 

7 l S 
967 


621 
803 
985 


639 

822 

♦003 

184 


7 
8 
9 


12.6 
14.4 
16.2 


38 021 


039 


057 


075 


093 


112 


130 


148 


166 




202 
382 
561 


220 
399 
578 


238 

417 
596 


256 

435 
614 


274 
453 
632 


292 

47i 
6?o 


310 
489 

668 


328 
507 
686 


346 

525 
703 


364 

543 
721 


1 
2 


14 

1.7 
3.4 


44 
45 
46 


739 

9'7 

39 o94 


757 
934 
in 


775 
952 
129 


792 
970 
146 


810 
987 
164 


828 

*cx>5 

182 


846 

♦023 

199 


863 

♦041 

217 


881 

♦058 

235 


899 

♦076 

252 


3 
4 
5 
6 


5.1 

6.8 

8.5 

10.2 


47 

48 
49 

250 


270 

445 
620 

794* 


287 

463 
637 


305 
480 

655 


322 

498 
672 

846 


340 

515 
690 

"86j 


358 

533 
707 

88f 


375 
55o 
724 
898 


393 
568 

742_ 
915 


410 
585 
75? 
933 


428 
602 
777 
950 


7 
8 
9 


11.9 
13.6 
15.3 


811 


829 




N. 


O 


1 


2 


3 


4 


ft 


6 


7 


§ 


9 


Prop.Pts. 









LOGARITHMS OF NUMJBliKS. 








-N. 





.1 


9 


s 


4 


ft 


6 


7 | § 


9 


Prop. Pta. 


260 

51 
52 
53 


39 794 


811 


829 


846 


863 


881 


898 


915 


933 


950 




967 

40 140 

312 


98? 
157 
329 


♦002 

I7 I 
346 


*oi9 

364 


*037 
209 
381 


♦054 
226 
398 


♦071 
243 
41? 


♦088 
261 
432 


♦106 
278 
449 


♦123 

295 
466 


1 
2 


18 

1.8 
8.6 
6.4 
7.2 
9.0 


54 
55 
56 


f 3 
654 

824 


84I 


518 
688 
858 


53? 
705 

875 


552 
722 
892 


569 
739 
$09 


7S& 
926 


603 
773 
943 


620 
790 
960 


637 
807 
976 


3 
4 
5 


57 
58 
59 

260 

61 
62 
63 


993 
41 162 

330 


♦OIO 
179 
347 


♦027 
363 


♦044 
212 
380 


*o6i 
229 
397 


♦078 
246 
414 


♦093 
263 

430 


*iii 
280 
447 


♦128 
296 
464 


*I45 

3 i 3 
481. 


6 

7 
8 
9 

1 
2 


10.8 
12.6 
14.4 
16.2 


497* 


5H 


531 


547 


564 


58i 


597 


614 


631 


647 


664 
830 
996 


681 
847 

*OI2 


697 

863 

♦029 


714 
880 

♦04s 


731 

896 

♦062 


747 


764 

929 

♦093 


780 

946 

♦in 


797 
963 

♦127 


814 

979 
♦144 


17 

1.7 
3.4 


64 
65 
66 


43 160 

.a 


*77 
341 
504 


193 
357 
521 


210 
374 
537 


226 
39o 
553 


243 
406 
570 


259 

423 
586 


275 

439 
602 


292 
619 


308 
472 
633 


3 

4 
5 


5.1 

6.8 

8.5 


67 
68 
69 

270 

71 
72 
73 


2 51 
813 

975 


667 
83O 
991 


684 

846 

♦008, 


700 

862 

♦024 


716 

878 

♦040 


732 

894 

♦056 


749 

911 

♦072 


763 

927 

*o88 


78i 

943 
♦104 


797 
959 

*I20 


6 
7 
8 
9 

1 
2 


10.2 
11.9 
13.6 
15 8 


43 136 


152 


169 


is? 


201 


217 


233 


249 


26? 


28l 




297 
457 
616 


313 

473 
632 


329 
489 
648 


343 
505 
664 


361 
521 
680 


377 
696 


393 
553 
712 


409 

569 
727 


584 
743 


441 
600 

759 


16 

1.6 
3.2 


74 
75 
76 


775 

933 

44091 


791 

949 
107 


807 
96? 
122 


823 
13* 


838 
996 
154 


854 

*OI2 
I70 


870 

♦028 

185 


886 

*Q44 
201 


902 

♦059 

217 


917 

♦075 

232 


3 

4 
5 
6 
7 
8 
9 


4.8 

6.4 

8.0 

9.6 

11.2 

12.8 

14.4 


77 
78 
79 

280 

81 
82 
83 


248 
560 


264 
420 
576 


279 
436 
592 


295 


467 

623 


326 

8 


342 
498 
654 


358 
669 


373 
529 
68? 


389 
543 
700 


716 

871 

45 02? 

179 


73i 


747 


762 


778 


793 


809 


824 


840 


855 




886 
040 
194 


902 
056 
209 


917 
071 
225 


240 


948 
102 

255 


03 
117 
271 


979 

ft 


994 
148 
301 


♦010 
163 
317 


1 
2 


Id 

1.5 
3.0 


84 
85 
86 


332 
484 
637 


247 
652 


362 
667 


378 


393 

I* 5 
697 


408 
561 
712 


423 
576 
728 


439 
59i 
743 


758 


469 
621 
773 


3 
4 
5 
6 


4.5 
6.0 
7.5 
9 


87 
88 
89 

290 

91 
92 
93 


788 

, 939 
46090 


803 

954 
10? 


818 
969 
120 


854 
984 
131 


849 

♦000 

130 


864 

*OI? 

163 


879 


894 

♦043 

193 


♦060 
210 


924 

♦075 

223 


7 
8 
9 


10.5 
12.0 
13.5 


240 


253 


270 


28? 


300 


3i3 


33o 


343 


359 


374 




i 1 

687 


404 

553 
702 


419 
568 
716 


731 


3 

746 


464 
613 
761 


479 
627 
776 


494 
642 
790 


509 
6$7 
805 


523 
672 
820 


1 
2 


1* 

1.4 
2.8 


94 
95 
96 


982 

47 129 


8?o 

997 
144 


864 
♦012 

159 


879 
♦026 

173 


894 

♦041 

188 


909 

♦056 

202 


923 

♦070 

217 


938 

♦085 

232 


953 

♦ioo 

246 


967 

*i 14 
261 


3 
4 
5 
6 


4.2 
5.6 
7.0 

8.4 


97 
96 
99 

800 


276 
422 
567 


290 


30? 

596 


319 
465 
6n 


480 
625 


349 
494 
640 


363 
509 
654 


378 
524 
669 


392 
538 
683 


407 

553 
698 


7 
8 
9 


9.8 
11.2 
12.6 


712 


727 


741 


756 


770 


784 


799 


813 


828 


842 


^ 


N. 





1 


9 


3 


4 


ft 


6 


Di Tize 


8 


9 


Prop. Pta, 



4 7 7" 

48 001 
M4 

430 
57a 

85 



$ 



727 

871 
015 

159 

303 

9t 

728 

i 69 

♦OIO 



49 136 



276 
415 
554 

693 

% 

So 106 
243 
379 



5i? 



786 
920 

51 01 
322 

4 £ 
587 
720 



851 

983 
5* "4 

344 

37? 

,634 

763 
892 

53 020 

148 

275 
403 
529 

656 
782 
908 

54 033 

283 
407 



74i 
885 
029 
173 
316 

& 
$ 

♦024 



150 



290 

1 

120 
256 
393 



529 



664 
799 
934 

068 
202 
335 

468 
601 
733 



86? 



996 
127 
257 

388 

I 17 
647 

776 

90I 

o33 

161 

288 

415 
542 

668 

794 
920 

045 
170 

393 
419 



164 



3<H 

$ 

721 

859 
996 



133 
270 
406 



543 



678 
813 
947 

081 

34» 

481 
614 
746 



878 



♦009 
140 
270 

401 

S£ 

789 
917 
046 

III 
301 
428 
55? 

681 
807 
933 
058 
183 
3Q7 

432 



756 
900 



S3© 



178 



318 

4 £ 
596 

734 
872 
♦010 

X 

420 



333 

748 

886 
♦024 

161 
297 
433 



556 



691 
826 
961 



362 

£ ? 
627 

759 



891 



♦022 

284 
414 

I 43 
673 

802 
930 
058 

"186 

3H 
441 

567 

694 
820 
945 
070 

195 
320 



770 



192 



569 



7o? 
840 

974 

108 

375 

640 
772 



904 



297 
427 

llo 

81? 

943 
o7' 

J99 

326 

580 

706 
832 
958 

083 
208 
332 
456 



7?4 
939 

210 
359 
043 
926 

♦066 



206 



583 



I 18 
987 
121 

9 

1 21 
654 

786 



917 



♦048 
179 
310 

440 

22 
099 

827 
956 



212 

~339 
466 

593 

719 

845 
970 

095 
220 

_34l 

469 



799 



250 

373 

857 

799 
940 

Mo 



220 



360 



776 

914 

*o5i 

188 

33? 
461 



596 



B 

♦001 

'3j 



402 

134 



799 



930 



♦061 
192 
323 

4 S 3 
582 

711 

840 
969 
097 
224 

I52 

479 
605 

732 

108 

233 
357 
481 



813 
958 

101 
344 

387 

«? 

813 

954 

♦094 



334 



374 
513 
651 

790 

927 

♦06? 

202 
338 
474 



610 



♦014 

148 
282 
41? 

548 
680 
812 



943 



♦07? 
205 
330 
466 

595 
724 

982 

no 

137 

364 
491 
618 

744 
870 

995 

120 

245 
37o 

494 



973 
116 

359 

401 

m 

827 

*io8 



248 



388 

8 

803 

♦07P 

215 
35? 



402 

679 
8l7 

^092 
229 

365 
501 



623 



759 



162 
39j 



693 
825 



957 



♦088 
218 
349 

$ 

737 

866 

994 
122 

2^6 

"377 
504 
631 

757 

882 

*oo8 

133 
258 

382 

506 



843 

986 
130 
373 

4I £ 
558 

700 
1 

*I22 



262 



637 



773 

•8 07 
♦041 

SI 

441 

S7 A 
706 

838 



970 



*IOI 

% 
% 

750 
879 

*oo7 
'35 
263 

390 

643 
769 

.895 

*020 

145 
270 

5l8 



Prop.Pt*. 



1ft 

1.6 

8.0 

4.6 

6.0 

7.6 

9.0 

10.6 

12.0 

18.6 



14 

1.4 
2.8 
4.2 
6.6 
7.0 
8.4 
9.8 
11.2 
12.6 



It 

1.3 
2.6 
3.9 
6.2 
6.6 
7.8 
9.1 
10.4 
11.7 



12 

1.2 
2.4 
3.6 
4.8 
6.0 
7.2 
8.4 
9.6 
10.8 



Prop. Pte. 



J 



K 









LOGARITHMS OF NUMBERS 








7 


N. 





1 


9 


3 


4 


ft 


6 


r 


s 


9 


Prompts. 


850 

61 
52 
53 


54 407 


419 


432 


444 


456 


469 


481 


494 


506 


518 

642 
765 
888 




531 

654 

777 


543 
667 
790 


555 

679 
802 


568 
691 
814 


580 
704 
827 


593 
716 

839 


60! 
728 
851 


617 

741 
864 


630 

753 
876 




18 


54 
55 
56 


900 

55 023 

H5 


913 
035 
157 


925 

047 
169 


937 
060 
182 


949 
072 

194 


962 
084 
206 


974 
096 
218 


986 
108 
230 


998 
121 
242 


♦on 
133 
255 


1 
2 
3 


1.3 
2.6 
3.9 


57 
58 
59 

860 

61 
62 
63 


267 

388 
509 


279 
400 
522 


291 
4i3 
534 


303 
425 
546 


315 
437 
558 


328 

449 
570 


340 
461 
$82 


352 
473 
594 


364 
485 
606 


376 
497 
618 


4 
5 
6 
7 
8 
9 


5.2 
6.5 
7.8 
9.1 
10.4 
11.7 


630 

l S1 
871 

991 


642 
T63~ 

883 
♦003 


654 

775 

895 

♦015 


666 


678 


691 


703 


715 


727 


739 


787 

907 

♦027 


799 

919 

♦038 


811 

931 
♦050 


823 

943 
♦062 


835 

95? 

♦074 


847 
967 

*o86 


859 
♦098 


64 
65 
66 


56 no 
229 
348 


122 
241 
360 


134 
253 
372 


146 
265 
384 


158 
277 
396 


170 
289 
407 


182 

301 
419 


194 
312 
431 


205 
324 
443 


217 
336 
455 


1 


12 

1.2 


67 
68 
69 

870 

71 
72 
73 


467 
58? 
703 


478 
597 
7H 


490 
608 
726 


502 
620 
738 


632 
750 


526 
644 
761 


656 
773 


549 
667 

7*5 


561 
679 
797 


573 
691 
808 


2 
3 
4 
5 
6 
7 
8 
9 


2.4 
3.6 
4.8 
6.0 
7.2 
8.4 
9.6 
10.8 


820 


832 


844 


855 


867 


879 


891 


902 


914 


926 


937 

57 054 

171 


31 
183 


078 
194 


972 
089 
206 


984 

IOI 

217 


996 

"3 
229 


*ob8 
124 
241 


♦019 
136 
252 


♦031 
148 
264 


♦043 

276 


74 

75 
76 


287 
403 
519 


530 


310 
426 
542 


32i 
438 
553 


334 
449 
56? 


461 
576 


357 
473 
588 


368 

484 
600 


380 
496 
611 


392 

I 07 
623 




77 
78 
79 

880 

81 
82 
83 


634 

li 9 
864 

978 


646 
761 
875 


657 
772 
887 


669 
784 
898 


680 

795 
910 


692 
807 
921 


703 
818 

933 


2 I? 
830 

944 


726 
841 
955 


738 
852 
967 


1 
2 

a 
4 

€ 
7 


11 

1.1 
2.2 
3.3 

:4.4 

5.5 

► 6.6 

7.7 


990 


♦001 


♦013 


♦024 


♦035 


*047 


♦058 


♦070 


*o8i 


58092 
206 
320 


104 

2ltf 
331 


»5 
229 

343 


127 
240 
354 


138 
252 
365 


149 
263 
377 


161 

274 
388 


172 
286 
399 


184 

297 
410 


195 
309 
422 


84 
85 
86 


433 
546 
659 


444 

IF 
670 


456 

IS 9 

681 


467 
692 


478 

591 
704 


490 
602 
71? 


501 
614 
726 


512 
62? 
737 


524 
636 

749 


I 3? 
647 

760 


8 


8.8 
9.9 


87 
88 
89 

890 

91 
92 
93 


771 
883 

99? 


782 

894 
*oo6 


794 

♦2 06 

♦017 


80? 

917 

♦028 


816 

928 

♦040 


827 

939 
♦051 


838 

♦062 


850 
961 

*073 


861 

973 
♦084 


872 

984 
♦095 


1 
2 
3 
4 

5 


10 

1.0 
2.0 
3.0 
4.0 
5 


59 106 


118 


129 


140 


151 


162 


173 


184 


195 


.207 


218 
329 
439 


229 
340 
450 


240 

351 
461 


362 

#72 


262 
373 
483 


273 
384 
494 


284 

395 
506 


295 
4p6 

517 


306 

417 
528 


3i8 
428 
539 


94 
95 
96 


770 


I 61 
671 

780 


572 
682 
791 


693 

802 


594 
704 

813 


603 
824 


616 
726 
835 


627 

737 
846 


638 
748 
857 


649 
759 
868 


6 
7 
8 


6.0 
7.0 
8.0 


97 
98 
99 

400 


60 097 


890 


901 

*OIO 

119 


912 

♦021 

130 


923 
♦032 

141 


934 

♦043 

152 


945 

♦054 
163 


956 

*o6? 

173 


966 

♦076 

184 


977 
*o86 

195 


9 


9.0 


206 


217 


228 


239 


249 


260 


271 


282 


293 


304 




N. 





1 


9 


3 


4 


ft 


6 


r 


§ 


9 


Prop. Pte. 



TABLE I. 



N. 





1 


9 


9 


4 


5 


6 


7 


8 


9 


Prop. Pte. 


400 


6o 206 


217 


228 


239 


249 


260 


271 


282 


293 


3<H 




01 
02 
03 

04 
05 
06 

07 
08 
09 

410 

11 
12 
13 

14 
15 
16 

17 
18 
19 

420 

21 
22 
23 

24 
25 
26 

27 
28 
29 

480 

31 
32 
33 

34 
35 
36 

37 
38 
39 

440 

41 
42 
43 

44 
45 
46 

47 
48 
49 

450 


3H 
423 
53i 
638 
746 
853 

61 066 
172 

278 


325 
433 
541 

649 
756 
863 

970 

077 
183 


336 
444 
552 

660 
767 
874 

981 
087 
194 


347 
455 
563 

670 
778 
88? 

"1 
098 

204 


358 
466 

574 

681 
788 
895 
♦002 
109 
21? 


369 
477 
584 

692 

799 
906 

♦013 
119 
225 


379 
487 
595 

703 
810 
917 

♦023 
130 
236 


390 
498 
606 

V 3 
821 

927 
♦034 

140 

247 


401 
509 
617 

724 

831 
938 

♦04? 
151 
257 


412 
520 
627 

731 
842 

949 

♦055 

162 

268 


1 
2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 
5 
6 
7 
8 
9 


11 

1.1 
2.2 
3.3 
4.4 
5.5 
6.6 
7.7 
8.8 
9.9 

10 

1.0 
2.0 
3.0 
4.0. 
5.0 
6.0 
7.0 
8.0 
9.0 


289 


300 


310 


321 


331 


342 


352 


363 


374 

479 
584 
690 

794 

899 

♦003 

107 
211 
315 


384 
490 

595 
700 
805 
909 
6a 014 
118 
221 


39? 
500 
606 

711 

815 
920 

024 
128 
232 


405 

5" 

616 

826 
930 

034 
138 
242 


416 

I 21 
627 

731 
836 

941 

045 
149 

252 


426 
532 
637 

742 
847 
95i 

o55 

'I 9 
263 


437 
542 
648 

752 

857 

- 962 

066 
170 
273 


448 

553 
658 

763 
868 
972 

076 
180 
284 


458 

563 
669 

773 
878 
982 

086 
190 
294 


469 

574 
679 

784 
888 

993 
097 
201 
304 


32? 


335 


346 


356 


366 


377 


387 


397 


408 


418 


428 

634 

737 
839 
941 

63 043 
144 

246 


439 
542 
644 

747 
849 
951 

053 

I5 I 
256 


449 
552 

655 

757 
859 
961 

063 
165 
266 


459 
562 
66? 

767 
870 
972 

o73 
17? 
276 


469 

572 
675 

778 
880 
982 

083 

'I 5 
286 


480 

IP 
685^ 

788 
890 
992 
094 

I9 I 
296 


490 

I 9 ! 
696 

Z9* 

♦002 

104 
.205 
306 


603 
706 

808 
910 

*OI2 

114 
215 

317 


5" 
613 
716 

818 

921 

♦022 

124 
225 
327 


521 
624 
726 

829 

♦2 31 

*033 

134 
236 

337 


347 


357 


367 


377 


387 


397 


407 


417 


428 


438 




448 
548 
649 

749 
849 
949 

64 048 

147 
246 

345 

444 
542 
640 

738 
836 

933 

65 031 
128 
225 

321 


458 

I 58 
659 

759 
859 

959 

058 

157 
256 

35S 


468 
568 
669 

769 
869 
969 

068 
167 
266 


478 

579 
679 

779 
879 
979 
078 

177 
276 


488 

if 9 
689 

789 
889 
988 

088 
187 
286 

385 

483 
582 
680 

777 
875 
972 

070 
167 
263 


498 

599 
699 

799 
899 
998 

098 
197 
296 


508 
609 
709 

809 

909 

*oc>8 

108 
207 
306 


r 8 
619 

719 
819 
919 

♦018 

118 
217 
316 


I 28 

629 

729 

829 

929 
♦028 

128 

227 
326 


538 
639 
739 

839 

939 

*o 3 8 

137 
237 

335 

434 


1 
2 
3 

4 
5 
6 
7 
8 
9 


9 

0.9 
1.8 
2.7 
3.6 
4.5 
5.4 
6.3 
7.2 
8.1 


365 


375 


395 


404 


414 


424 


454 
552 
650 

748 
846 

943 
040 
137 
234 


464 
562 
660 

758 
856 

953 
050 
147 
244 


473 
572 
670* 

768 
865 
963 
060 
157 
254 


493; 

591 

689 

787 
885 
982 

079 
176 
273 


503 
601 
699 

797 
895 

992 

089 
186 
283 


513 
611 

#09 

807 
904 

*002 

O99 
I96 
292 


523 

621 

719 

816 
914 

*OII 

108 
205 
302 


532 
631 
729 

826 
924 

*02I 

Il8 

215 
312 

408 


33i 


34i 


35o 


360 


369 


379 


389 


398 




N. 





1 


2 


3 


4 


& 


6 


7 


S 


9 


Prop.Pte. 

1 * il 









LOGARITHMS OF NUMBERS. 








N. 


O 


1 


9 


3 


4 


5 


6 


7 


9 


» 


Prop. Pis. 


450 

51 
52 
53 


65 321 


33i 


341 


35o 


360 


369 


379 


389 


398 


408 




418 

610 


427 

I 23 
619 


437 
533 
629 


447* 

I 43 
639 


456 

648 


466 
562 
658 


475 
571 
667 


485 

I 81 
677 


49? 
59i 
686 


S 4 
600 

696 




54 
55 
56 


706 

801 

■ 896 


V s 
811 

906 


725 
820 
916 


734 
830 
925 


744 
839 
,93? 


753 
849 
944 


763 
858 
954 


772 

868 
963 


782 
877 
973 


792 
887 
982 




10 


57 
58 
59 

460 

61 
62 
63 


66o§7 
181 

276 


♦001 

096 

191 
285 


♦on 
106 
200 


*02O 
"? 

iio 


♦030 

124 
219 


*>39 
134 
229 


*049 

*43 
238 


♦058 

153 
247 


*o68 
162 
257 


♦077 
172 

260 


1 
2 
3 

4 
5 
6 
7 
8 


1.0 
2.0 
3.0 
4.0 
5.0 


295 


304 


314 


323 


332 


342 


351 


361 


37o 
464 

558 


380 

474, 
567 


389 
483 
577 


398 
492 
586 


408 
502 
596 


417 
605 


427 

I 21 
614 


436 
53o 
624 


445 
539 
633 


45? 
549 
642 


6.0 
7.0 
8.0 


64 
65 
66 


652 
745 
839 


661 

75? 
848 


671 
764 

857 


680 

773 
867 


689 

783 
876 


699 

792 
885 


708 
801 
894 


717 
811 
904 


727 
820 
913 


736 
829 
922 


9 


9.0 


67 
68 
69 

470 

71 
72 
73 


, 932 

67 02? 

117 


941 

034 
127 


950 

043 
136 


960 
052 
145 


969 

062 
154 


978 
071 
164 


987 
080 

173 


997 
089 
182 


*oo6 
099 
191 


201 




210 


219 


228 


237 


247 


256 


265 


274 


284 


293 


1 
2 
3 
. 4 
5 
6 


9 

0.9 
1.8 
2.7 
3.6 
4.5 
5.4 


302 

394 
486 


3" 
403 
495 


321 
4i3 
5<H 


33o 
422 

5H 


339 
431 
523 


348 
440 

532 


357 
449 
541 


367 
459 
55o 


376 
468 
560 


38? 
477 
569 


74 
75 
76 


578 
669 
761 


587 
679 
770 


596 
688 

779 


605 
697 
788 


614 

"706 

797 


624 

£1 


633 
724 
815 


642 

733 
82? 


651 
742 
834 


660 
752 
843 


77 
78 
79 

480 

81 
82 
83 


852 

68 034 
124 


861 
952 
043 


870 
961 
052 


879 
970 
061 


888 

979 
070 


079 


906 
088 


916 

♦006 

097 


925 

♦015 

106 


934 
♦024 

"5 


7 
8 
9 


6.3 
7.2 
8.1 


133 


142 


151 


160 


169 


178 


187 


196 


205 




215 
305 
395 


224 

314 
404 


233 
323 
413 


242 

332 
422 


251 
34i 
431 


260 
33° 
440 


269 
359 
449 


278 
368 
458 


287 

377 
467 


296 

386 
476 




84 
85 
86 


485 
574 
664 


494 
583 
673. 


502 

592 
681 


5ii 
601 
690 


610 
699 


529 
619 
708 


I 3 5 
628 

717 


547 
637 
726 


646 
735 


565 
65? 
744 




.8 


87 
88 
89 

480 

91 
92 
93 


753 
842 

93i 


762 
851 
940 


77i 
860 

949 


780 
869 
958 


789 
878 
966 


797 
886 

975 


806 
984 


815 
904 

993 


824 
913 

*002 


833 

922 

♦on 


1 
2 
3 
4 
5 
6 
7 
8 


0.8 
1.6 
2.4 


69 020 


028 


037 


046 


o55 


064 


o73 


082 


O90 


099 


3.2 
4.0 
4.8 
5.6 
6.4 


108 
197 
285 


117 
205 
294 


126 
214 
302 


13? 
223 

3ii 


144 
232 
320 


152 
241 

329 


161 

249 
338 


170 
258 
346 


179 
267 

355 


188 
276 
364 


94 
95 
96 


373 
461 

548 


469 

557 


390 
478 
566 


399 
487 

574 


408 


417 
5<H 
592 


425 
513 
601 


434 
522 

609 


443 


452 

539 
627 


9 


7.2 


97 
98 
99 

600 


636 

733 
810 


£44 
732 
819 


653 
740 
827 


662 

749 
836 


671 

7 J S 
84? 


679 
767 
854 


688 

775 
862 


697 

784 
871 


70s 

82 


714 
801 
888 




897 


906 


914 


923 


932 


940 


949 


958 


966 


975 




N. 


O 


1 


9 


3 


4 


5 


e 


D?itiz 


8 ' 


9 


Prop. Pta. 



9 










IflObC* J 














N. 


O 


1 


ft 


3 


4 


5 


6 


7 


9 


» 


Prop.Pti. 


600 


69897 


906 


9U 


923 


932 


940 


949 


958 


966 


975 




01 
02 
03 


984 
70 070 

157 


992 

079 
165 


*OOI 

088 
174 


♦010 


♦018 
105 
191 


♦027 
114 
200 


♦036 
122 
209 


♦044 

131 
217 


♦053 
140 
226 


♦062 
148 
234 


04 
06 
06 


343 
339 

4«5 


252 

33s 
424 


260 
346 
432 


355 
441 


278 
3*4 
449 


286 
372 
458 


467 


303 
389 
475 


312 
484 


321 
406 
492 




9 


07 

08 
09 


501 

I! 6 

672 

~757~ 


509 

a* 

680 


& 8 
603 

689 


526 
612 
697 


I 35 
621 

706 


544 
629 

7H 


638 
723 


561 
646 
73i 


569 
653 
740 


578 
663 

749 


1 
2 

3 
4 
6 
6 
7 
8 


0.9 
1.8 
2.7 
3.6 
4.6 
6.4 
6.3 
7.2 


610 


706 


774 


783 ; 79i 


800 


808 


817 


825 


834 


11 
12 
13 


842 

937 

71 012 


851 

935 
020 


859 
944 
029 


868 
952 
037 


876 
96J 
046 


885 
969 
054 


893 
978 
063 


902 
986 
071 


910 

993 
079 


919 

♦003 

088 


14 
16 
16 


X 

26? 


105 
189 
273 


113 

282 


122 
206 
290 


130 
214 

299 


139 
223 

307 


147 
231 

315 


155 
240 

324 


164 
248 

332 


172 
257 
34i 


9 


8.1 


17 
18 
19 


349 
433 
517 


357 
441 

525 


366 
4?o 
533 


374 
458 
542 


383 
466 

55o 


391 
47? 
559 


483 
567 


408 
492 
575 


416 

584 


423 
508 
592 





520 


600 


609 


617 


625 


634 


'642 


650 


659 


<*? 


675 


21 
22 
23 


684 

767 
850 


692 

HI 


700 

784 
867 


709 
792 
875 


717 
800 
883 


725 
892 


734 
817 
900 


742 

3 


750 

834 
917 


759 
842 

923 


1 
2 
3 
4 
6 
6 


0.8 
1.6 
2.4 
3.3 
4.0 
4.8 


24 
26 
26 


933 
72 016 

099 


941 
024 
107 


93° 
032 

"5 


958 
041 
123 


966 
049 
132 


973 
057 
140 


148 


991 

074 
156 


082 
16? 


*oo8 
090 
173 


27 
28 
29 


181 
263 
346 


189 
272 

354 


280 

362 
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606 

667 
737 




720 


733 


739 


745 


751 


757 


763 


769 


775 


781 


788 


21 
32 
23 


794 
854 
914 


800 
860 
920 


806 
866 
926 


812 
872 
932 


818 
878 
938 


824 
884 
944 


830 
890 
95o 


836 
896 
956 


842 
902 
962 


848 

908 
968 


1 
2 


0.6 
1.2 


24 
25 
26 


974 

86 034 

094 


980 
040 
100 


986 
046 
106 


992 
052 
112 


"2 

058 

n8 


♦004 
064 
124 


*OIO 

070 
130 


♦016 
076 
136 


*022 
082 
141 


*038 

088 
147 


3 

4 
6 


1.8 
2.4 
3.0 


27 
28 
29 


153 
313 
373 

332 


159 
219 

379 


165 
9 


171 

231 
291 


177 
337 
397 


183 
343 
303 


189 
240 
308 


195 
255 
314 


20I 
26l 
330 


207 
267 
326 


6 
7 
8 
9 


3.6 
4.2 
4.8 
5.4 


780 


338 


544 


35o 


356 


362 


368 


374 


380 


386 




31 
32 
33 


392 

451 
510 


39o 
457 
516 


404 
4^3 
533 


410 


415 
475 

534 


431 
481 
540 


427 

487 

546 


433 
493 
552 


439 

si 


445 
564 


34 
35 
36 


570 
629 
688 


63? 
694 


581 
641 
700 


587 
646 
705 


593 
652 
711 


658 
717 


605 
664 
723 


611 
676 
739 


617 
676 
735 


623 
682 
74i 


5 


37 
38 
39 


747 
806 
864 


753 
812 
870 


759 
817 
876 


764 
823 
882 


770 
829 

888 


77<> 

894 


782 
841 
900 


788 

847 
906 


794 
853 
911 


800 

859 
917 


1 
2 
3 
4 
6 
6 
7 
8 


0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 


740 


933 


939 


935 


941 


947 


953 


958 


964 


970 


976 


41 
42 
43 


983 

&7 040 

099 


988 
046 
10? 


994 
053 
in 


058 
116 


♦005 
064 
122 


*OII 

070 
128 


♦017 

o75 
134 


♦033 

081 
140 


♦029 
087 
146 


*o35 
093 

151 


44 
45 
46 


216 

274 


163 
221 
280 


169 
337 
386 


17? 

233 
391 


181 

339 
297 


186 
245 
3P3 


192 
251 
309 


356 

315 


204 
262 
320 


210 
268 
326 


9 


4.5 


47 
48 
49 


333 

39o 
448 


338 
396 
454 


344 
403 
460 


349 
408 
466 


355 
413 
47i 


361 
419 
477 


367 

483 


373 


379 
437 
495 


384 
443 
500 




750 


506 


512 


518 


523 


529 


535 


541 


547 


552 


558 


N. 


O 


1 


9 


3 


4 


5 


6 


7 


8 


9 


Prop.Pts. 























1 


N. 





1 


9 


3 


4 


6 


e 


7 


8 


8 


Pro^PtB. 


750 

51 
52 
53 


87 506 


512 


518 


523 


529 


535 


541 


547 
604 
662 
720 


552 


558 




564 
622 
679 


685 


576 

633 
691 


639 
697 


703 


593 
708 


8 

714 


610 
668 
726 


616 

674 
731 




54 
55 
56 


737 

8 


800 
858 


864 


1 s4 
812 

869 


760 
818 
875 


766 
823 
881 


772 
829 
887 


777 

f 35 
892 


783 
841 
898 


789 
846 

904 




57 
58 
58 

760 

61 
62 
63 


010 
88 024 


915 
973 
030 


978 
036 


984 
041 


933 
99o 
047 


938 
996 
053 


944 

♦001 

058 


93° 

♦007 

064 


*2 55 
♦013 

070 


961 

*oi8 

076 




081 


087 


093 


098. 


104 


no 


116 


121 


127 


133 




138 
195 
252 


144 
201* 
258 


i?o 
207 
204 


156 

213 
270 


161 
218 
275 


167 
224 
281 


173 

230 
287 


178 

235 
292 


184 

298 


190 
247 
304 


1 
2 




0.6 
1.2 


64 
65 
66 


36§ 

433 


315 
372 
429 


321 
377 
434 


326 

383 
440 


332 

389 
446 


338 
39? 
45i 


343 
400 

457 


349 
406 

463 


35? 
412 
468 


360 
417 
474 


8 

4 
5 
6 


1.8 
2.4 
3.0 
8.6 


67 
68 
69 

770 

71' 
72 
73 


480 
536 
593 
649 


485 
598 


491 
604 


497 

I 53 
610 


502 

559 
615 


I 64 
621 


513 
570 
627 


519 
576 
632 


5 2 ? 
581 

638 


643 


7 
8 
9 


4.2 
4.8 
5.4 


65? 


660 


666 


672 


677 


683 


689 


694 


700 




705 
762 
818 


711 

767 
824 


717 
773 
829 


722 
779 
835 


728 

784 
840 


734 
790 
846 


739 
795 
852 


801 
857 


750 
807 
863 


7 J 6 
812 

868 


• 


74 
75 
76 


874 


880 

936 
992 


885 
941 
997 


891 

947 
♦003 


897 

953 
♦009 


958 
♦014 


964 

*020 


913 

969 
♦025 


919 

975 
♦031 


981 
♦037 




77 
78 
79 

780 

81 
82 
83 


89 042 
098 
154 


048 
104 
159 


053 
109 

165 


059 

"5 
170 


064 
120 
176 


070 
126 
182 


076 
187 


081 

137 
193 


087 


092 
148 
204 




209 


215 


221 


226 


232 


237 


243 


248 


254 


260 




265 
321 
376 


271 
326 
382 


276 
332 
387 


282 
337 
393 


287 

343 
398 


293 
348 
404 


298 

354 
409 


3<H 
360 

415 


310 
365 
421 


315 
371 
426 


1 
2 


t 

0.5 
1.0 


84 
85 
86 


* 

542 


437 
492 
548 


443 
498 
553 


448 
504 

559 


454 
564 


459 
5i5 
570 


465 
520 

575 


470 
581 


476 
586 


481 
537 
592 


3 
4 
5 
6 


1.5 
2.0 
2.5 
3 


87 
88 
89 

790 

91 
92 
93 


597 
708 


603 
658 
713 


609 
664 
719 


614 
669 
724 


620 
67? 
730 


625 
680 
735 


686 
741 


636 
691 
746 


642 
697 
752 


547 
702 

757 


7 
8 
9 


3.5 
4.0 
4.5 


763 


768 


774 


779 


7«5 


790 


796 


801 


807 


812 




818 

873 
927 


82 2 
878 

933 


829 
883 
938 


854 
889 
944 


840 
894 
949 


845 
900 

955 


851 

960 


856 
911 
966 


862 
916 
971 


867 
922 
977 




94 
95 
96 


982 

90037 

091 


988 
042 
097 


993 
048 
102 


998 


♦004 
059 
"3 


♦009 

064 
119 


*OI? 

069 
124 


♦020 

075 
129 


*026 

080 

13? 


♦031 
086 
140 




97 
98 
99 

800 


146 
200 
35? 


260 


157 
211 
266 


162 
217 
271 


168 
222 
276 


173 
227 
282 


179 
233 
287 


184 
238 
293 


189 

244 
298 


195 
249 
3<H 




309 


314 


320 


325 


331 


336 


342 


347 


352 


358 




N. 


O 


1 


9 


3 


4 


5 


6 


7 


8 


9 


Prop. Pis. 
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TABLE I 














N. 


O 


1 


9 


3 


4 


5 


6 


7 


8 


» 


Prop. Pts. 


800 


90 309 


3H 


320 


325 


331 


336 


342 


347 


352 


358 




01 
02 
03 


363 
417 
472 


369 
423 

477 


374 
428 
482 


380 

434 
488 


38? 
439 
493 


390 
44? 
499 


396 
4?o 
504 


401 

455 
509 


407 
461 
51? 


412 
466 
520 


04 
05 
06 


526 

l*° 
634 


639 


536 

I 90 
644 


650 


If 
601 

655 


§53 

607 
660 


I 58 
612 

666 


i 63 
617 

671 


623 
&77 


574 
628 
682 




07 
08 
09 


687 
74i 
79? 


693 
747 
800 


698 
752 
806 


703 
757 
811 


709 
763 
816 


714 
768 
822 


720 

773 
827 


725 

779 
832 


730 
784 
838 


736 
789 
843 




810 


849 


854 


859 


86? 


870 


875 


881 


886 


891 


897 


11 
12 
18 


902 

956 

91 009 


961 
014 


Si 

020 


918 
972 
025 


924 
977 
030 


929 
982 
036 


041 


940 

993 
046 


94? 
99* 
052 


950 

♦004 

057 


1 
2 




0.6 
1.2 


14 
15 
16 


063 
116 
169 


068 
121 
174 


IS 

180 


078 
132 
18? 


084 

137 
190 


089 
196 


148 
201 


100 

206 


158 
212 


no 
164 
217 


3 
4 
5 
6 


1.8 
2.4 
3.0 
3.6 


17 
18 
19 

820 

21 
22 
23 


222 

275 
328 


228 
281 
334 


3 JI 

339 


238 
291 
344 


243 
297 
3?o 


249 
302 

35? 


254 
360 


259 
312 

365 


3i8 
371 


270 
323 
376 


7 

8 

• 9 


4.2 
4.8 
6.4 


381 


387 


392 


397 


403 


408 


413 


418 


424 


429 




487 
540 


440 
492 
545 


44? 
498 
551 


450 
503 
556 


56l 


461 

5*4 
566 


466 

519 
572 


471 
524 
577 


477 
529 
582 


482 
587 


24 
25 
26 


I 93 


598 
651 
703 


603 
656 
709 


609 
661 

714 


614 

666 
719 


619 
672 
724 


624 

730 


630 
682 
73? 


63? 
687 
740 


640 
693 
745 




27 

28 
29 

880 

31 
32 
33 


2 51 
803 

855 


808 
861 


761 
814 
866 


766 
819 
871 


772 
824 
876 


777 
829 
882 


782 
834 
887 


7^7 
840 
892 


793 
84? 
897 


798 
850 
903 




908 


913 


918 


924 


929 


934 


939 


944 


9?o 


95? 


960 

92 012 
065 


018 
070 


97i 
023 

o75 


976 
028 
080 


981 

033 
085 


986 
038 
091 


991 
044 
096 


997 
049 

101 


*002 
I06 


♦007 
059 
in 


1 
2 


6 

0:5 
1.0 


34 
35 
36 


117 
169 
221 


122 

174 
226 


127 
179 
231 


132 
184 
236 


241 


H3 
19? 
247 


148 
200 
252 


153 
205 

257 


158 
2IO 
262 


163 
267 


8 

4 
5 
6 


1.5 
2.0 
2.5 
8 


37 
38 
39 

840 

41 
42 
43 


324 
376 

428 

480 

583 


278 

330 
381 


283 
33? 
387 


288 
340 
392 


293 
345 
397 


298 
350 
402 


304 

355 
407 


309 

361 
412 


4l8 


319 
37i 
423 


7 
8 
9 


8.5 
4.0 
4.5 


433 


438 


443 


449 


454 


459 


464 


469 


474 




48? 
588 


490 
542 
593 


495 
598 


500 
603 


5o5 
609 


562 
614 


619 


521 

572 
624 


52 £ 
629 


44 
45 
46 


634 

686 
737 


639 
691 
742 


64? 
696 

747 


6?6 
701 
752 


6S J 
706 

758 


660 
711 
763 


*3 

716 

768 


670 
722 
773 


675 
727 
77^ 


681 

Wy 




47 
48 
49 

860 


788 
840 
891 
943 


s 

896 


9 

901 




809 
860 
911 


814 

916 


819 
870 
921 


824 
875 
927 


829 
881 
932 


28 

937 




947 


952 


957 


962 


967 


973 


978 


983 


988 


N. 


O 


1 


9 


3 


4 


& 


e 


7 


8 


• 


Pro*.Pta. 









LOGARITHMS OF NUMBERS 








K 


K. 





1 


9 


3 


4 


6 


6 


7 


9 


» 


Prop.Pt*. 


860 

51 
52 
53 


92 942 


947 


952 


957 


962 


967 


973 


978 


983 


988 




993 

93<M4 

09? 


998 
049 
100 


♦003 
054 
105 


*oo8 
059 
no 


♦013 
064 
»5 


*oi8 
069 
120 


♦024 

07? 
125 


♦029 
080 
131 


♦034 
085 
136 


♦039 
090 
141 


54 
55 
56 


146 
197 
247 


151 
202 
252 


156 
207 
258 


161 

212 
263 


166 
217 
268 


171 
222 
273 


176 
227 
278 


181 
232 
283 


186 

237 
288 


192 
242 
293 







57 
58 
59 

860 

61 
62 
68 


298 
349 
399 


3<>3 
354 
404 


308 

359 
409 


364 
414 


3 J£ 
369 

420 


323 
374 
423 


328 
379 
43o 


St 
435 


339 
3»9 
440 


344 
394 
44? 


1 
2 
3 
4 
5 
6 
7 
8 


0.6 
1.2 
1.8 
2.4 
3.0 
3.6 
4.2 
4.8 


4?o 
500 

601 


455 


460 


4^5 


470 


475 


480 


485 


490 


495 


50| 


I 61 
611 


6l6 


520 

IT 
621 


526 
576 
626 


¥ 

631 


636 


54i 
59i 
641 


546 
596 
646 


64 
65 
66 


651 
702 
752 


656 
707 
757 


661 
712 
762 


666 
717 
767 


671 
722 
772 


676 
727 
777 


682 
732 
782 


687 

737 
787 


692 
742 
792 


697 
747 
797 


9 


6.4 


67 
68 
69 

870 

71 
72 
73 


802 
852 
902 

952 


807 
857 
907 


812 
862 
912 


817 
867 
917 


822 
872 
922 


827 
877 
927 


832 
882 
932 


8§7 

937 


842 
892 
942 


847 
897 
947 


K 


957 


962 


967 


972 


977 


982 


987 


992 


997 


94 002 
052 
101 


007 
057 
106 


012 
062 
in 


017 
116 


022 
072 
121 


027 
077 
126 


032 
082 
131 


136 


042 
091 

141 


047 
146 


1 

2 
3 
4 
5 
6 


0.5 
1.0 
1.5 
2.0 
2.5. 
3.0 


74 
75 
76 


151 
201 
250 


156 
206 
255 


161 
211 
260 


166 
216 
265 


171 
221 
270 


176 
226 
275 


I8l 
231 
280 


186 
31 


191 
240 
290 


196 
245 
295 


77 
78 
79 

880 

81 
82 
83 


300 
349 
399 
448 


30? 
354 
404 


310 

359 
409 


3 ^ 
364 

414 


320 
369 
419 


32? 
374 
424 


330 
379 
429 


33? 
384 
433 


34o 
389 
438 


34? 
394 
443 

493 


7 
8 
9 


3.5 
4.0 
4.5 


453 


458 


463 


468 


473 


478 


483 


488 




498 
596 


503 
601 


5<>7 


512 
562 
611 


567 
616 


522 

571 
621 


527 
576 
626 


532 

630 


28 

035 


542 

I 91 
640 


84 
85 
86 


& 5J 
694 

743 


650 
699 
748 


655 
704 

753 


660 

3 


66? 
7H 
763 


670 
719 
768 


67? 
724 

773 


680 

729 
778 


685 
734 
783 


689 

73 8 
787 




4 


87 
88 
89 

890 

91 
92 
93 


792 
841 
890 


797 
846 

«95 


802 
851 
900 


807 
856 

905 


812 
861 
910 


817 
866 
9i5 


822 

871 
919 


827 
876 
924 


832 
880 
929 


836 
885 
934 


1 
2 
3 
4 
5 
6 
7 
8 


0.4 
0.8 
1.2 
1.6 
2.0 
2.4 
2.8 
3.2 


939 


944 


949 


954 


959 


963 


968 


973 


978 


983 


988 
95 o|6 


993 
041 
090 


"2 
046 

095 


♦002 
051 
100 


♦007 
056 
10? 


*OI2 
06l 
IO9 


♦017 
066 
114 


*022 
07I 
119 


♦027 

075 
124 


♦032 
080 
129 


94 
95 
96 


182 
231 


159 
187 

236 


143 
192 
240 


148 
197 
245 


»53 
202 
250 


158 
207 
255 


163 
211 
260 


168 
216 
265 


173 
221 
270 


177 
226 
274 


9 


3.6 


97 
98 
99 

900 


27Q 
338 
376 


284 
332 
381 


289 


294 
342 
390 


299 

347 
395 


3<>3 
352 
400 


308 

357 
40? 


313 
36l 
4IO 


3i8 
366 
4i? 


323 
371 
419 




424 


429 


434 


439 


444 


448 


453 


458 


463 


468 


N. 





1 


9 


S 


4 


5 


6 


7 


izJby 


* 


Prop. Pis. 



iS 










TABLE I 


• 












N. 





1 


9 


S 


4 


5 


6 


y 


8 


8 


PnptPta. 


900 

01 
02 
03 


95 424 


429 


434 


439 


444 


448 


453 


458 


463 


468 




473 

569 


477 
525 

574 


4*2 

9 


487 

525 
5»3 


492 
540 
588 


497 
54? 
593 


501 
598 


506 


5" 


564 
612 


04 
06 
06 


617 

665 
713 


622 
670 
718 


626 

674 
722 


679 
727 


636 
684 
732 


641 
689 
737 


646 
694 
742 


650 
746 


655 

751 


660 
708 
756 




07 
08 
09 

910 

11 
12 
13 


856 


766 

8i3 
861 


770 
818 
866 


823 
871 


780 
828 
875 


Z 85 

832 
880 


I* 9 


794 
842 
890 


799 
847 
«9? 


804 




904 


909 


914 


918 


923 


928 


933 


938 


943 


947 


953 

„ 999 
96047 


957 

♦004 

052 


961 

♦009 

057 


966 

♦014 

061 


971 

♦019 

066 


976 

♦023 

071 


980 

♦028 

076 


♦053 
080 


f 


♦042 
090 


l 
2 


9 

0.5 

1.0 


14 
15 
16 


095 
142 
190 


099 

147 
194 


104 
152 

199 


156 

204 


114 
161 
209 


118 
166 
213 


123 
171 
218 


128 

175 
223 


227 


137 

1*5 
232 


3 
4 
5 
6 


1.6 
2.0 
2.6 
3.0 


17 
18 
19 

920 

21 
22 
23 


237 
284 
332 


242 
289 
336 


246 
294 
34i 


35 i 
298 

346 


256 
303 
350 


261 
308 
355 


265 

313 
360 


270 
317 
365 


27? 
322 

369 


280 
327 
374 


7 
8 
9 


3.5 
4.0 
4.5 


379 


384 


388 


393 


398 


402 


407 


412 


4i7 


421 




426 

473 
520 


43 I 
478 

52? 


A 
53o 


440 
487 

534 


44? 
492 

539 


4?o 
497 
544 


454 
548 


459 
506 

553 


464 
558 


468 
562 


24 
25 
126 


1 67 
014 


572 
619 
666 


577 
624 
670 


58i 
628 

675 


I 86 
So 


I 9 i 


I 95 
642 

689 


600 
647 
694 


699 


609 
656 
7°3 




27 
28 
29 

980 

31 
32 
33 


708 

848 


7*3 

V3i 
806 


717 
764 
811 


722 
816 


727 
774 
820 


731 
778 
82? 


736 
783 
830 


788 
834 


745 
792 
839 


750 

797 
844 




853 


858 


862 


867 


872 


S76 


881 


886 


890 


895 

042 
988 


946 
993 


904 


956 

*002 


914 
♦007 


918 

965 
♦oil 


923 

970 

♦016 


928 
974 

*02I 


932 
979 

*025 


937 

984 

♦030 


1 
2 


* 

0.4 
0.8 


34 

35 
36 


97 ojp 
128 


039 
086 

132 


044 
090 
137 


049 

095 
142 


053 

100 
146 


058 
104 
151 


063 
109 

155 


067 

160 


072 
118 
16? 


077 

169 


3 

4 
5 
6 


1.2 
1.6 
2.0 
2.4 


37 
38 
39 

940 

41 
42 
43 


174 
220 
267 


179 
225 
271 


183 
230 
276 


188 
234 
280 


192 

3? 


197 
243 
290 


202 
248 
294 


206 
253 
299 


211 
257 
3<H 


216 
262 

308 


7 
8 
9 


2.8 
3.2 
8.6 


313 


317 


322 


327 


33i 


336 


340 


345 


3?o 


354 




359 
405 

45i 


364 
410 
456 


368 
414 
460 


373 
419 

465 


377 
424 
470 


382 
428 
474 


387 
433 
479 


391 
437 
483 


396 
442 
488 


400 
447 
493 


44 
45 
46 


497 

H 3 
589 


502 
548 
594 


506 

55 o 

598 


5" 
557 
603 


5 i 6 
562 

607 


520 
566 
612 


52? 


529 

I 75 
621 


626 


5 2§ 

630 




47 
48 
49 

950 


727 


640 
685 
731 


644 

690 

736 


649 
695 
740 


653 
699 

745 


658 
704 
749 


3 

754 


667 
713 
759 


672 
717 
763 


676 
722 
768 




772 


777 


782 


786 


791 


795 


800 


804 


8O9 


813 
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5 


6 
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960 

61 
62 
63 

64 
66 
66 

67 
68 
68 

960 

61 
62 
63 

64 
66 
66 

67 
68 
60 

970 

71 
72 
73 

74 
76 
76 

77 
78 
79 

980 

81 
82 
83 

84 

86 
86 

87 
88 
89 

990 

91 
92 
93 

94 
96 
96 

97 
98 
99 

1000 


97 773 


777 


782 


786 


791 


795 


800 


804 


809 


813 




818 
864 
909 

98 000 
046 

091 

157 
183 


833 
868 
914 

959 
00? 
050 

096 

141 
186 


827 

918 
964 

3f 

IOO 
146 
191 


832 
877 
923 
968 
014 
059 

105 
150 

195 


836 
882 
928 

973 
019 
064 

:i? 

200 


841 
886 
932 
978 

$ 

114 

159 
204 


845 
891 

937 

982 
028 
073 
118 
164 
209 


850 
896 
941 

987 
032 
078 

\U 

314 


85? 

946 

991 
057 
082 

127 

21 


859 
905 
950 

996 
041 
087 

132 
177 
223 




337 


333 


236 


241 


245 


2*50 


254 


259 


263 


268 




373 

363 
408 

9 

033 


377 
322 
367 
413 

457 
503 

547 

I 92 

637 


28l 

327 
372 

462 
507 
553 

641 


286 

33i 
376 

431 
466 
5" 

& 

646 


290 
336 
381 
426 

471 
516 

t l 
650 


295 
340 
385 

430 
475 
520 

I 65 
610 

65? 


292 
345 
390 

480 
52? 

I 70 
614 

659 


3<H 
349 
394 

439 
4»4 
529 

I 74 
019 

664 


308 
354 
399 

444 
489 
534 

579 

& 


313 
358 
403 

448 
493 
538 

Hi 

673 


1 
2 
3 

4 
6 
6 
7 
8 
9 


* 

0.5 
1.0 
1.6 
2.0 
2.6 
3.0 
3.6 
4.0 
4.5 


677 


683 


686 


691 


695 


700 


704 


709 


713 


717 




733 

Z 67 
811 

856 
900 

94? 
989 

O7o 


736 
771 
816 

860 
905 
949 

"t 
038 

083 


731 
776 
820 

86? 
909 

954 

99« 
043 
087 


735 
780 
82? 

869 

9l i 
958 

♦003 
047 
093 


740 

829 
874 

918 

963 

♦007 
052 

096 


744 

Z* 9 
834 

B7B 
923 
967 

♦012 
056 

IOO 


749 

3 

883 

927 
972 

♦016 
061 
10? 


753 
798 
843 

S»7 
932 
976 

*02I 
06? 
IO9 


2 s8 
802 

847 
892 
936 
981 

♦025 
069 
114 


762 

807 
851 

896 
941 
985 

♦029 

074 
118 

162 




133 


137 


131 


136 


140 


145 


149 


154 


158 




167 

311 
255 

300 

344 
388 

433 
476 
530 


171 
316 
360 

3<H 
348 
392 

t 

524 


176 
220 
264 

308 

30 
441 
484 
528 


180 
324 
269 

313 
357 
401 

% 

533 


18? 
229 
273 

361 
405 

449 
493 
537 


189 
233 
277 

322 
366 
410 

454 
498 
542 


193 
338 
282 

336 
37o 
414 

458 
546 


198 
242 
286 

330 

374 
419 

s§ 
550 


202 

247 
291 

33? 
379 
423 

467 

5I i 

55? 


207 

251 
295 

339 
383 
427 

47i 
515 
559 


1 
2 
3 
4 
6 
6 
7 
8 
9 


6 

0.4 
0.8 
1.2 
1.6 
2.0 
2.4 
2.8 
3.2 
3.6 


564 


568 


572 


577 


58i 


585 


59o 


594 


599 


603 




607 
651 
695 

739 
753 
836 

870 
913 
957 


612 
656 
699 

7*7 
830 

874 
917 
961 


616 
660 

704 

747 
791 

83? 
878 
922 
05 


621 

708 

752 
795 
839 
883 
926 
970 


62? 
669 
712 

756 
800 

843 
887 
930 
974 


629 
673 
717 

760 
804 
848 

891 
978 


634 
677 
721 

76? 
808 
853 
896 
939 
983 


638 
682 
726 

769 

813 
856 

900 
944 
987 


642 
686 
73o 

774 
817 
861 
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948 

991 


647 
691 

734 

778 
822 
865 

909 
952 
996 
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4 


5 


6 


7 
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LOOO 


ooo ooo 


043 


087 


130 


174 


217 


260 


304 


347 


39i 




LOOl 
L002 
L003 


434 

868 

ooi 301 


477 
911 

344 


521 


998 
431 


608 

♦041 

474 


♦084 
517 


694 

♦128 

561 


738 

♦171 

604 


78i 

♦214 

647 


824 

*258 

690 




44 


1004 
1006 
1006 


002 160 
598 


777 
209 
641 


820 
684 


863 
296 
727 


907 
339 
771 


9 go 
382 
814 


993 

s 


♦036 
468 
900 


♦080 
512 
943 


♦123 

PI 


1 
2 
3 


4.4 

8.8 

13.2 


1007 
1008 
1009 


003 039 
461 
891 


073 
504 
934 


116 
547 
977 


159 
590 

*020 


202 

633 
♦063 


245 

676 

*io6 


288 

719 

♦149 


762 
♦192 


*235 


848 
*278 


4 
5 
6 
7 
8 
9 


17.6 
22.0 
26.4 
30.8 
35.2 
39.6 


1010 


004 321 

7S o l 

005 l8o 

609 


364 


407 


450 


493 


536 


579 


622 


665 


708 


1011 
1012 
1013 


794 
223 
652 


837 
266 

695 


880 

309 
738 


923 

35 2 
78i 


966 

395 
824 


♦009 

438 
867 


♦052 
481 
909 


♦095 
524 
952 


•"138 
567 

995 


1014 
1015 
1016 


OO6 O38 
466 
894 


081 
936 


124 
552 
979 


166 

594 

*022 


209 

637 
♦065 


252 

680 

♦107 


295 

723 
♦150 


338 
765 

*193 


380 

808 

♦236 


423 

851 

♦278 


1 


48 

4.3 


1017 
1018 
1019 


<X>7 321 

74« 

008 174 

600 

009 026 

451 
876 


364 
790 
217 


406 

833 
259 


449 
876 
302 


492 
918 

345 


II 4 
387 


577 
♦004 

430 


620 

♦046 

472 


662 

•089 

515 


705 
+132 

558 


2 
3 

4 
5 
6 
7 
8 
9 


8.6 
12.9 
17.2 
21.5 
25.8 
30.1 
34.4 
38.7 


1020 


643 

068 

493 
918 


685 


728 


770 


813 


856 


898 


941 


983 


1021 
1022 
1023 


in 


1S l 
♦003 


621 
*<H5 


238 

663 

*o88 


281 

706 

+130 


323 

748 

*i73 


366 

791 

♦215 


408 

♦258 


1024 
1025 
1026 


OIO 30O 
724 

on 147 


342 
766 
190 


232 


427 

851 

274 


470 
893 
317 


512 
936 
359 


978 
401 


597 

*020 

444 


♦063 
486 


681 

*IO§ 

528 




1027 
1028 
1029 


570 

993 
012 415 


613 

*035 

458 


6 *I 
♦078 

500 


697 

*I20 
542 


740 

*l62 

584 


782 

♦204 

626 

♦048 


824 

*247 
669 


866 

♦289 

711 


909 

*33> 

753 


951 

*373 
795 


1 
2 
3 
4 
6 
6 
7 


48 

4.2 

8.4 
12.6 
16.8 
21.0 
25.2 
29.4 


1080 


837 


879 


922 


964 


*oo6 


♦090 


♦132 


*I74 


♦217 


1031 
1032 
1033 


0,3 W> 

014 100 


301 
722 
142 


343 
764 
184 


226 


427 
848 
268 


469 
890 
310 


5" 
932 

352 


553 
974 
395 


596 
♦016 

437 


638 

♦058 

479 


1034 
1035 
1036 


521 

940 

015 360 


563 
982 
402 


605 

♦024 

444 


647 

*o66 
485 


689 

*io8 

527 


730 
♦150 

569 


772 

♦192 

611 


814 

♦234 

653 


856 

♦276 

69? 


898 

*3i8 

737 


8 
9 


33.6 
37.8 


1037 
1038 
1039 


779 

016 197 
616 

017 033 

45i 
868 

018 284 


821 
239 
657 


863 
281 
699 


904 
323 
74i 


946 
365 
783 


988 
407 
824 


♦030 
448 
866 


♦072 
490 
908 


*ii 4 
532 
950 


♦156 
574 
992 


1 
2 
3 
4 

5 


41 

4.1 

8.2 

12.3 

16.4 

20 5 


1040 


075 
492 

326 


117 


159 


200 


242 


284 


326 


367 


409 


1041 
1042 
1043 


534 
368 


576 

993 
409 


618 

*034 

451 


♦076 
492 


JOl 

*n8 

534 


743 
♦159 

576 


784 

*20I 
617 


826 

♦243 
659 


1044 
1045 
1046 


700 

019 116 

532 


742 
158 
573 


784 
199 
615 


825 
241 
656 


867 
282 
698 


908 
324 
739 


3 

781 


992 
407 
822 


*0 33 

449 
864 


♦075 
490 
905 


6 

7 
8 


24.6 
28.7 
32.8 


1047 
1048 
1049 


947 
020 361 

775 


988 
403 
817 


♦030 

444 
858 


♦071 
486 
900 


*H3 
527 
941 


*I54 
568 
982 


♦195 

610 

♦024 


*237 

651 

*o65 


♦278 

693 
♦107 


♦320 

734 
♦148 


9 


36.9 
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021 189 


231 


272 
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355 


396 


437 


479 


520 


561 
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1066 

1067 
1068 



02 1 189 

603 

022 016 

428 

841 

023 252 
664 

02407-5 
486 

896 



* 715 

26 125 
533 
942 

027 350 
757 

028 164 

57 i 
978 



1070 

1071 
1072 
1073 

1074 
1075 
1076 

1077 
1078 
1079 

1080 

1081 
1082 
1083 

1084 
1085 
1086 

1087 
1088 
1089 

1090 

1091 
1092 
1093 

1094 
1095 
1096 

1097 
1098 



029 384 



025 306 



789 

[030 195 

600 

[031 004 



032 216 
619 

033 021 



424 



826 
034 227 
628 

I035 029 

430 
830 

036 230 
620 

037 028 



426 



* 825 

038 223 

620 

039 017 

414 
811 

040 207 
602 
993 



1100 I041 393 



231 

644 

o57 
470 

882 
294 
705 

116 
527 
937 



347 



756 
165 
574 
982 
390 
798 

205 

612 

*oi8 



424 



830 
640 
045 

659 
063 



464 

166 
267 
669 

069 
470 
870 

369 



466 



262 
660 



057 
454 
850 

246 

642 

*037 



433 



272 

5" 

923 

335 
746 

157 
568 
978 



388 



797 
206 
61? 

♦023 

& l 
839 

246 

653 
*o59 



465 



871 
276 
681 

°?5 



>3 

296 

699 
102 



5<H 



308 
709 

109 
510 
910 

309 
709 
108 



506 



904 
302 
700 

097 
493 
890 

286 

681 

♦077 



472 



727 
140 
552 
964 
376 
787 

198 

609 

♦019 



429 



838 

247 
656 

♦064 
472 

879 

287 

693 

♦ioo 



506 



911 
316 
721 

126 
530 
933 

337 
740 
142 



544 



946 
348 
749 

149 
55o 
950 

349 
749 
148 



546 



944 
342 

739 

136 
533 
929 

325 

721 

*n6 



5" 



355 
768 
181 
593 
♦005 

417 
828 

239 

650 

*o6o 



470 



87Q 
288 

697 

♦105 

513 
920 

327 

734 

♦140 



546 



952 

357 
762 

166 
570 
974 

377 

7 2° 
182 



585 



986 
388 
789 
190 
590 
990 

389 
789 
187 



586 



984 
382 

779 
176 
573 
969 

3f? 

761 

♦156 



55i 



396 

809 
222 

635 

*o47 

i s * 

870 

280 
691 

*IOI 



437 

263 
676 

♦088 

499 
911 

321 

732 

♦142 



5" 



920 
3 3 9 

737 

*I46 

961 

368 

775 
*i8i 



961 

37o 
778 

♦186 

*002 

409 

815 

*22I 



587 



992 



206 

6lO 

♦OI4 

820 
223 



625 



*027 



29 

230 

630 

♦030 



227 



626 



♦024 

421 
819 

216 

61s 

♦009 

405 
800 

*I95 



590 



552 



627 



♦033 
438 
843 

247 

651 

♦054 

« 

263 



665 



♦067 
468 
869 

270 

670 

♦070 

469 
868 
267 



665 



*o6> 

59 

652 
♦048 

444 
840 

**35 



630 



479 
892 

3°5 
717 

♦129 

54i 
952 

363 

773 

♦183 



593 



♦002 

819 
♦227 

63? 

♦042 

449 
856 

*262 



66* 



♦073 
478 
883 

287 

691 

*095 

498 
901 
303 



705 



♦107 
508 
909 
310 
710 

♦no 

5< 
3<>7 
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♦103 
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692 

♦088 

484 

879 

♦274 



669 
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346 
758 

♦170 
582 
993 



404 

814 

♦224 



974 
387 
799 
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623 

*034 

445 

855 

♦265 



634 



♦043 
452 
860 

*268 

676 

♦083 

490 
896 

*3<>3 



♦084 
492 
901 

*309 

716 

♦124 

53i 

937 

*343 



708 



♦114 
519 
923 

328 

732 

*i35 

538 
94i 
343 



r*54 

559 



745 



♦147 
548 
949 

35o 

750 

♦150 

549 
948 
347 



745 



**43 

938 

335 

73i 

♦127 

523 
919 

*3>4 



708 



674 



749 



368 

772 

*I75 

384 



785 
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790 
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387 



785 



'183 

978 

374 

771 

♦167 
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21.0 
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29.4 
33.6 
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41 
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8.2 
12.3 
16.4 
20.5 
24.6 
28.7 
32.8 
36.9 



40 

4.0 
8.0 
12.0 
16.0 
20.0 
24.0 
28.0 
32.0 
86.0 



3.9 
7.8 
11.7 
15.6 
19.5 
23.4 
27.3 
31.2 
36.1 
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TABLE II. 



CONSTANTS WITH THEIR LOGARITHMS. 



Number. 



Logarithm. 



Ratio of circumference to diameter, n f 

n* 

m • • • • • /* , 

• • • • • • v 2 ft y 

.. .. V7T, 

Number of degrees in circumference, 
. minutes 
• • seconds • • 

Degrees in arc equal to radius, 
Minutes •• .. .. 

Seconds 

Length of arc of 1 degree, 
1 minute, 
1 second, 

Number of hours in 1 day, 
minutes .. 
seconds 

Number of days in Julian year, 

Naperian base, 

Modulus of common logarithms, 

Hours in which earth revolves through 

arc equal to radius, 
Minutes of time .. .. 
Seconds of time 



3.14159265 
9.86960440 
6.28318531 

I-7724S38S 

360* 

21600' 

1296000" 

570.2957795 

3437'- 74677 
2o6264 // .8o6 

•OI745329 
.00029089 
.000004848 

24 

1440 

. 86400 

365-25 
2.718281828 
0.434294482 

3.8197186 
229.18312 
i375°-9*7 



0.49714 99 
0.99429 97 
0.79817 99 
0.24857 49 

2-55 6 3° 25 

4-33445 38 
6.11260 50 

1. 75812 26 

3-53627 39 
5.31442 51 

8.24187 74—10 
6.46372 61—10 
4-68557 49—10 

1. 38021 12 
3.1583625 

4-93651 37 
2.5625902 
0.4342945 
9.6377843-10 

0.58203 14 
2.36018 26 

4-X3833 39 
CiOooIp 



Digitized by VjOOQLC 



AZkJPIrfK* XXX— Oiil&O XVL^XS AAA^IUJUIXQ Vf OXUAJUb All VT.OjUa?« 



TABLE III. 



FOR 

SINES AND TANGENTS OF SMALL ANGLES. 

TO UNH THE SINE OB TANGENT: 

Log sin a = log a (in seconds) + S. 
Log tan at as log <r (in seconds) + T. 



TO IIM> A SHALL ANGLE FBOH ITS SINE OS TANGENT: 

Log a (in seconds) as log sin or 4- •?'• 
Log a (in seconds) ■» log tan a + 2*. 
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60 

120 

180 

24O 
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2 

3 

4 


6.4$373 
oJoS 


468557 
•685S7 
68557 
•68557 
68557 


468557 

.68558 


53M43 
31443 
31443 
31443 
31443 


531443 
31443 
•31443 
31443 
31442 


360 

4&> 
540 


i 
I 

9 


7.16270 
.24188. 
.30882 
.36682 
41797 


4.68557 
•68557 
•68557 
•68557 
•68557 


4 -&5f 

•68558 
•68558 
.68558 


5 31443 
31443 
31443 
31443 
•31443 


5 31442 
31442 
•31442 
31442 
31442 


600 " 

660 

72O 

&40 


10 
11 
12 
13 
14 


746373 
.505M 
54291 


4-68557 
•68557 
68557 
68557 
68557 


4-gSSf 

•£! SS S 
.68558 


5-31443 
31443 
31443 
31443 
31443 


531442 
31442 
31442 
31442 
31442 


960 
1020 
1080 
1 140 


19 


'■SR 

694I7 
.71900 

74248 


4-68557 
•68557 
68557 
•68557 
•68557 


4 SS58 

.68558 


5.3M43 
31443 
31443 
31443 
31443 


5 31442 
.31442 
•31442 
31442 
31442 


1200 
1260 
1320 
I3&> 
I44O 


20 
21 
22 

»3 

*4 


776475 

f»545 
• .84393 


4-68557 
•68557 
.68557 
.68557 

•685S7 


4 -£558 
•g55| 

.68558 


5-31443 
31443 
31443 
31443 
31443 


531442 
31442 
.31442 
31442 
31442 


I50O 
I560 
162O 
1680 
1740 


3 

*9 


.87870 

.92612 


4-g557 
68557 
68557 
•68557 
.68557 


4«55f 
•S55f 
-«5S| 
•685S8 
.68559 


5.31443 
.31443 
•3M43 
31443 
3M43 


531442 
.31442 
.31442 
.31442 
31441 


l800 
i860 
1920 
I980 
2O4O 


3« 

33 
3* 


!o8223 

.99520 


4-68557 
•68557 
.68557 
68557 
•68557 


4-68559 
.68559 
.68559 
•68559 
.68559 


53M43 
31443 
.31443 
.31443 
.31443 


531441 
.31441 
.31441 
31441 
31441 


2100 
2l60 
2220 
228o 
*J40 
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8.00779 

.02002 

.03192 
.04350 
.05478 


468557 
•68557 
•68557 
•68557 
•68557 


4-68559 
.68559 
.68559 


531443 
.31443 
.3M43 
31443 
31443 


5.31441 
31441 
31441 
31441 
.31441 


24OO 
2460 
2520 
2580 
264O 


40 
41 
4* 

43 

44 


8.06578 

33? 

.09718 
.10717 


.68556 
.68556 
.68556 
•68556 
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.68560 
.6856O 
.6856O 
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31444 
31444 
31444 
31444 


5-31441 
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.31440 
31440 
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.68556 
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.68556 
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.6856O 
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31444 
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31440 
.31440 
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51 
5* 
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54 
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18798 
.19610 
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.68556 
68556 

•68556 


4.^501 
.6856I 
.68561 
.6856I 
.68561 


5.31444 
31444 
.31444 
.31444 
.31444 


531439 

• 31439 

31439 

.31439 

31439 
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3360 
34fO 
34&> 

??4° 


I 9 


8.20407 
.21180 
.21958 
.22713 
.23456 


468556 
•68556 

•68555 
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.68561 
.68561 
.68562 
.68562 


531444 
.31444 

31445 
.31445 

3M45 


53M39 
31439 
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•3M3§ 
3M38 


3600 


60 


8.24186 


468555 


4.6850a 


5.3M4S 


53«438 
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53552 
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TABLE IV. 



LOGARITHMS 



or THE 



SINE, COSINE, TANGENT AND COTANGENT 



for 



EACH MINUTE OF THE QUADRANT. 
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TABLE IV. 
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L.SI». 



L. Ttogi 



c. d. 



L. Cotg. 
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2 

3 
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12 
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22 
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32 
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57 7$7 
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17609 



9691 
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4570 
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3«8 
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MH 
X379 
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IM3 
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934 
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877 
860 
843 
807 
8m 

797 
78« 
769 
755 
743 
.730 



46 373 
50512 
54 2Q1 
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! 69 418 
.71900 
■74248 
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1-3 3§ 
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8.09 722 
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8.11696 
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8.24192 
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5800 
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3779 
3470 
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«48o 
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X704 
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X579 
X5«4 

X473 
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XX59 
xxaS 
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895 
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860 
843 
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797 
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769 
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74» 
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o. d. 



3-53*0 

3.23 524 

3 05 915 
2.93421 



283 730 
2.75812 
2.69 118 
2.63 318 
2.58203 



253627 
2.49488 

245709 
2.42233 

239014 



2.36018 
233215 
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2.28 100 
2.25 752 




213833 
2.12 129 
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2.08 911 
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2.01 ~ 
2.00 
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95647 
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93 419 
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00 000 
00 000 
00 000 
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00 000 
00 000 
00 000 
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00 000 
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00 000 
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99 999 
99 999 
99 999 



99 999 
99 999 
99 999 
99 999 
99 999 



99 999 
99 999 
99 999 
99 999 
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99 998 
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99 998 
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99 995 
99 995 
99 995 
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99 994 
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99 994 
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999993 
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W 

% 
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35 
34 
33 
32 

w 
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25 

24 
23 

22 
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3*x8 
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3*s 
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X043 
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XS87 


X738 


XO09 
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84X 
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891 
IXX3 



•997 
300 
599 
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1498 
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497 
745 
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*83 

•63 
5«7 

79o 
X053 
X316) 194a 



X848 
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370 
554 

739 



606 
808 

xoxo 934 



X704 
X70 

34< 
.3 sxx 
•4 
•5 

X379 

X38 

976 

31 4x4 

4| 55* 
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1X58 

xx6 
•3* 

•3| 347 
•4| 463 
579 



X579 
x 5 8 

3x6 
474 
03» 
789 

1997 xss3 

X30 in 

•59 «45 

389 367 

5X9 489 



X471 
X47 
•94 
44a 
589 
736 
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.X 
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.9 
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•4 
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38a 


•5 
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.X 


88 
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.9 
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•3 
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•4 
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•5 
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78t 
78 

X96 
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•5| 39X 



xxool 1046 
xxo X05 

•09 
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•74 
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X46 
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L. Sin. 



d. 



L. Tang. 



^24 192 
8.24910 
8.25616 
8.26312 
8.26996 



cd. 



L. Coty. 

75808 



L. Cog. 



Prop. Pte. 



9 

To- 
il 
12 
13 
14 

'A 

\l 

19 



21 
22 
23 
24 



3 

29 

w 

31 
32 

33 
34 



11 
11 

39 
10 

41 
42 
43 
44 



49 

55" 

Si 

S3 
54 



s 

J2. 



W 



8.24186 
8.24903 
8.25609 
8.263c- 
8.26 * 



8.27661 
8.28324 

8.28977 
8.29621 

830255 



8.30879 

831 495 
8.32 103 
8.32 702 
8.33293 



f.33875 
8.34450 
8.35018 
835578 
8.30 131 



8.36678 
8.37217 
f 37 75o 
8.38276 
8.38 796 



8.39818 
8.40320 
8.40816 
841 307 



8 4i 792 
8.42 272 
8.42 746 
8.43216 
8.43680 



IT 44 139 
8.44594 
8.45044 
8.45 489 
8.45 930 



8.46366 
8.46 799 
8.47226 
8.47650 
8., 




8.50504 
8.50807 
8.51 287 

8.51 673 

8.52 055 



852434 
8.52810 

853 183 
8.53 552 
853919 
8.54282 



717 
706 
695 

684 
673 
663* 
653 
«44 
634 

6*4 
6x6 
608 
599 
590 
583 

575 
568 
560 
553 

547 

539 
533 
5*6 
5*> 

5*4 
508 
50a 
496 
49* 
485 
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474 
470 
4<H 
459 
455 
45© 
445 
44* 
436 

433 
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4*4 
4*9 
4*6 
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4<H 
400 

396 
393 
39o 
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38a 
379 
376 
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3«9 
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3«3 



8.27669 
8.28332 
8.28986 
8.29629 
8.30263 



"SIS" 

8.31 505 

8.32 112 

8.32 711 

8.33 302 



8.33 886 
8.34461 
8.35029 

8 35 590 
836 143 



8.36689 
8.37229 
8.37762 
8.38289 
8.38809 



8.39 323 
839832 
840334 
8.40830 
8.41 321 



8.41 807 
8.42287 

8.42 762 

8.43 232 
843696 



8.44 156 

8.44 611 
8.45061 

8.45 507 
845948 



8.46 3*5 
8.46817 
8.47245 

8.48089 



848 505 
8.48917 
8.49325 
8.49729 
8.50 130 



$.50527 
8.50920 
8.51 310 
8.51696 
8.52079 



8.52 8 3 | 
8.53208 

8.53 578 
8-53 945 
854308 



7*8 
706 
696 

684 
673 
663 

654 
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634 
625 

6*7 
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599 
59* 
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575 
568 
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553 
546 
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533 
5«7 
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SO* 
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49* 
486 

480 
475 
470 
464 
460 
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446 
44* 
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408 

4«4 
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4*6 

4*« 
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4<H 
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39© 
386 
383 
38o 

376 
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370 
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3<3 
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71 OI4 
70 37I 
69 737 



1 112 



66 114 

65 539 
64971 
64410 
63857 



63 311 
62 771 
62238 
61 711 
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0893 
0990 



7057 
1 184 
1 281 
1377 
1474 



;z? 



I 761 

1857 
195a 



2047 

2 I42 

2236 
2331 

2435 



2519 

2612 

2 706 

2799 
2892 



215T 

3078 
3171 
3263 

3 355 



3 447 
3 539 
3030 
3722 
3813 



3 904 
3 994 
4085 

VA 



4 356 
L.C08. 



X03 
103 

100 

10a 
xoa 
101 
xoa 
xox 
zoi 
zoo 
101 
zoo 
zoo 

•99 
zoo 

99 
99 
98 
99 
98 

98 
9« 
98 
97 
97 
97 
97 
96 
97 
96 
96 
95 
96 
95 
95 
95 
94 
95 
94 
94 
93 
94 
93 
93 
93 



93 
9» 
9» 
9* 
9» 
9» 
9* 
9* 
90 
9» 
90 
9* 
90 



9.08 914 
9.09019 
9.09 123 
9.09227 
909330 



09434 
09537 
09 040 

09742 
09845 



09947 
10049 
10 150 
10252 
'0353 



10 454 

10 555 
10656 
10 756 
10856 



10956 
11 056 
11 155 
11 254 
"353 



11 452 

"551 
11 649 

11 747 

"845 



"943 
12040 
12 138 
12235 
12332 



12428 
12525 
12 021 
12 
12 



{717 
5813 



12909 
13004 

13099 
13 194 
13289 



13 3 ; 
13 4 
13 573 
13667 
13761 



13854 
13948 
14 041 

14 134 
14227 



14320 
14 412 
H504 



9- H78o 
L.Cotg« 



99 
99 
99 
99 
99 
98 
98 
98 
98 

97 
98 
97 
97 
96 
97 
96 
96 
96 
96 
95 
95 
95 
95 
95 
94 
95 
94 
94 
93 
94 
93 
93 
93 
93 

9» 

99 

93 
9* 
93 

cd. 



0.91 086 
0.90981 
0.90877 

0.90 773 
0.90670 



0.90566 
0.90463 
0.90360 
0.90258 
090 155 



9.99667 
9.99666 
9.99664 
9.99663 
9-99 66I 



0.50053 

0.89850 
0.89748 
0.89647 



0.89546 
0.89445 
0.89344 
0.89 244 

089 144 



0.89044 

CX8884? 
0.88 746 
0.88647 



0.88548 
0.88449 
0.88351 
0.8825 
0.88 3 



253 
155 




0.87572 

0.87475 
0.87379 
0.87283 
0.87 187 



0.87091 
0.86996 
0.86901 
0.86806 
0.86 711 



0.86616 
0.86522 
0.86427 
0.86333 
0.86239 



0.86 146 
0.86052 
0.85959 
0.85 
085 773 



0.85680 
0.85 588 
0.85 496 
0.85403 
085 312 
085 220 

L* Tang, 

82° 



99675 
99674 
99672 
99670 
99669 



99659 
99658 
99656 
99655 
99653 



99651 
99650 
99648 
99647 
99645 



99643 
99642 
99640 
99638 
99637 



99635 
99633 
99632 
99630 
99629 



.99627 
99625 
99624 
.99622 



9.99620 



,99618 

99617 

.99615 

9.99613 

9 99612 



9.99 610 
9.99608 
9.99607 
9.99605 
9 99603 



9 99 
999 
9 99 
999 
9 99 



601 
000 

s £ 
596 

595 



99584 
99582 

99581 
99579 
99577 



9-99 575 
L. Sin. 



t30 

ft 
I 

55 
54 
53 
52 
Ji 
50 

% 



80 



X05 
10.5 
21.0 

315 
42.0 

63.0 

84! o 
94-5 
xoa 
10.2 
20.A 

30.6 
40.8 

61.2 

lit 

91.8 



X04 


X03 


10.4 
20.8 


IO.3 
20.6 


31.2 


30 9 


41.6 


412 


52.0 
62.4 

72.8 
83.2 


III 


72.1 
82.4 


93 6 


927 


XOX 


ZOO 


10. 1 


10. 


20.2 


20.0 


3°-3 


30 



40.4 



£i 

909 



99 

9 
19 
29 
39 
49 

69 



97 

97 

19.4 

20.I 

41388 

485 
J8.2 
67.9 
77.6 
87-3 
94 

,1:1 

28.2 
37-6 
47-0 

&t 



I 

5 

4 
3 
2 
I 

96 

9.6 
19.2 
28.8 

38.4 

48.0 

7.6 

.8 
6.4 

93 



8 



40.0 
§0.0 
60.0 
70.0 
80.0 
90.0 

98 

9 i 
19.6 

29.4 

39-2 

4 22 
58.8 

68.6 

£:! 

95 

95 
10. 
28.5 

38.0 

47-5 
57.0 

o 
55 

9* 
it.A 

27.6 
36.8 
46.O 



fi:S 



64.A 



Prop* Pte. 



9« 


90 


a 


Ai 


i8!o 


0.2 
04 


27-3 


27.0 


0.6 


3 6 4 


360 


0.8 


455 


450 


1.0 


* : 1 

72.8 
81.9 


540 
63.0 
72.0 
81.0 


1.2 

51 

1.8 



JiyiTizea oy vjv/vy' 



5» 



TABLE IV. 



8° 



L. Sin. 



d. L. Tang, 



c.d. 



L. Cotg. 



L. Cos. 



Prop»Pte. 





i 

2 

3 
4 



9 

15" 

ii 

12 

13 
14 



\l 

'9 
20 

21 
22 

23 
_24_ 

2 

s 

29 



31 
32 
33 
34 

S 

39 
40 

41 
42 
43 
44 



5 



49 
50 

: 51 

52 

53 
54 

S 

59 



4356 

4 445 
4 535 
4624 

4 7H 



4803 
4801 
4980 
5069 
5 '57 



5 245 
5 333 
5421 
5508 
5 596 



5683 
5 77o 
5»57 
5 944 
0030 



6 116 
6203 
6289 

6460 



6 A 4S 
6631 

6 716 
6801 
6 886 



6970 
7 053 
7 139 
7223 

7 307 



7 391 
7 474 
7 558 
7641 
7 724 



7807 
7890 

7 973 
8055 

8i37 

8 220 
8302 

l 3 P 
8465 

8 547 

¥628" 

8709 

i% 

8952 



9033 

9 "3 
9 193 
9 273 
9 353 
9 433 
L. Cob. 



89 
90 
89 
90 

89 

88 
89 
89 
88 
88 
88 
88 
87 
88 
87 
87 
87 
87 
86 
86 

87 
86 
85 
86 
85 
86 
85 
85 
85 
84 
85 
84 
84 
84 
84 
83 
84 
83 
83 
83 
83 
83 
8a 
8a 
83 
8a 
8x 
8a 
8a 
81 
81 
81 
81 
81 
81 

80 
80 
80 
80 
80 

17 



4780 
4872 
4963 
5054 

5 '45 



5236 
5 327 
5 417 
5508 
5 598 



5688 

>M 

1956 
>Q46 



6 133 
6 224 
6312 
6401 
6489 



6577 
6665 

6$ 

6 928 



7 0l6 
7 103 
7I90 
7 277 
7 363 



7 430 
7 536 
7622 
7 708 

7 794 



7880 

7 05 
8051 
8136 

8 221 



8391 
8 475 
8560 
8644 



8728 
8812 
8896 
8 979 
9063 



9146 
9229 
9 3*2 
9 395 
9478 



9561 

9643 

9 725 

9 t? 7 
9889 

9 97' 



L. Cotg. 



c. d. 



0.85 220 
0.85 128 
0.85037 
0.84946 
0.84855 



0.84 764 
0.84673 
0.84583 
o . 84 492 
0.84402 



0.84312 
0.84223 
084 133 
0.84044 
083954 



083865 

0183688 
0.83 599 
083 511 



0.83423 
083 33? 
0.83 247 
083 159 
0.83 072 



0.82 984 
0.82897 
0.82810 
0.82 723 
0.82 637 



0.82 550 
0.82464 
0.82378 
0.82 292 
0.82 206 



0.82 120 
0.82035 
0.81 949 
0.81 864 
0.81 779 



0.81 694 
0.81 609 
0.81 525 
0.81 440 
081 356 



0.8l 272 
0.8l 188 
0.8l IO4 
0.8l 02I 
O.80937 



O.80854 
O.8077I 
O.80688 
O.80605 
O.80 522 



O.80439 

0.80 357 
O.80275 
O.80 I93 
O.80 III 
O.80029 

L. Tang. 

~8T 



99575 
99574 
99572 
99570 
99568 



99566 
99565 
99563 
99561 
99559 



99557 
99556 
99554 
99552 
99550 



99548 
99546 
99543 
99543 

99 54' 



99 539 
99 537 
99J35 
99 533 
99 532 



99 530 
99528 
99 526 
99 524 
99 522 



99 520 
99 5'8 
99 5'7 
99 5'3 
99 5'3 



99 5" 
99 509 
99 507 
99 505 
99 503 



99501 
99 499 
99 497 
99 495 
99 494 



99 492 

" 4 2°, 
99488 

99486 
99 484 



99 482 
99 48o 
99 478 
99476 

99 474 



99 472 
99 47o 
99 468 
99 466 
99 464 



9 99 462 
L. Sin. 



35 
34 
33 
32 

Jl 
80 

2 



10 





9* 


9* 


.1 

.2 


1I4 


18.2 


•3 


27.6 


273 


4 


36.8 


364 


:* 


46.O 


455 
546 
63.7 

?•* 
81.9 


55 2 


9 


64.A 

S:l 



90 

18.0 
27.0 
36.0 

45 .0 
540 
63.0 

72.0 
8I.O 



89 

■i :l 

26 7 

35 6 
445 

81 



£:? 



1 

8.7 
17.4 
26.1 
34-8 

43-5 
§2.2 
60.9 

« 

85 

85 
17.0 

25-5 

4| 34-0 

425 

51.0 

83 

765 
83 

16.I 
24.9 

4^33-2 

41 • 5 

4Q.8 

06.4 
747 
80 
8.0 
16.0 
24.0 
4| 32.0 



88 

8.8 

26.4 
35-2 
44.0 
52.8 
61.6 

704 
79 2 

86 

8.6 
17.2 
258 
344 
430 

60.2 

68.8 

774 

84 

8.4 
16.8 
25.2 
33-6 
42.0 

3S:i 

67.2 
75.6 



81 

8 
16 
24 
32 

*2 
48 

64 
72 



8.2 

l6. A 
24.6 
328 
4I.O 

49 2 
574 
65.6 
738 



40.0 
48.0 
56.0 
64.0 
72.0 



a 1 
0.2 

04 : 
0.6 1 

0.8 ; 

1.0 

1.2 

14 
1.6 
1.8 



Prop. Pte* 
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9 C 



I* Sin. 



d. 



L> Tang. 



c> d> L> Cotg* 



L. Cos. 



Prop»Pta« 



9 
10 

ii 

12 

*3 
»4 



:; 

20 

21 
22 
23 
24 

3 

11 

29 



3i. 
32 

33 
34 



3 

39 

rfir 

41 
42 
43 
44 



$ 



49 
"50 

5i 
52 

53 
J± 

3 

59 



19 433 
19 5«3 
19592 
19672 
19751 



9- 19 830 
9.19909 
9. 19 988 
9.20067 
9 20145 



9.20223 
9.20302 
9.20380 
9.20458 
9 20535 



9.20613 
9.20691 
9.20 768 
9.20845 
9.20922 



20999 
21 076 

2H53 
21 229 
21 306 



21 382 
21458 
21 534 
.21 610 
21685 



9.21 761 
9-21 836 

9 21 912 

9-21 987 

9.22 062 



9 22 I37 
9.22 211 
9.22 286 
9.22 361 
9-22 43S 



9.22 509 
9.22583 
922 657 
9-22 731 
9.22 80? 



9.22878 
9.22 952 
9-23 02< 
9.23098 

9 23 Ii* 



9.23244 
923 317 
9-23 390 
9.23462 

9 23 535 



9 23607 
9.23679 
9.23 752 
923823 
9 23895 



923967 
L. Cos. 



9.19 971 
9.20053 
920134 
9.20216 
9.20297 



9.20378 
9.20459 
9.20 540 
9.20621 
9.20 701 



9.20 782 
9.20862 
9.20942 
9.21 022 

9.21 102 



9.21 182 
9.21 261 
9.21 341 
9.21 420 
9 21499 



9.21 578 
921 657 
9 21 736 
9.21 814 
9-2i 893 



9.21 971 
9.22049 

9.22 127 
9.22 205 
9.22 283 



9.22 361 
9.22438 
9.22 516 
9.22593 
9.22070 



9.22747 
9.22824 
9.22901 
9.22977 
9 23054 



9.23 130 
9.23 206 
9.23 283 

9.233$ 
9 23 



359 
435 



9.23 510 
9.23 586 
9.23661 
9-23 737 
9 23 8' 2 



9.23887 
9.23962 
9.24037 
9.24 112 
9.24 186 



9.24261 

9-24 335 
9.24410 

9-24 484 
9 24 558 



924632 
L. Cotg. 



80029 

79 784 
79 703 



79 622 

79 541 
79460 

79 379 
79 299 



79218 
79 138 

7JJ078 



7OIF 

78 739 
78659 
78580 

78501 



78029 
77 95i 
77873 
77 795 
77 717 



77639 
77562 

77 484 
77407 

77 330 



77 253 
77176 

77 099 
77023 

76940 



76870 

76 794 
76717 
76641 
76565 



76490 
76414 
76339 
76263 
76188 



76 in 



75 82 
756S3 

75595 

75516 

75442 



75368 

c. d. L. Tang, 

80° 



99462 
99460 
99458 
99456 
99454 



99452 
99450 
99448 
99446 
99444 



99442 
99440 
99438 
99436 
99434 



9943? 
99429 
99427 
99425 
99423 



99421 
99419 
99417 
99415 
99413 



99 411 
99409 
99407 
99404 
99402 



99400 
99398 
99396 
99394 
99392 



99390 
99388 
99385 
99383 
99381 



99379 
99377 
99375 
99372 
99370 



99W 
99366 
99364 
99362 
99359 



99357 
99355 
99353 

99 35J 
99 348 



99 346 
99 344 
99 342 
99 340 
99 337 



9 99 335 
I. Sin. 



60 

P 
11 



8a 

8.2 
16.4 
24.6 
32.8 
41.0 
49.2 

65.6 
73.8 



81 
8.1 



79 

7 

15 
23 
31 
39 
47 

g 

71 
77 
77 
*5-4 
23.I 
30.8 

46.2 

8: 

693 
75 

75 
15.0 
22.5 
30.0 

375 
450 

60.0 
675 

73 

14.6 
21.9 
4| 292 
36.5 
43.8 

S l l 

§8.4 
65.7 

7* 



80 
8.0 
16.0 
24.O 
32.O 
40.0 
48.O 
56.O 
64.O 
72.O 

78 

7 i 
15.6, 

234 
31.2 

3 §-2 
46.8 

546 

62.4 

70.2 

76 

76 

I5 5 
22.8 

^8.0 
45.6 

£:S 

68.4 
74 

14.I 
22.2 
29.6 
370 

44-4 
51.8 
59.2 
66.6 

79 

7.2 
14.4 
21.6 
28.8 
36.0 
43-2 

8 

a 
0.2 

SI 

0.8 
1.0 
1.2 

It 

1.8 



V 



3 

0.6 

09 
1.2 

M 

2.1 

2.4 
2.7 



Digitized by Vj 



ProfrPte. 



TABLE IV. 



10 c 



L. Sin. 





i 

2 

3 

4 



23 967 
24039 

24 no 
24 181 

24253 



24324 
24395 

24466 

24536 

24607 



10 

n 
12 

13 
H 



24677 

24. 74| 

24818 
24888 
24 95» 



19 



20 

21 
22 

23 
24 



25028 
25098 
25 168 
25237 
25 3<>7 



25376 

25 445 
25 5£4 

25 §83 
25 652 



2 
2 

29 



25721 

25927 
25995 



30 

3i 

32 

33 

J± 

9 

i 

39 



41 
42 

43 
44 



26063 
26 131 
26 199 
26 267 
26 335 



26403 
26470 

26605 
26672 



£8 

26873 
26940 
27007 



8 
8 

49 



27073 
27 140 
27206 
27273 
27 339 



50 

5i 

52 
53 
54 

11 

59 



00" 



27403 
27471 

27 537 
27602 
27668 



27 734 

SB? 

27930 
27 995 



9.28060 
L.C08. 



d. L.Tang. 



24632 
24 706 
24 779 
24853 
24926 



25000 
25073 
25 140 
25 219 
25 292 



25 365 
25 437 
25510 
25582 
25655 



25727 
25 799 
25871 

2§943 
26015 



26086 
26158 
26229 
26301 
26372 



26443 

a? 

26 726 



26937 
27008 
27078 



27148 
27218 
27288 
27 357 
27427 



27 496 
27566 

27 635 
27704 
27 773 



27842 

27 911 
27980 
28049 

28 117 



28186 
28254 
28323 
28391 
28459 



28527 
28595 
28662 

2 §?30 
28798 



28865 
L.Cotg. 



&d. 



74 
73 
74 
73 
74 
73 
73 
73 
73 
73 
7a 

73 
7« 

73 
7a 

7a 

7* 
7a 
7a 
7* 
7a 

7* 
7a 

7* 
7* 
7* 
7« 
70 
7* 
V> 
70 
70 
7* 
70 
70 
70 
70 
69 
70 
69 
70 
69 
69 
<59 
69 
69 
69 
69 
68 

69 

68 

69 
68 
68 
68 
68 
67 
68 
68 
67 

c«d. 




L.Cotg. 



075368 

075294 
0.75 221 

o.75i47 
o- 75 o74 



0.75 000 

o.74 927 
0.74854 
0.74781 
074708 



0.74635 
074563 
074490 
o . 74 418 

0.74 345 



074273 
0.74201 
0.74 129 
0.74057 
o 73 985 



0.73203 
0.73*33 
0.73063 
0.72992 

0.72 922 



0.72 852 
0.72 782 
0.72 712 
0.72643 
072 573 




0.72 158 
0.72089 
0.72020 
0.71 951 
o. 71 883 



0.71 8ij. 
0.71 746 
0.71 677 
0.71 609 
o-7i54i 



o.7M73 
0.71405 

0.71338 
0.71 270 
0.71 202 

o 7i 135 

L.Tang. 

79° 



L.Cos. 



99 335 
99 333 
99 331 
99 328 
99 326 



99 324 
99322 

99 319 
99 317 
99 3'5 



99 313 
99310 

09308 
99 306 
99 304 



99 301 
99 299 
99297 

99 294 
99 292 



99285 
99283 
99281 



99 278 
99 276 
99 274 
99271 
99269 



99267 
99264 
.99262 
.99260 
99 257 



99 255 
99252 
99250 
99248 
99 245 



99 243 
99241 
99238 
99 236 
99 233 



99231 
99 229 
99 226 
99224 
99 221 



99 219 
99 217 
99 214 
99212 
99209 



99207 
99204 
99202 
99200 
99 197 



9 99 195 
I. Sin. 



50 



% 



w 

\l 



10 



Prop.Pt8. 



.1 
.2 

•3 
•4 

i 






fi 



74 

14 

22.2 

29.6 

37-0 

44 

5i 

HI 

72 
7.2 

21.6 
4(28.8 
360 
43-2 
50.4 

7 1 

70 

7.0 
14.0 

21 O 
.4I 28.O 

5 35 o 
o 42.0 
49.0 
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28960 
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30391 
30 457 
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30846 
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31 168 
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65 
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98627 
98623 
98620 
98617 
98614 
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97 779 
97 775 
97 771 
97767 

97 763 



97 759 
97 754 
97 75? 
97 746 
97 742 



97 738 
97 734 
97 729 
97 725 
97 721 



97696 
.97601 
97687 
97 683 
97 679 



97 674 
97670 
97666 
97662 
97 657 



97 653 

-:» 

640 
636 



632 
628 
623 
619 
6if 



6lO 
606 
602 

597 
593 



9 97 
997 
997 
997 
9 97 
9 97 



584 
580 
576 
571 
567 



L. Sin. d. 



Prop. Pte. 





43 


.1 

.2 


il 


3 


12.9 


4 


17.2 


:* 


2I § 
258 


9 


30.1 


it: 4 7 



4a 

4.2 

8.4 

12.6 

16.8 

21.0 
25.2 
294 

33 J 
37-8 



4* 

4.1 
8.2 

12.3 
16.4 

24.6 
28.7 
32.8 
36.9 





39 


.1 


3-2 


.2 


7 8 


3 


11. 7 


•4 


15.6 


•5 


19 5 


.6 


234 


:l 


273 


31.2 


9 


35- 1 





37 


.1 


3-7 


.2 


74 


3 


n. 1 


4 


14.8 
1S.5 


i 


22.2 


I 


25.9 
29.6 


9 


33 3 





5 


.1 


05 


.2 


1.0 


•3 


1-5 


4 


2.0 


•5 


25 


.6 


3-o 


i 


3-5 


4.0 


9 


45 



H 
7.6 

n .4 

15.2 

19.0 

22.8 

26.6 

304 
34 2 



36 
36 

7 2 

io\8 
144 
18.0 
21.6 
25.2 
28.8 

324 



it 

1.2 
1.6 
2.0 

it 
11 



Prop. Pte. 



I 

9 

TO 

II 
12 
13 

*4 

:?, 

*9 
20 
21 
22 
23 
24 



29 
W 

31 
32 
33 
34 

li 
li 

39 
lo 

41 

4* 
43 
44 

8 



49 

5* 

5« 
53 

, 59 



l.81m. 



9.51 264 
9 51 301 
951 338 
9.51 374 

9 5*4" 



9-51447 
9.51484 
9.51 520 
9.5i 557 
9 5* 593 



951629 
9.51 666 
9 517°; 
9 5i 738 
9 5i 774 



9 51 811 
9.51 8^7 

9-51 W3 
9.51 919 

9 5i 955 



951 991 
9.52027 
9.52063 
9.52099 
9 52 135 



9.52 171 
9.52 207 
9.52 242 
952278 
9-52 3I4 



9-52 350 
9-52 3*5 
9.52421 
9.52456 
9-52 492 



9.52527 

9 52 563 
9.52598 
9 52 614 
9 52669 



9.52 705 
9.52 740 

952 775 
9.52 811 
9.52846 



9.52881 
9.52 916 

952951 
9.52986 

9-53 021 



953 056 
9 53 092 
953 126 
9 53 161 
9 53 '96 



9 53 2}i 
9.53266 
953301 
953 336 
953 370 



d. L. 



9-53 405 



L.Cot» 



Tang* c« d 



d. 



53697 
53 738 
53 779 
53820 
53 861 



53902 
53 943 

53 984 

54 025 
54065 
54io6 
54 147 
54 187 
54 228 
54269 



54 309 
54 35o 
54 390 
54 431 
54 471 



54 5" 
54 552 
54 593 
54 033 
54 673 



54 9*5 
54 955 

54 995 

55 035 
55075 



55 "5 

55 155 
55*95 
55 235 
55 275 



•55315 
55 355 
•55 395 
•55 434 
•55 474 



55 5*4 
55 554 
55 593 
55833 
55 673 



55712 
55 752 
55 791 
55831 
55870 




19 c 

L. Cotg. 



0.46 303 
0.46262 
0.46 221 
0.46 180 
046 139 



0.46098 
0.46057 
0.46 016 
o.45 97J 



45 975 
•45 935 



045894 
o.45 853 
o.45 813 
0.45 772 
o 45 73* 



045 69* 
0.45 650 
0.45 610 
0.45 569 
045 529 



0.45488 
0.45448 
0.45 407 
0-45 367 
Q-45 327 



0.45286 
0.45 246 
0.45 206 
0.45 165 
o 45 * 2 5 



0.45083 
0.45 045 
0.45 005 
0.44965 
o 44925 




L. Cos. d. 



9.97567 
997 563 
997 55» 
9-97 5 
997 5: 



997 545 
997 54* 
9-97 536 
997 532 
9-97 528 



997 523 
9.97519 

9-97 5*5 
9.97510 

997 506 



9.97501 

9-97 497 
9.97492 
9.97488 
9 97 484 



997 479 
9 97 475 
9.97470 
997466 
9-97 461 



997457 
997 453 
9.97448 

9 97 444 
9 97 439 



9 97 435 
9-97 430 
9.97426 
9.97421 
9-97 417 



0.44685 
0.44645 
0.44605 
0.44560 
0.44 526 



044486 
0.44446 
0.44407 
0.44 367 
044327 



0.44288 
0.44248 
0.44209 
044*69 
0-44*30 



0.44090 
0.44051 
0.44 on 
0.43 972 
Q-43 933 
Q-43 893 



L. Cotg. c» d. L« Tang. 

70° 



9.97412 
9.97408 
9 97403 
997399 
997394 



9 97390 
9.97355 
997381 

9-97 376 
997 372 



9 97 367 
997 363 
997 358 
9-97 353 
9 97 349 



9 97 344 
9 97 340 
997 335 
997 33 J 
9-97 326 



997 322 

9 97 3*7 
9.97312 
9.97308 
9-97 303 
9 97 299 



L. 81m. d 



60 

3 

1 

55 
54 
53 
52 
Ji 
50 



45 
44 
43 
42 
4* 

nr 

* 



w 



Prop. Pts. 





4X 


.1 

.2 


J:i 


3 


12.3 


•4 


16.4 


i 


20.5 
24.6 
28.7 
32.8 


9 


369 



40 

t:S 

12.0 
16.0 
20.0 
o 
28. o 
320 
360 



39 

n 

11. 7 
15.6 

*95 
23 -4 
273 
31.2 

35* 





37 


36 


.1 


3-7 


3-6 


.2 


74 


7 i 


• 3 


n. 1 


10.8 


4 

i 


14.8 
1S.5 
22.2 


14.4 
18.0 
21.6 


:I 


25.9 
29.6 


25.2 
28.8 


9 


33-3 


32 -4 





35 


.1 


3-5 


.2 


7.0 


3 


10.5 


4 


14.0 


i 


*7 5 


21.0 


:I 


28I0 


9 


3*. 5 





5 


.1 


05 


.2 


1.0 


3 


* 5 


4 


2.0 


i 


2-5 
3-o 


:l 


35 
4.0 


9 


45 



34 

it 

10.2 
136 
17.0 
20.4 
238 
27.2 
30.6 



04 
0.8 
1.2 
1.6 
2.0 

li 



Prop»Pte. 



TABLE IV. 



20 c 



L. Sin. 



d. 



L.Tang. 



c.d. 



L. Cotg. 



L. Cob. 



d. 



Prop. Pte« 





i 

2 

3 
4 



_9 
10 

ii 

12 

13 
14 



II 

18 
'9 
20 

21 
22 

23 

24 

2 

29 



31 

32 
33 
34 

39 
40 

41 
42 
43 



2 

49 
50 

5i 
52 

53 
54 

3 

59 
60 



53 405 
53 440 
53 473 
53 509 
53 544 



53 578 
53§i3 
53f47 
53682 
53 716 



53 751 
53 785 
53819 

§3* 



53 922 
53 957 

53 991 
54023 

54 059 



54 093 
54127 
54 161 

54 195 
54229 



54263 
54 297 
54 331 
54 3^3 
54 399 



54 433 
54466 
54 5oo 
54 534 
54 567 



54 6oi 

54702 
54735 



54709 
54802 
54836 
54869 
54903 



54936 
54969 
55003 
55056 

55069 



55102 
55136 
55109 
55202 
55235 



55I0T 
55301 
55334 
55367 
55400 



9 55433 



56 107 
56 146 
56185 
56224 
56264 



56303 

56420 
56459 



56498 
56576 

s6 A l$ 
56654 



56693 
56732 
56771 
56810 
56849 



56W 
56926 

56963 
57004 
57042 



57081 
57 120 
57158 
57197 
57235 



57274 
57312 
57 351 

57 3* 
57 42' 



57466 
57 504 
57 543 
57 581 
57 6^9 



57696 
57 734 
57 772 
57 8io 



57 249 
57 887 
57 9?3 
57 963 
58001 



58039 
58077 
58 n§ 
58 153 
58 191 



58229 
58267 
58304 

8* 



58418 



043893 
0.43 854 
0.43815 
0.43 776 

Q-43 736 



0.43 697 
0.43 658 
0.43 619 
0.43 580 
o 43 541 



0.43 502 
0.43 463 
0.43424 

043 385 
o>43 346 



043 307 
0.43 268 
0.43 229 
043 >90 
Q-43 W 



043 "3 
0.43 074 
043 035 
0.42 996 
042 958 



!I9 



0.42 
0.42 
0.42 842 
0.42 8o 
o 4276J 



3 



0.42 726 
0.42688 
0.42 649 
0.42 611 
o 42 572 



042 534 
0.42 496 
0.42457 
0.42 419 
o 42381 



0.42342 
o . 42 304 
0.42 266 
0.42 228 
0.42 190 



0.42 151 
0.42 113 

0.42075 

0.42 037 
o 41 999 



0.41 961 
0.41 023 
0.41 885 
0.41 847 
0.41 809 



0.41 771 

0.41 733 
0.41 696 
0.41 658 
0.41 620 
0.41 582 



97 276 
97271 
97266 
97 262 
97 257 



97252 
97248 
97 243 
97238 
97 234 



97 229 
97224 
97220 
97215 
97210 



97206 
97 201 
97196 
97 192 
97187 



97 182 
97178 

97 173 
97168 
97163 



97 159 
97 154 
97H9 
97H3 
97MO 



97 135 
97 130 
97 126 
97 121 
97 116 



97 111 
97 107 
97 102 

97 097 
97092 



97087 
97085 
97078 
97 073 
97068 



97063 
97 059 
97 054 
97 049 
97 044 



97039 
97035 
97030 
97025 
97020 



1 

55 
54 
53 
52 

_5L 
50 



9-97 Qi5 





40 


.1 

.2 


t.l 


•3 


12.0 


4 


16.0 


i 
:« 


20.0 


24.0 
28.0 


32.0 


9 


36. o| 





98 


.1 


38 


.2 


7.6 


•3 


II 4 


4 


15.2 


i 


19.0 
22.8 


■J 


26.6 


3° 4 


9 


34 2 



39 

n 

19.5 
23.4 
27.3 
31.2 

35 1 



37 
3-7 
74 
Hi 
14.8 
18.5 
22.2 
25.9 
29.6 
33 3 



35 

3-5 

70 

10.5 

14.0 

17.5 
21.0 

2T0 

31.5 





34 


.1 

.2 


li 


•3 


10.2 


4 


13.6 


:* 


17.0 


20.A 
23.8 


:I 


27.2 


9 


30.6 





5 


.1 


05 


.2 


I.O 


3 


1.5 


4 


2.0 


i 


25 
3-0 


:I 


3-5 


40 


•9 


45 



U 

9 9 
i|2 

19.8 

26.4 
29.7 



it 

1.2 
1.6 

2.0 

li 
S3 



L. Cos. 



d. 



L. Cotg. 



c.d« 



L. Tang* 



L. Sin. 



d. 



Prop. Pte. 



LOGARITHMS OF SINE, COSINE, TANGENT AND COTANGENT, Etc. si 



2V 



L. Sin. 



d. L. Tang, e« d 



58418 

95$493 
958531 
9-58 569 
9.58606 
9.58 6J4 
958681 
9.58719 
9-58 7S7 



L. Cotg. 



L. Cos. 



d. 



Prop+Pte. 



10 

11 
12 
'3 
14 



19 



20 

21 
22 
23 

24 



3 



29 



955 433 
9.55 4S6 

955 499 
9-55 532 
955 564 



9 55 597 
955530 
955663 
955 
9 55 



9 55 76i 
955 793 
955826 
955 858 
9 55 89' 



9-55 923 
9 55 956 
9-55 988 
9.56021 

9-56 053 



sa 

56215 



56247 
56279 
563" 
56343 
56375 




9.58794 

it* 

9.58907 
9.58944 



9.58981 
9.59019 
959056 

9-59 094 
9-59 13' 
959 168 
9.59205 

9-59 243 
9.59 280 

959 317 



959 354 
9-59 39* 
9 59 429 
959 466 

959 503 



959 540 

9-59 577 
9.59614 
9.59651 
959 



959 725 
9.59762 

959 799 
9-59 835 
959 872 



9 59 909 
959 946 
9-59983 
9.60019 
9.60056 



960093 
9.60 150 
9.60 106 
9.60203 
9.60240 



9.60276 
960313 

9-60349 
9 60386 
9.60422 



9.60459 
9 60 495 
9.60552 
9.60568 
9.60005 
9.60641 



I* Cotg. 



37 
3« 
38 
38 
37 
38 
37 
38 
38 
37 
38 
37 
,38 
37 
37 
38 
37 
38 
37 
37 

37 
38 
37 
37 
37 
37 
38 
37 
37 
37 
37 
37 
37 
37 
37 
37 
37 
36 
37 
37 
37 
37 
36 
37 
37 
37 
36 
37 
37 
3« 

37 
36 
37 
36 
37 
36 
37 

3« 
37 

3« 

e. d. 



0.41 582 
0.41 545 
0.41 507 
0.41 469 
0.41431 



9.97015 
9.97010 
997005 
9.97001 
996996 



0.41 394 
0.41 356 
0.41 319 
0.41 281 
0.41 243 



0.41 206 
0.41 168 
0.41 131 
0.41 093 
0.41 056 



9.96901 
9.96986 
9.96981 
996976 
9.96971 



9.96966 
9.96962 
9.96957 
9.96952 
996 947 




0.40832 
0.40 795 
0.40 757 
0.40 720 
0.40683 



996942 
9.96 937 
9.96 932 

996927 
9.96922 



0.40646 
0.40609 
0.40571 
040534 
040497 



9.96917 
9.96912 
9.96907 
9.96903 
996 



0.40460 
0.40423 
0.40386 
0.40349 
040 3 12 



9 96 
996 

9.96878 
9 96 873 



0.40 275 
0.40 238 
0.40201 
0.40 i6| 
0.40 128 



0.40091 
0.40054 
0.40017 
0.39981 
0-39 944 



0.39907 
0.39870 

0.39834 
o.39 797 
039760 



0.39 724 
0.39687 
0.39651 
0.39614 
0.39 578 



039 541 
0.39 505 
0.39468 
0.39 432 
o 39 395 



Q-39 359 
L. Tang. 

68° 



9.96868 
9.9685S 
9I9684S 



9 96843 
9.96838 
9.96833 
9.968a 
996 823 



9.96818 

;£& 

9.96803 
9 96798 



$:8» 

9 96 783 
996 77» 
9 96 772 



9.96767 
9.96 762 
9i96 757 
9 96 752 
9 96 747 



996 742 
996 737 
996 732 
9.96727 
9.96 722 



9.96 717 
I. Sin. 



d. 



60 

5S 
58 

55 
54 
53 
52 

JL 
50 

% 
1 

45 
44 
43 
42 
41 
10 

9 



98 

H 
76 

11. 4 

15.2 

19.0 

22.8 

26.6 

304 

342 





96 


I 


36 


2 


7-2 


•3 


10.8 


•4 


14.4 
18.0 


i 


21.6 


I 


25.2 

28.8 


9 


32.41 



.1 

.2 

3 
4 

i 
:I 

9 





91 


.1 

.2 


1:1 


•3 


9 3 


•4 


12.4 


i 


!§:£ 


:l 


24.8 


•9 


279 





5 


.1 


05 


.2 


1.0 


•3 


15 


■4 


2.0 


1 


2.5 
3.0 


:i 


3.5 


4.0 


9 


4.5 



37 
3-7 
74 
11. 1 
14.8 
18.5 
22.2 
25.9 
29.6 
33-3 



1:1 

9-9 
13.2 

23.1 
26.4 
29.7 



39 

k 

12.8 
16.0 
19.2 

22 1 
25.6 

28.8 



6 

0.6 
1.2 
1.8 
2.4 

3-6 

4 i 

4.8 
5-4 



it 

1.2 

1.6 
2.0 

It 



Prop.Pte. 



TABLE IV. 



22 c 



L. Sin. 



57 35^ 
57 3»9 
57420 

57 451 
57 482 



d. L.Tang. 



cd. 



Cotg. 



L. Cos. 



Prop. Pte. 



57669 
57700 

57 731 
57762 

57 793 



57824 

57 !§ 5 
57 885 
57916 
57 947 



*Z 97 ! 
58008 

58039 

58070 

58 101 



58 162 
58 192 
58223 

58 253 



58284 
5f3i4 
5|343 

58406 



58467 
58 497 
58 527 

58 557 



58158: 
58618 
58648 
58678 
58709 



58829 
58859 



58889 
58919 
58949 
58979 
59009 



9 
9 
9 
9 
_9 

L. Cos. 



59i88 



31 
3* 
3* 
31 

3« 

3* 
3« 
3« 
3* 
3i 
31 
3» 
3» 
3« 
3i 
3* 
30 
3* 
3* 
3* 
30 
3* 
3« 
3* 
30 

3X 
30 
3* 
30 
3* 
30 
3* 
30 
3* 
30 
31 
30 
30 
3o 
3* 
30 
30 
30 
31 
30 
30 
30 
30 
30 
30 

30 
30 
30 
30 
30 

30 
29 
30 
30 
3o 

T 



.60641 
60677 
,60714 
60730 
60786 



60823 
60859 
60895 
60931 
60907 



004 
040 
076 
112 
148 



220 
256 
292 
328 



364 
400 

43 6 
472 

508 



544 



687 



722 

758 

£0 



901 
936 

.62008 
62043 



62 079 
62 114 
62 130 
62 185 
62 221 



62256 
62 292 
62327 
62 362 
62398 



62 504 
62539 
62574 



62 785 



L. Cotg. 



3« 
37 
3« 

*. 
37 

3« 
3« 
3« 
36 
37 

36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
35 
36 
36 
36 
35 
36 
36 
36 
35 
3« 

35 
36 
36 
35 

3<5 

35 
36 
35 
36 
35 
36 
35 
35 
3<5 
35 

35 
36 
35 
35 
35 
36 
35 
35 
35 
35 



o 39 359 
039323 
0.39286 
0.39250 
o 39 214 



039 177 
039 Hi 
039 105 
039069 
0-39 033 



0.38996 
0.38960 

0.38852 



0.38816 
0.38 780 
0.38744 
0.38 708 
0.38672 



o 38636 
o 78600 
0-8564 
0.38528 
o.3 8 492 



0.38456 
0.38421 
038385 
038349 
038 3'3 



0.38278 
0.38 242 
0.38206 
0.38 170 
o 38 135 



0.38099 
0.38064 
0.38028 
0.37992 
37 957 



2:|?S 
0.37850 
037815 

o 37 779 



0.37744 
0.37708 
0.37673 
0.37638 

0.37602 



0.37567 
0.37532 
0.37496 
0.37461 
037426 



0.37391 
0.37355 
0.37320 
0.37285 
0.37250 

o 37 2i5 



c. d. L. Tang. 

67° 



96717 

96 706 
96701 
96696 



966^6 
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965 705 
9.65 729 

9 65 754 
9 65 279 
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9.65 878 
9.65902 
9 65927 



9.65952 
9.65976 
9.66001 
9.66025 
9.66050 



9.66075 
9.66099 
9.66 124 
9.66 148 
9 66'73 



9-66 197 
9.66221 
9.66246 
9.66270 
9.6629$ 



9.66319 

9 66392 
9.66416 



9.66441 
9.66465 
9.66489 
9.66513 
966537 



9.66562 
9.66586 
9.66010 
9-66 634 
9.66658 



9.66682 
9.66 706 
9-66 731 
9 .66 755 
9 66 779 



966803 
9.66827 
966851 
966875 
966899 



9.66922 
9.66946 
9.66970 
966994 
9.67018 



9.67 Od2 

9.67066 
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9 67 137 
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121 
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722OI 
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72 323 
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3* 
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3* 
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30 
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29 127 
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68875 
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69323 
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69 545 
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75 323 
75 353 
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025 506 
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0.25 031 
0.25 002 
0.24972 
0.24942 
o. 24 913 
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0.24530 
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0.24236 
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94182 
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9.70 072 
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70137 
70159 
70 180 
70202 



70224 
70245 

70310 



70332 
70 35, 
7o 37! 
70 3« 
70418 



70 439 
70461 
70482 
70504 
70 525 



70 547 
70568 
70 590 
70 611 

70 633 



70654 
70675 
70697 
70718 
70 739 



70 761 
70782 
70803 
70824 
70846 



7o"56; 
70888 
70909 
70931 
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70 973 

70 994 

71 015 
71036 
71058 



71079 
71 100 
71 121 
71 152 
7i 163 
71*84 
L.C08. 



76144 

76173 
76 202 
76231 
76261 



76290 
76310 
76348 
76 377 
76406 



76464 

76 493 
76 522 

76551 



76609 

m 

76697 



76725 

76783 
76812 
76841 



76870 

76928 

76957 
76986 



77015 
77044 
77073 
77101 

77130 



77217 
77246 
77 274 



77 303 
77 332 
77 36i 
77 390 
77 4i8 



77 447 
77 476 
77 5o5 
77 533 
77 562 



77 591 
77619 
77648 
77 677 
77 7o6 



77 734 
77763 
77 791 
77820 

77 849 



9 -77 877 

L. Cotg. |c. d, 



0.23856 
0.23 827 
0.23708 
0.23769 
o 23 739 



993 753 
93 746 
93 738 
93 731 
93 724 



0.23 710 
0.23 681 
0.23 652 
0.23 623 
o- 23 594 



23 565 
23 536 
23507 
23478 
23 449 



9-93 680 
9-93 673 
9 93 665 
9.93658 

9-93 650 
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0.23391 
0.23 361 
0.23332 
o 23303 



0.23275 
0.23 246 
0.23 217 
0.23 188 
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9-93 643 
9 93636 
9.93628 
9.93621 
9 93614 



0.23 130 
0.23 101 
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0.23043 
0.23014 



0.22 985 
0.22956 
0.22 927 
0.22 899 
0.22 870 



0.22 841 
0.22 812 
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0.22 



: 754 
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93487 
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86705 
86694 
86682 
86670 
86659 


40 

41 
42 
43 
44 


9 
^9 
9 
9 
9 


83106 
83 120 

83133 


9 
9 
9 
9 
9 


96459 
96484 
96 510 

96535 
96560 


0.03 541 
0.03 516 
0.03490 
0.03465 
0.03440 


9 
9 
9 
9 
9 


86647 
86635 
86624 
86612 
86600 


20 


3 

49 


9 
9 
9 
9 
9 


83202 
83215 
83229 


9 
9 
9 
9 
9 


96586 
96 6n 
96636 
96602 
96687 


0.03 414 
003389 
0.03364 
003338 
0.03313 


9 
9 
9 
9 
9 


86589 

86 577 
86565 
86554 
86542 


15 
14 
13 
12 
n 

% 



5 

4 
3 

2 
1 


I< 
11 


>-4 
1.7 

tt 

I.I 

2.2 

33 
44 

li 
1:1 

9 9 


50 

1 52 

S3 

! 54 


9 
9 
9 
9 
9 


83297 


9 
9 
9 
9 
9 


96 712 
96738 

96 814 


0.03288 
0.03 262 
003237 
0.03 212 
0.03 186 


9 
9 
9 
9 
9 


86530 
86518 
86507 
86495 
86483 


.1 

.2 
3 
4 

i 

i 

•9 


1.2 

ti 

l' 

'I 

I0.8 


11 

59 


9 
9 
9 
9 
9 


83310 

§3324 
83338 

83 3^5 


9 
9 
9 
9 
9 


96839 
96864 
96890 
96915 
96940 


0.03 161 
0.03 136 
0.03 no 
0.03085 
0.03 060 


9 
9 
9 
9 
9 


86472 
86460 
86448 
86436 
86425 


60 


9 


83 378 


9 


96966 


0.03034 


986413 


* 




L. Cos. 


d. 


L.Cotg. 


c. d. 


L. Tanp. 


L. Sin. 


d. 


/ 
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ii 

12 

14 



\l 

|W 

21 
22 
23 

% 

% 

29 

31 
32 

33 
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9 

, 39 

41 
42 
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8 
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rso 
51 
52 
53 
54 



, 59 
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L. Sin. 



fT37? 
f3 392 
83405 
83 419 
83 432 



f3 5i3 
83 527 
83 540 
83 554 
83 567 



83581 

83621 
83634 



ii a 

ga 

83701 



§3 713 

8372I 

83741 

IVM 

im 

83821 
83834 
WW 
83861 

53887 
83901 
83914 
83927 
83940 

tig. 



83980 

84006 
84020 

84033 
84046 
84059 

84072 

US 



84 112 

84138 

84 164 
84177 

L. Cos. 



d. L. Tang. 



H 
»3 
*4 
»3 
*4 
X3 
«4 
13 

*3 
«4 
13 
*4 
*3 
«4 

*3 
*4 
*3 
*3 
»4 
13 
13 
14 
*3 
14 
»3 
»3 
*4 
*3 
»3 
H 
13 
*3 
13 
*4 
13 
*3 
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X3 
*4 
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13 
*3 
*3 
«4 
X3 
13 
*3 
*3 
*3 
13 
*4 
*3 
*3 
*3 
*3 
*3 

17 



c. d. 



96966 
96991 
97016 
97042 
97007 



97092 
97 "8 
97M3 
97 168 

97 193 



97219 

97 244 
97269 

97 295 
97 320 



97 345 
97 37J 
97 396 
97421 

97 447 



97 472 
97497 
97 523 
97 548 
97573 



97 598 
97624 
97649 
97 674 
97 700 



9 

9 

9 

9 
_9 

9 

9 

9 

9 
JL 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_?_ 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

9 

9 

9 
_9 

9 

L. Cotg. 



97 725 
97 75o 
97 776 
97801 
97826 



97851 

97877 
97902 
97 927 
97 953 



97 978 
98003 
98029 
98054 
98079 



98 104 

98 130 

^^ 
98 180 

98206 



98231 
98256 
98281 
98307 
98332 



9|357 
98408 

98458 
9SW 



L. Cotg. 



0.03 034 
0.03009 
0.02984 
0.02 958 
0.02 933 



0.02 900 
0.02 882 
0.02 857 
0.02 832 
0.02 807 



0.02" 781 
0.02 756 
0.02 731 
0.02 705 
0.02680 



0.02 655 
0.02 629 
0.02 604 
0.02 579 
002 553 



0.02 528 
0.02 503 
0.02477 
0.02 452 
0.02427 



0.02402 
0.02 376 
0.02 351 
0.02326 
0.02 300 



0.02 275 
0.02 250 
0.02 224 
0.02 199 
0.02 174 



0.02 149 
0.02 123 
0.02 098 
0.02 073 
0.02 047 



0.02 022 
0.01 997 
0.01 971 
0.01 946 
0.01 921 



0.01 896 
0.01 870 
0.01 845 
0.01 820 
o.oi 794 



0.01 769 
0.01 744 
0.01 719 
O.OI 693 
0.01 668 



0.01 643 
0.01 617 
0.01 592 
0.01 567 
0.01 542 



o.oi 516 
c. d. L. Tang. 
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L. Cos. 



9-86 413 
9.86401 
986389 
9.86377 
9.86366 



986354 
9.86342 
9.86330 
9.86318 
9.86306 



9.86295 
9.86283 
9.86 271 
9-86 259 
9.86247 



986235 
9.86 223 
9.86 211 
9.86200 
9.86188 



9.86176 
9.86164 
986 152 
9.86 140 
9.86 128 



9.86 116 
9.86 104 
9.86092 
9.86080 
9.86068 



9.86056 
9.86044 
9.86032 
9.86020 
9.86008 



9.85 
9.85, . 
9.85972 
9.85960 
985 948 



9.85936 
9.85924 
9.85912 

;3s 



9.85876 
9.85864 
9.85851 
9.85839 
985 827 



9.85815 
9.85803 
985 791 
985 779 
985766 



9 85 754 
9.85 742 

9 85 730 
9.85 718 
9 85706 
9 -85 693 

L. Sin. d. / 



46 

45 
44 
43 
42 
41 
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78 
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»5 
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21 

n 
B 
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13 
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5 
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ia 
1.2 

24 
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48 
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H 
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10.8 
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L.Sta. 



9 !|4 

9.84 
9.84 
9.84 
9.84 



T3T 



e.d. 



L. Cotg. 



L.C08. 

9f5693 
9.85 681 

9.85669 
985657 



d. 



Prop. Pfa. 



9 
II 

12 
13 
14 



19 



21 
22 

23 
J4 

S 

2 

29 
80 

31 
32 
33 
34 

3 
? 

39 

10 

41 
42 
43 



3 

8 

49 
60 

5i 
52 
53 
54 

S 

59 
00 



?4 



|4437" 
.84450 

si 



1E152 

|4 5i5 

84528 
84540 
84 553 



177 
190 
20J 
210 
229 



242 
*55 



282 
295 



843 



321 

334 



373 

3«l 

3! 

4" 

424 



:rar 
§4579 

84S05 
.84618 



84630 
840: 

9f4fb 
9.84682 



^94 
.84707 
9.84720 
984733 

84 745 



^§4758 

954771 
9.84784 

984 - 
9.84 



9.84822 

984833 
9.84847 
9.84860 
984873 



9.84885 
9.8489S 
9.84 911 
9.84923 
9 84930 
9 84949 

L. Cos. 




98509 

98585 



98610 

98686 
987" 



98 737 
762 



99090 



99 "6 
99 I4J 
99166 
99 191 
99 217 



99 242 
99267 
99 293 
99318 
99 343 



99W 
99 394 
99419 

99 444 
99 469 



99 495 
99520 

99 545 
99 570 
99 596 



^99621 
9.99646 
9.99672 
9.99697 
999 722 



99 747 
99 773 
99798 
99823 
99848 



99§74 
99 899 
99 924 
99 949 
99 975 



0.00000 
d. L. Cotg. 



0.01 516 
0.01 491 
0.01 466 
0.01 440 
0.01 415 



9.85 645 



0.01 390 
0.01 365 
0.01 339 
0.01 314 
0.01 289 



0.01 263 
0.01 238 
0.01 213 
0.01 188 
0.01 162 



9.85 632 
9.85620 
9.85608 

9.85 596 

9 85 583 



9§5 57i 
9$5 559 
985 547 
9 85 534 
9 85 522 



0.01 137 
0.01 112 
0.01 087 
0.01 061 
o.oi 036 



9 85 510 
9.85407 
9.85485 
9 $5 473 
985460 



O.OI on 

0.00985 
0.00960 
0.00935 
0.00910 



0.00884 
0.00 859 
0.00834 
0.00809 
0.00 783 



985448 
9.85436 

9.85423 
9.85 411 

9 85 399 



0.00 758 
0.00 733 
0.00 707 
0.00682 
0.00657 



985386 
9§5 374 
985 361 
9 85 349 
9-85 337 



0.00 632 
0.00606 
0.00 581 
0.00 556 
000531 



985324 
9853" 
9.85209 
9.85 287 
985 274 



9.85262 
985250 
98523; 

9.85 221, 
9.85 212 



O.OO505 
O.OO480 

0.00 455 
O.OO43O 
O.OO4O4 



9.85 200 
985 I87 
9 85 175 
985 102 

9 85 i5o 



0.00379 
0.00 354 
0.00328 
0.0030; 
0.00 



3°3 
278 



9 85 137 
9 85 12$ 
985 112 
9.85 100 
985087 



0.00253 
0.00227 
0.00202 
0.00 177 
0.00 152 



9.85074 
9.85062 
9.85049 
9 85037 
985 024 



0.00 126 
0.00 101 
0.00076 
0.00051 
0.00025 
0.00000 



c. d. L. Tang. 

45° 



9.85 OI2 

9.84986 
9.84974 
9.84961 

9 84 949 
L. Sin. 



d. 
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*3 
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21 

\t 

\l 



•6 
2.6 

78 
10.4 

13 o 

20.8 
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«5 

2.5 
5-0 
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12.5 
15.0 

17.5 
20.0 
22.5 



«4 

it 

n 
5 
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9i 

10.4 

11. 7 
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11 
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TABLE V. 



NATURAL 



SINES AND COSINES 



ni t i. Q Hhw C^OOa Ip 

— I 



? 6 



JLAJiLJS V, 



9 
io 

12 



13 
H 

)l 
I 

19 

20 
21 
22 
*3 

24 



*5 

26 

29 

30 



3* 

3= 
33 
34 



3 

39 

40 
41 

43 

43 
44 

8 
9 



N. sine N« cos. 



.00000 

.00029 
.00058 
.00087 
.00116 
,00145 
■ 00175 



00204 

00233 
.00262 
.00201 
'.00320 
-00349 



,0037s 
,00407 
^00436 
.00465 
.00495 
■00524 



00553 
,00^62 
.00611 
.00640 



■7*727 
■00756 
.00785 
00814 
00S44 
■00*73 



.00902 



00931 
00960 



.0101 

.01047 



.01076 

,01105 
01134 
,01104 
■01 193 



99999 

99999. 
WW 

99999 
99999 
00000 



O9O9S 

9999* 
OQOOS 

99999 

OOO9S 

9999* 



99997 

99997 
99997 
99997 

99996 

99990 



00000 
00000 

00000 
00000 
00000 

QOOC.O 



00000. 

00000 
00000 
00000 
99999 
99999 



99996 

99996 
99995 

99995 
99995 
99995 



99994 
99994 

99994 
99993 
99993 

99993 



1* 



N. sine N. cos. 



■OI745 
01774 
►01803 
.01832 
.01S& 
.01891 
01920 



OT9494 
-0197S 
.02007 
.02036 
,02005 
.02094 



02123 
.02152 
.02181 
.02211 
.02240 
.02269 



02327 
02356 
02385 
02414 
02443 



,02472 
.02501 

.025 DO 
.02589 
.02618 



.02647 
.02676 
.02705 
.02734 
.03763 
.02792 



0282 1 
02850 
,0*870 

.02QG§ 
.02938 
O296 



OO9SJ 
99980 
999&> 

99979 
99979 
9997S 



999S5 
99984 

999S4 
999*3 
99983 

9998a 
99982 



99977 
99977 

9W$ 
9997$ 

99975 
99974 
99974 
99973 
9997* 
99972 

99971 
99970 
99969 
99969 

9996S 

999°7 
99966 
99966 



999^5 
99964 
99963 
99963 
99962 
99961 



99960 
99959 
99959 

9995 s 
99957 
99956 



3° 



N. sine N, cos 



03400 
0351 
0354 
■03577 
03606 

03635 
Q3 66 4 



03693 
°37*3 
03752 
.03781 
.03810 
■03»39. 



.0386S 
,03897 
.03926 

03955 
.03984 

04013 



0404a 

04071 
.04100 
04129 
.04159 
,04188 



,04217 
,04246 
,04275 
.04304 

'04333 
.04302 



.04391 
.04420 
.04449 
.044 7S 
■04507 
■04536 



.04565 
.04594 
.04623 
■04653 
.046S2 
.04711 



99995 
999*4 

999*3 

90022 
99921 
999'9 



99913 

99917 
90916 

99915 
99913 
990*3 



9993' 
9993! 
99937 
99936 

99035 

99934 
99933 



a* 



N. sine N, Cos 



9993a 

9993 

99930 

99929 

99927 

99926 



9991 j 
99910 

90909 

9990 

99906 

99905 



99904 

09002 

999° 

99900 

9P98 

99897 



99*90 

99894 
99893 
99891 
9989O 

99S89 



05611 
05640 

05727 
0575° 



05S14 
05&44 

05S73 
05902 
05931 



05960 



05334 
05363 

05292 

■°533i 

05350 
05379 
05408 



05437 

t>5495 

055-4 
05553 
0^582 



06047 
06076 
06105 



061 U 

06163 
06192 
06221 

06250 
06279 



06308 

06337 
06366 
06395 
06424 
06453 



■99863 
99S61 
.99860 
,99858 
99|5* 
99f5J 
99854 



N« sine N. cos 



-99853 
99851 
9984$ 

99547, 
.90846 
99844 



.99S42 
99841 

99*39 
.99S38 
99S36 
99 s 34 



99833 
.99831 

09829 
,99827 
.99826 
.99S24 



.09S22 
90S. 
.99810 
.99817 
90815 
■99S13 



99S12 
.90810 

09S0S 
.99S06 
,09804 
.99803 



.99801 
■99799 
■99797 
■99795 
-99793 
99793 



06976 
.07005 
,07034 
07063 
07092 
07121 
.07150 



T7179 
07208 
07237 
07266 
07295 
07314 



07353 
073S2 
.07411 
,07440 
07460 
0749S 



.07527 
■O7SS0 
07585 
07614 

07643 
07672 



07701 
07730 
07755 
07788 
.07817 
07S46 



07S75 
07904 
07933 
,07909 
07991 
-0S020 



907*0 
99727 

99735 
99723 
99721 
99719 



99716 
99714 

99712 
997«o 

99708 
99705 



080 40 
0807S 
.08107 
.08136 
08165 
.08194 



99756 
99754 
997S3 
99750 
9974? 
99746 
99744 



99743 

99740 
997$8 
99736 
99734 
9973' 



99703 
99701 
99699 
99696 
99694 
99692 



996S9 
99687 
9968^ 
99683 
99680 
9967S 



99*7* 
99673 
99671 
99668 
99666 
99661 



49 
50 
5' 
53 
53 
54 



3 



.01251 
.01280 
.01 jog 

01338 
01367 
01396 



99992 

99992 
99991 

99991 

99991 
99900 



02996 
03025 
03054 
.03083 
03 1 1 2 
03141 



99955 

99954 
99953 
99953 

99952 
99951 



.04740 
.04769 
■0+798 
04S27 
04836 
.04SS5 



99888 
99886 

99885 

99883 

ooSSij 

99881 



.01425 
,01454 

■01483 

OI513 

.01542 
,01571 



999- . 
999S9 

999*9 

999$s 



03170 
03199 
.03228 

03257 
,03286 
03316 



99950 

99949 

99948 

99947 

99946 
99945 



.01600 
.01629 
.01658 
.01687 
.01716 
-01745 



99987 
999S7 
99986 
999S6 
999S5 
99985 



.04914 

■04943 
.04972 
.05001 
.05030 
■05059 



99879 

99878 
99S76 

9987S 
99873 

99872 



064 B ^ 
06511 
06540 
06569 
0659S 
0662 7 
06656 1 
066S5 
06714 
06743 

06773 
06803 



00700 
.997SS 
.997S6 
997S4 
,99782 
■997So 

■99778 
99770 
,99774 
-99772 
.99770 
.99768 



.08223 
,08252 
0S2S; 
.08310 

.08368 



99661 
99659 
99657 

99654 
99652 
99649 



03345 
03374 
.03403 

03432 
.03461 
.03490 



99944 

99943 
99942 

99941 
99940 

99939 



.050B! 

05117 
05146 

■0517s 
05205 

-05234) 



■08397 
,084*6 

08484 
0S513 
08543 



99870 
99869 

99867 
99S66 
09864 
99S63 



.0683 j 
06860 
068S0 
06918 
06947 
06976 



,99766 
■99764 
.09762 
,99760 
■ 0975:8 
.99756 



58571 

08660 
08609 
.08658 
08681 

.08716 



99647 
99644 
99643 
99639 
99*37 
99635 



99652 
99630 
9962? 
99625I 
9962a 

O -:*.:| ) 



N. cos. N. sine 



w 



N. cos, N, sine N* cos, N* sine 
§8* 87° 



N. cos, N, sine 



86* 



N. cos, N, sine 1 
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51IN£.^ 


AINU 


UUMl^itS. 






7 


* 


S* 


« Q 


r° 


8° 


9° 


60 
59 

58 

57 
5* 
55 
34 

% 

49 
48 


1. sinelN. cos. 


V, sine 


N\ cos. 


N. sine 


*J. COS. 


tf . sine 


N\ cos. 


N. sbelN. cos, 


o 

L 
2 

3 
4 

I 

7 
8 

9 
io 
n 

12 

n 

'5 

l6 

\l 

20 
21 
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.25994 
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.27648 
,27676 
.27704 
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.96118 
96110 
.96102 

96094 
96086 
.96078 


29237 
29265 

■29293 
.29321 

,29348 
.29376 
29404 


95630 
.95622 
.95613 
.95605 
■95596 
955*8 
95579 


■30902 
■30929 
■30957 
■30985 
,31012 
31040 
31068 


95io6 
95007 
95088 
95079 
95070 
.95061 
.95052 


■3 2 557 
■32584 
.32612 
■32639 
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32694 
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,94552 
,94542 
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■26135 
.26163 
,26191 
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96540 
.96532 
.96524 
.96517 
96509 
96502 
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277S7 
.27815 
27S43 
27871 
27S99 


96070 
96062 
96054 
,96046 
96037 
96029 
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29460 
.294S7 
■29515 
■29543 
■29571 


95571 
95562 
95554 
■95545 
95536 
95528 


■31095 
■31123 
-31151 
.31178 
.31206 
31233 


95043 
■95033 
95024 
95015 
.95006 

94997 
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.94466 
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■94447 
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.26275 
■26303 
26331 
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263S7 


9 6 494 
.96486 

96479 
96471 
.96463 
.96456 


27927 
27955 
27983 
28011 
28039 
28067 
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96013 
96005 

95997 
95989 
95981 


■29599 
.29626 
.29654 
.296S2 
.29710 
■29737 
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.95511 
95502 

95493 
95485 

95476 
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.31289 
31316 
31344 

'31372 
31399 


.9498S 
94979 
■94970 
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94390 
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28123 

.28150 
28178 
.28206 
28234 


.95972 
95964 

95956 
95948 

95940 
95931 


.29765 

29793 
29821 
29849 
.29876 
29904 


95467 
95459 
95450 
95441 
95433 
'.'54=4 


3H27 
■31454 
31482 

31510 
31537 

315*5 


94933 
94924 
94915 
94906 

94SSS 


33079 
33106 

33134 
33161 

33'S? 
33*16 


94370 
-943 01 
94351 
94342 
94332 
94322 


41 
40 

38 

36 1 


26584 
.26612 
.26640 
2666S 
.26696 
.26724 


96402 
.96394 
,96386 
.96379 
■96371 
963»3 


,28262 
,28290 
.28318 
,28346 
■28374 
.28402: 


95923 
95915 
95907 
95898 
95890 
95882 


■29932 
.29960 

299*7 
30015 

30043 
,30071 


95415 
95407 
95393 

953*9 
95380 

95372 


31593 

31620 

31648 

3»675 
31703 
31730 


,94869 
,94860 

94*5i 
,94842 

94832 


33244 
33*7? 
3329S 
33326 
33353 
333Si| 


94313 
'94303 
94293 
94284 

94274 
_94264 

94254 
94245 
94235 
.94225 

94215 
94206 


35 
34 
33 
32 
31 
30 

2 2 
28 

27 
26 

25 
24 

n 

22 

21 

20 

\i 

M 

15 
H 
13 

12 

i] 

10 

I 
1 


3* 

3 2 
33 

34 

Is 
$ 

39 
40 

4! 
42 


.26752 
.26780 
26S08 
.26836 
.26864 
26892 


■96355 
■96347 
.96340 

■96332 
.96324 
.96316 


.28439I 
.28457 

2848S 

2§5'3 
2S541 
28569 


95 8 74 
95865 

95*57 
95 s 49 
95841 
95S32 


IO098 

30126 

301W 
.30182 
30209 
30237 


95363 
95354 
95345 
95337 
95328 
95319 
953io 
95301 

95293 
95284 

95275 
95266 


31758 

31786 

31S13 
31S41J 
31868 
3tS96 


94*23 
,94814 
94S05 
94795 
94786 
94777 


►33408 
33436'. 
■33463 
3340O 
3351* 
33545 


,26920 

2694S 
.26976 
.27004 
.27032 
.27060 


,96308 
, 96301 
96293 
96285 
96277 
96269 


28597 
28025 
28652 
.2868a 
2S708 
2S736 


95824 
95816 
95S07 
95799 
95791 
957M 


30265 
30292 
30320 
,30348 
30376 
30403 


31923 
31951 
31979 
.32006 
32034 
32061 


94768 
9475* 
94749 
94740 

9473° 
94721 


33573 
33600 

33627 
33655 
33* 

■33710 


94196 
94186 
94176 
Q4167 
94*57 
94H7 


43 
44 

11 

47 
48 


.27083 
.27116 
.27144 
.27172 
.27200 
,27228 


, 9626 1 
96253 
96246 

96238 
96230 
96222 


28764 
28792 
28820 
,28847 
.28875 
28903 


'13774 
957«S 
95757 
95749 
-95740 
95732 


30431 
30459 
.30486 
30514 
'30542 
3O570 


•95*52 

95248 
95240 

95231 
95222 

95213 


■320S9 
.32116 
32144 
32171 
-32199 
32227 


,94712 
94702 

•94093 

-94684 

94674 
O4665 


33737 
33764 
33792 
33**9 

33874 


94137 
94127 
94118 
94108 
94008 
94088 


49 
50 
51 
5 2 
53 
54 


■27250 
.27284 
27312 
27340 
.27368 
27396 


96214 
.96206 
96198 
.96190 
.96182 
96174 


. *8i 1 J ] 

.28959 
.289S7 

.29015 
.29042! 
29070 


.95724 
'95715 
95707 
9569S 
.95690 
95681 


30597 
30625 

1 30680 
.30708 
3073*" 


.95204 

■95 '95 
95186 

9516S 
95*59 


■32254 
■32282, 

32309 
-32337 
32364 
32392 


,94656 
■94' '40 

94*37 

94027 
94618 
94609 

-94599 
94^90 

94?8o 
94571 
.94561 

94552 


33901 
33929 
■33956 
339B3 

34*3* 


.94078 
94068 
94058 
94049 
94039 
.94029 


1 

s 

g 


.27424 
.27452 
.27480 
.27508 

27536 
.27564 


96166 

9615S 
96150 
96142 
96134 
96126 


29098 
.29126 

.29154 
.29182 
.29209 

.29237 


95*73 

95004 
95656 

95647 
95639 

951130 


3P763 

■30791 
30S19 
,30846 

-30874 
3090a 


95*5° 
95142 

95133 
95124 

■9$i>5 
.95106 


32419 
32447 
■32474 
■32502 
.32529 
■32557 


■J4 n "5 

34093 
34120 

34*47 

341/5 

34202 ( 


94019 
04009 

93999 
939^9 
93979 
93969 


5 
4 
3 
2 
1 





N. cos. 


ff, sine 


>J, cos. 


V. sine 


M. cos. 


N". sine 


^. cos* 


^. .sine 


Jf, cos. 


V. sine 




74° 


73° 


75*° 


71° Digitiz 


/t^C 



) 










TABLE V. 
















aa* 


31 D 


M ° 


aa Q 


wt 






; 


N. &me 


N. cos. 


X. sine 


N. LOS. 


N. sine 


N. cos. 


N. sine 


N. cos. 


N, sine 


ft cos. 





I 
2 

3 
4 
5 
6 


,34202 
34229 
342S7 
342 S4 
34311 
34339 
343^6 


93969 

■93959 
-93949 
■93939 
■93929 
-93919 
.93009 


35^37 

35K64 

35%i 
359 » S 
35945 
35973 

JOOOO 


■9335S 
■9334S 

93337 
93327 
933*6 
93306 

93295 


.37461 
.37488 

375*5 
37542 
37569 

37595 
37622 

■37649 
37076 

■377 D 3 
■37730 
37757 
■37W 


92718 
93707 
92697 
92686 
92675 

f>2< '.-.] 

92642 
.92631 
92620 
92609 
92508 
925S7 


39073 
39IOO 
39127 

39153 
391 So 

39207 

39234 


.92050 
92039 
,92028 
.92016 
,92005; 

91994 
,91982 


.40674 
.40700 

40727; 
40753 
40780 
.40S06 
40833 


91355 
91343 
■91331 

'913!9 
'91307 
-912Q5 
.91283 


60 

S f 
5* 

5 I 
56 

55 
54 




7 
8 

9 i 

JO 

ii 


34393 
3442J 
3444S 
-34475 
34503 
34530 


93^99 
938S9 

- 93*79 
93869 

■93&S9 
93*49 
93*39 

■ 93 s -9 
.93819 

93809 
93799 
937% 


■3^027; 

.360&1J 
3610S; 

36i35: 
36162. 


93285: 
932 74 
93*64 
93253 
93243 
93232 


39260 
392S7 

39314 

3934* 
39367 
39394 


.9197^ 
91959 

OIQ4S 
9t936, 
91925 
919U 


40860 
40S86 
40013 
.40939 
40966 
40992 


.91272 
.91260 
91248 
91236 
91224 
.91212 


S3 
52 
Si 
P 

s 




■3 

■5 


34557 
.34584 
34612 

.34660 
.34694 


,36190 
36217 
36244 
36271 
,36298 

36325 


93222 
9321 1 
93201 
93190 
Q3**o 
93t6g 

93159 
93148 
93U7 
9312? 

■93 "6 
93106 


37*11 

.3783* 
•37W5 

-37*9* 
37919 
■37946 


92576 
92565 

92554 
92543 
92532 
.92521 


39421 
39448 

39474 
.39501 
■39528 
39555 


91002 

91891 
9^79 
,91868 
91856 
91845 


,41019 
41045 

.41072 
41098 

.41125 

■4"5I 


91200 
91188 

-91171$ 
.91164 
9»S2 

.91140 


47 

46 

45 
44 
43 

4- 

41 
40 

3 f 
38 

36 

35 ; 

34 

33 
32 
3i 

30 




19 
20 
21 

22 
24 


34/21 
34 74^ 
34775 
34f03 
.34830 

34*5 7 


93779 
■937*9 
93759 
9374* 
■9373J 
937*3 


36352 
36379 
36406 

-36434 
36461 
364SS 


37973 
■37999 
.38026 

: vSoSo 
3S107 


.92510 
.92490 
.93488 

.92477 
.92466 
924?5 


39|8j 

39608 

■39635 

39688 

50715 


■91833 
91822 
9181a 
91790 
91787 
91/75 


.41178 
.41204 
■41231 
■41357 
41284 

4i3io 


.91128 
.91116 

,91104 
.91002: 
,gioSo 
91068 




O 

26 

27 

28 

29 
30 


■34*&4 
34912 

34939 
349<* 
34993 
35021 


.93718 
93 70S 
9360S 
93688 

93^77 
93667 


36515 
36542 
.36569 
■36596 
36623 
-36650 


■93095 
.93084 

■93074 
■93003 

.93052 
93042 


381 M 

.3S161 
.3S1S8 

-3S215 
,38241 
.38268 


92444 
92432 
-92421 
924(0 


■39741 
.39768 

■39795 
■ J9823 
,39848 

-39*75 


91764 
91752 

.iji74! 

91729 
,91718 
.91706 


41337 
-4I3 6 3 
41390 
41416 

41443 
41469 


91056 
.91044 

91032 
91020 
9100S 
90996 




31 
32 

33 
34 
35 
36 


■3504S 

35075 
,35102 
'35130 
35157 
■35**4 


93&57 
93^47 
93637 
►93626 
93616 
.93606 


36677 

36704 

-36731 

*36758 

3*2*5 
.36812 

36S39 
36867 

36S94 
360^1 
3694S 
36975 


9303 » 
,93020 
93010 
■93999 
9298S 
.92978 


3^295 
38322 

3 8 349 
■38376 
38403 
■3^430 


92377 
.92366 

■92355 
92343 
92332 
.92321 


39902 
■3992S 

-39955 
,39982 
-40008 
. 40035 


91694 
916S3 
.91671 
.91660 
.91648 
.91636 


.41496 
.41522 
■41549 
41575 
-41602 
41628 


.90984 

,90972 

SHft 

.90948 

►90936 
90924 


3S 
24 




17 
3* 
39 

40 

4' 
42 


-35211, 

35*93 
35320 
35347 


>9359* 
■935*5 
93575 
935^5 
-93555 
■93544 


.92967 
.92956 
.92945 

92935 
92924 


.38456 

3S4S3 
,38510 

'3*537 
.3S564 


.92310 
,92299 
,92287 

92276 
92265 
92254 


,40062 
,40088 
.40115 

.40141 
40168 
4°'95 


.91625 

9*613 
.91601 
,91590 

■91578 
,91566 


41635 
,41681 

,41707 
,41734 
41760 
41787 


9091* 

ooSgg 
.90887 
.00875 
.90863 
90851 


n 

22 
21 
20 

19 

18 

16 
is 

H 

13 

12 




43 
44 
45 
46 

47 
48 


35375 
35402 

35429 
35456 
.35484 

355^ 
35538 

355&5 
35592 
35^9 
35^47 
35^74 


H534 
•93524 
93514 
93503 
93493 
934^3 


.37002 

37083 

.371m 
■37137 


,92902 
,92602 
-92SS1 
92870 
9^9 
-92S49 


3S617 
.3S644 
3S671 
.38698 
3S725 
^752 


.92243 

.92231 
.92220 
92209 

.92108 
92186 


,40221 
.4024S 

■40275 
.40301 
.4032S 
40355 


■91555 
91543 
■91531 
91519 
9150S 
91496 


41813 

.41840 
.41866 
41892 
41919 
41945 


,9083a 
>gom 

90814 

gOSOfl 

.9079O 
OO77S 




49 

50 

5* 
53 
54 


934G2 
93452 
93441 
9343^ 
-93420 


■37164 
■37i9t 
■372*8 
■37245 

■37272 
■37299 


.92838 
92S27 
92816 
92805 
92794 
927**4 


3*77* 
,38805 
.38S32 

38859 
,38886 


.92175 
92164 
.92152 
-92141 
.92130 

,92119 


.40381 
.40408 
.40434 
.40461 
.40488 
.40514 


,91484 
9M72 
91461 
91449 
9H37 
9*425 


.41972 
.4199S 
42024 
42051 
■42077 
42104 


90766 
90753 
90741 
90729 

90717 
OO704 


II 

to 

I 




55 
56 

S 


357™ 
■3572S 

35755 

-357*2 
35S10 
35837 


93410 
934O0 

933*9 
93379 
.93368 

9335* 


■37326 

37353 
.37380 

37407 
■37434 
■3740I 


92773 
-92762 

92751 
.92740 
.92729 
.9^718 


3*939 
.38966 
,38993 

39020 
,39046 
■3 l »73 


.92107 

92006 
920S5 
92073 

-92062 
.92050 


.40541 
.40567 
.40594 
.40621 
.40647 
.40674 


91414 

.91402 
■91390 
■91373 
.91366 

91355 


■42130 

42156 
■42183 
.42209 

42235 
■ 42262 


.SS 

Q0668 

90655 
.90643 
.90631 


5 

3 
2 
1 







N". COB, 


N. sine 


N\ cos. 


N". sine 


N« cos. 


N. sine 


S. cos. 


N. sine 


N« cos. 


X. sice 


t 






©9" 


m° 


*7° 


ie° 


W 


Qi 











NATURAL SINES AND COSINES. 






8 




85° 


a«° 


ar° 


»§* 


»* 




t 


N. sine 


N, cos. 


N, sint 


= N", BOS. 


N, sine tf. cos, 


N. sine N. cos. 


N, sine N. cos 




o 

I 

2 

3 

4 

I 


.42262 
.4225S 

4^315 
.42341 
.42367 

42394 
.42420 


■90631 
.90618 
.90606 

90594 
90582 

9°569 
90557 


43 8 3< 
■43?^ 
■43*^ 
439^ 
43942 
.4396S 
■43994 


' .89879 

.89867 
p ,89854 

* ,89841 
,89828 
,89816 
89803 


45399 89101 
45435 89087 
.45451 .S9074 
.45477 89061 
.45503 89048 
1 45539 89035 
,45554 .S9021 


,4694: 
■4^97, 
4600? 
.47024 
♦4705c 
♦4707^ 
-47101 


f ,88295 
I .8S281 

> .8S267 
[ ,88254 

> 88240 
,8S226 
,S82M 


.48481 87463 
48506 .87445 
48532 .8743.! 
48557 8742c 
48583 .S 74 oC 

-4S60S ,87391 
4S634 S7V77 


5 t 
58 

57 
so 

SS 


2 

9 

IO 

ti 

12 


,43440 
■42473 
42499 
42S25 
42552 
■425 7S 


90545 
90532 
90520 

*9Q5o7 
.90495 

■90483 


.44020 
.44046 
.44072 

.4409S 
.44124 
44151 


,89790 
£9777 

,89764 

■89752 
.89739 
.S9726 


♦455^ 
.45606 

♦45532 

' '4S$58 
.45684 
.45710 


,89008 

.88005 
.8S9S1 
.88068 

■SS955 
SS942 


47J27 .8Sioq 
.47153 8S185 
.4717S .S8172 
.47204 .S815S 
.47229 .88144 

47255 .88 130 


4865^ 
.4S684 
-4871c 

+^735 
4S761 
4878^ 


■S7363 
■ 8 7349 

$733$ 
,87321 

,87306 

8 7292 


53 
53 
5* 
50 

tt 

47 
46 

45 
44 
43 
42 


3 


42604 
,42631 

42657 
,426% 

42709 
.42736 


,90470 
90458 
90446 

90433 
,90421 

-9040S 


.44177 

♦44203 
.44229 

♦44255 
,44281 

44307 


897'3 
,89700 
89683 

89674 
.89662 
89649 


45736 
45762 
■45787 
45»i3 
45839 
45865 


.88928 
.S8915 
.8S002 

.sssss 
.S8S75 
.88S62 


47306 

-47332 
4735S 
♦47383 
■47409 


88117 
S8103 
S8089 
S8075 
,88062 
.SS04S 


,48811 
.48837 
4886a 

4S888 
4S913 
■48938 


,87278 
87264 
87250 

■S7235 
.S7221 
,87207 


19 
so 

21 

22 

^4 

25 
26 

29 

30 


.42702. 
.437S8 
.42815 
.42841 
.42S67 
,42804 


,90396 
♦903**3 
♦90371 
♦9035S 
.90346 

90334 


44333 
-44359 
44385 
4441 1 

♦44437 
44464 


.69636 
896a J 

89G10 

.89597 
,89564 

-S957I 
89558 
■89545 
%532 
.89519 
89506 
■89493 


45891 

459 > 7 
45943 
459*8 

■45994 
.46020 


.8SS4S 

SSS35 

.88822 
,S88o8 

,88782 


■47434 
,47460 
47486 
475" 
47537 
.47562 


88020 
,88006 

87993 
,87979 

,87965 


-48964 
,48989 
49014 
.49040 
-49065 
.40090 


■87103 
■8717s 
.87164 
■87150 
.87136 
S7121 


41 

40 ' 

It 
U 

3S ' 

34 

33 

32 

3» 

30 , 

2I 

III 

25 

24 

*3 

22 
21 

20 

!Z 


.42920 
.43946 
.42972 
42999 
-43025 
,43051 


.90321 
90309 

.90206 
>902S 4 
90271 
,90259 


.44490 
445 & 
4454* 
44568 

445' M 
.44620 


,46046 
46072 
.46097 

l'H2; 
.46149 
.46175 


.8876S 

■SS741 
,88728 

-88715 
.88701 


475BS 
47614 
♦47039 
.47665 
47690 
47716 


87951 
f7937 
S7923 
.87009 
.87896 
87SS2 


491 16 
4914I 
49166 
49192 
49217 
40242 


S7107 
Sjogg 

87079 

87064 
87050 
87036 


31 

32 

33 
34 

i 


■43°77 
.43104 
■43 '3Q 
■431*6 
4JiM 
43209 


-90246 

90233 
90221 
9020S 
-90106 
ootSj 


.44672 
.44698 
44724 
44750 
44776 


.894S0 
89467 
89454 
89441 
89428 

89415 


■ 4<*2' 'f 

. 46226 
.46252 
.46278 
.46304 
4633° 


,88688 
,88674 
.88661 
88647 
SS634 
. 8S620 


.47741 
47767 

♦47793 
4?SiS, 

.47S44 
.47869 


.S7S6S 

■87854 
.S7840 

878^'- 
,87812 
.87798 


-49268 
.49293 
49318 
49344 
493^9 
49394 


87021 
S7007 
S6993 
86978 
S6964 
86049 


\9 

1 39 

40 

41 
42 


43235 
43261 

432S7 
433 '3 
43340 
433&6 


.90171 
90158 
90 1 46 

90133 
.90120 
90108 


44S02 
.44828 

44S54 

449o6 
44932 


894 _■ 

S93S9 
89376 
89363 
S9350 
89337 


46355 
.46381 

46407 
■46433 
,4645s 

,46484 


88607 

.88593 
■SS*So 

S8566 

88553 

g539 

.88512 
.88409 
-884S5 
.S8472 
S845S 

8844 s 
884 li 
88413 

S8404 

S&i-TO 

ss, 77 


47895 
.47920 
47946 
4797» 
47997 
4802: 


87784 
■87770 
87756 
S7743, 
87729 
87715 


49419 

49445 
19470 

49495 
495 2 i 
49540 


86935 
86921 
8fwjo6 

8».So2 
8687S 
B6S6J 


43 
44 

i 


4339| 
434«S 
43445 
4347* 
-43497 
'43523 


90095 

OOO82 

90070 

90057 

90045 
90032 


4495 s 
449S4 
45010 

4503 6 
45062 
45088 


S9324 

S93U 
89398 
89285 
89272 
•89*59 


■46510 

4 6 53 t ' 
-46561 

♦465*7 

.46613 

46639 


.48048 
.48073 

.4S099 
.48124 
4S15Q 
♦4S175 
48201 
48136 
48252 

48277 
4S303 
4832S 


8770a 

-87687 

S7673 
,87659 

87631 


' >5/i 
49596 
40622 

49647 

■r v, 7- 
49697 


S6849 
868^4 
868ii 
86805 
,86791 
.86777 


17 
16 

IS 
14 

12 

1 j 
10 

8 

7 
-6 


49 

Si 
5^ 
53 
54 

P 


♦43549 
43575 
4360a 

.43628 

4.^54 
436S0 


.90019 

.00007 
B9994 

SilcjSi 

8006S 

89956 


45^4 
.45140 
45166 

45*92 

453iS 

45243 


-89245 
89232 
.S9219 
-S9206 

S9I93 
89180 

,89167 

89153 
80140 
.8^127 
89114 
S9101 


. 46664 
,46600 
46716 
,46742 
46767 
46793 


^701 7 
8760} 

87589 

S7575 
87^61 
,87546 


■497513 

49748 
49773 
-4979S 
49824 
49»49 


86 762 
86748 

86733 
86719 
.86704 


43706 
43733 

'43759 
437*5 

-43811 

48»37 


*9943 
§9930 
89918 
89905 
89893 
^79 


.45269 

45395 
45331 
45347 
45373 
45399 


46819 
46844 
46870 
46896 
4692 1 
.46947 


.fej63 

■^336 

883SS 

88308 


48354 
■48379 
48405 
48430 
48456 
484S1 


£7532 

.8751* 
87504 
87490 
.87476 
87462 


49874 
49809 
49924 

4^975 
50000 


86675 
86661 
.86646 

.S6632 
.8^17 
S6603 


5 

4 
3 
2 
I 



^^^— 


N. cos.]? 


f, tktt 


S\ cos. X, sine 


Y. CO*. 


S. "lint* 


N T , cos, £f. *\ne ] 


^*;or. 


\ iiM 


f 


1 


•4° es° 


09° «U 







8a 










TABLE V. 
















30 


31° 


w° 


*3° 


M* 




e 


9 


N. sine 


N. cos, 


N, sine 


N, cos. 


N* sine 


N. cos. 


N. sine 


N, cos. 


N. sine 


N. cos. 


60 

fi 

57 
5» 

55 
54 


O 

I 
2 

3 

4 

\ 


.50000 
.50025 
.50050 
JOO76 
.50101 
.50126 
■50I51 


,86603 
.8658S 

■ff573 

S6559 

.86530 

86515 


■5*504 
.51529 

■5*554 

.51604 
51628 
5 j6 53 


«57»7 
S5702 
S56S7 
.S5672 
.85657 
85642 
.85637 


52992 
530*7 
•53041 
53066 

-53°9* 
53"5 

53140 


.84S05 
847S9 
♦84774 
84759 
■84 743 
.847*8 

.84712 


.54464 
.5448^ 
♦545*3 
54537 
5452! 

54586 

-54610 


.83867 

-g3f35 

.838(9 
.83804 
.83788 
83779 


■55919 

:S§S 

55992 
,56016 
■56040 
.56064 


.82S7I 
.82855 
,82839 
.S2822 
-82S06 


I 

9 
to 
u 
li 


501 76 

.50201 
.50227 
J0252 
,50277 
,50302 


.86501 
.86486 

.86471 
,86457 
.^6442 
S6427 


.5167S 
51703 
.51728 
■5*753 

5*778 
.51803 


85612 

S55S2 

.S567 

|555* 
S5536 


53164 

■53*^9 
■532*4 
■53*3* 

53" 


.84697 
.84681 

.84666 
S4650 

.84635 
846(9 


54635 
54659 
54681 

'54708 
5473* 
54756 


■83740 
JJTH 

8369a 

.83676 


.56088 
56112 

56136 
.56160 
,56184 
56208 


.82790 
.82773 

82757 
82741 

-S2724 
82 70S 


53 

5* 
5i 
50 

47 
46 

45 
44 
43 

4* 


*3 

!* 


5°3*7 
5°35* 
-50377 

50428 
50453 


S6 4 u; 
■S639S. 

S6369 
,86354! 
S6340 


,51828 
.51852 

5*877 
5*902 
.51927 
.51952 


S5521 
,85506 
85491 
85476 
85461 


■5K^ 
-53337 

53381 

■533S0 

534** 
53435 


,84604 
B45N 

84573 
84557 

84526 


,54781 
.54805 
54829 
54**S4 
■54878 
54002 


.83660 

B364S 

.83629 

83613 

83597 
83581 


,56232 
,56256 
,56280 

56305 
.56329 
56353 


.82602 

.$26 7 t; 
,82659 

.3*641 

S2026 
82610 


'9 

20 
21 
22 

% 

% 

3° 


.504 78 

5052s 

50553 
.50^78 
50601 


S6325 
,86310 
,86205 
S62S1 
.86266 
S6251 


■5*977 
.52002 
.52026 

52051 
.52076 

52101 


I543] 
8^416 
.85401 
|5385 

8537° 

^5^5 


534*« 
53484 
53509 

■53534 
53558 

'535»3 


,&45H 

84495 
S44S0 
.S4464 
.84448 
84433 


.54927 
■54951 
54975 
54999 
- 55o*4 
5504S 


■83565 
■83549 

83S33 
83517 

■S3501 

83485 


56377 
.56401 

564*5 
56449 
56473 
56497 


S2593 

82577 

82^61 
82544 
8252s 
82511 


40 
39 
J9 

36 1 

35 
34 

33 
3* 
3i 

30 


.50654 
.50679 

qn 7 o 4 
50729 
^ 50754 


S6237 
S6222 
S6207 

,S6lQ2 

861 ?s 
86163 


52126 
52*5' 
■52*75 
-52200 
.52225 
52250 


55540 

§5325 

S531C 

.S5204 
85279 
S5364 


53^07 
53032 
53656 
53&S1 
53705 
53730 


.84417 
. 84402 
843S6 
■84370 
f4355 
■84339 


■55072, 
■55097 
55121 

■55*45 
■55'69 
55*94 


83469 

-83453 
■f3437 
.83421 
■83405 
■833S9 


■56521 
56569 

56641 


,82495 
,82478 
.82462 
.82446 
8(2499 
.82413 


3' 

32 
33 
34 


50779 

50S29 

50S54 
.50379 

.50904 


.86148 

,86119 
.S6I04 
.86089 
,86074 


52275 
52299 
52324 
52349 
52374 
52399 


85a tg 

s 5*34 
.Ss2iS 
♦85203 
85188 
'85*73 


53754 
53779 
.53804 

53f»a 

53853 
■53877 


.843^4 

.84308 
84292 

84277 
S4261 

84*45 


55**8 
■55243 
■55*66 
■5529* 
553*5 
55339 


§3373 
83356 
83340 

533«4 
83308 
8329a 


.56665 
56689 

5gt3 

.56760 
567S4 


.82396 
823S0 
.S2363 
S2347 
82330 
S2314 


3 

*7 
26 

*5 
24 

*3 
22 

21 

20 

a 

17 

in 

15 
U 
13 

12 
1 1 
IO 

7 

5 

4 

,; 
2 
1 



3 

39 

4 o 

41 
42 


50999 

-50954 
.50979 
.51004 

.51029 

■5">54 


S6059 
,86045 

86030 
.86015 

86000 

85985 


■52423 
■5244S 

■52473 
,52498 
■52522 
5*547 


S5I57 
85142 
85127 
85112 
85096 
85081 


53902 

539*6 
5395* 
53975 
.54000 

.54024 


.842^0 
.84414. 
.84108' 
.841S2 
.84167 
84151 


■55363 
55388 

■554*3 
55436 
5546o 

■55484 


.83276 
.83260 

■83*44 
.83228 
.83212 
83*95 


56808 

■5<W 
56928 


$2264 

82*31 

S2214 


43 
44 

9 


.5 j 079 
.51104 
.51109 

51154 

.51179 
.51204 


,85970 
85056 

S594I 
85996 
85§n 
85896 


■52572 
■52597 

52622 
■52646 
.52671 

521-96 


.S5060 
■85051 

■S5035 
.S5020 
8500s 
8^989 


54049 
-54073 
'54097 
■54'** 
.54146 
■54' 71 


'84*35 
.84120 
.84104 
S4088 
.84072 
.84057 


555O0 
■55533 

■S5581 
-55 f «5 
55630 


.83179 

■83*63 
■83*47 

.83098 


■5^52 
.56976 
.57000 
57024 
57047 
57071 


S21S1 
82105 
S214S 
821^2 
8211^ 


49 

SO 
Si 
52 
53 
54 

55 
56 

12 

59 
60 


.51229 

■5**54 
.51279 
5*304 
513*9 
5*354 


,8588] 

SsS66 

gsji 

85S36 
S5821 
85806 


.52720 

■5*745 
■52770 

■52794 
.52819 
52844 


84974 
,84959 
,84943 
S4928 

■849 » 3 
,84897 


■54195 
,54220 

■54*44 
■54*69 
-54*93 

54317 


.84041 
.84025 
.84009 

■83994 
.83978 
.83962 


55654 
55678 
5570* 
557*6 
-55 750 
■55775 


. 83082 

.83066 

.S3050 

83034 
.83017 
.S3001 


57095 

.57119 

-57*43 
.57107 

■57*9* 
.57*15 


Saoog 
S20S2 

--■■>■•; 
-8*04$ 
-82052 

8:2015 


5*379 
■5*404 
5*4*9 
■5*454 
-5 "479 
■5Lv"'.t 


8579s 

.85777 

.85762 

S5747 

■«57.^ 
.85717 


528^9 

■5**9,5 
.52918 

■52943 
-5*967 
.52992 


s 4 :>.sj 
,84866 
,848^1 
.84836 
, 8482a 
,84805 


54342 
-54366 
54391 

■544*5 
.54440 
.54464 


8394(6 

S3930 

*>39*5 
.83899 

.83867 


55799 
55823 
55847 
5587* 
55895 
559*9 


.82985 

.S2969 

■S2953 
.82936 

.82920 
82904 


S?238 

57262 
.57286 
57310 
57334 
57358 


^1990 

■81982 
81965 

81949 

81932 




tf. C05. 


tf. sine 


$* cos. 


N, sine 


W, COR- 1 


V. sine 


tf. COS, 


tf . sine ', 


V. cos. 


N. s|i]£ 


1 




OT° 


SS* 


07° 


06° 


■ ;fy$*yy* 





































NATURAL SINES AND COSINES. 






8 




M° 


30° 


37° 


ats* 


m a 




9 


N. sine 


N, COS, 


N. sine 


N. cos. 


N. sine 


N. cos. 


N. sine 


N. cos. 


N, sine 


N, cos. 


11 
57 
56 
55 
M 




I 

2 

3 
4 

1 


■5735S 

'573Si 
57405 

•57429 
57453 
57477 
57501 


£1915 
.81899 
SISS2 

,81865 
,8184* 
81S32 
.81815 


58802 

.58849 
58873 
58S9S 
.58920 


.S0002 
80SS5 
80867 
80850 
80831 
.S0S16 
.So 79v 


60182 
.60205 
.6022 a 
.60251 
60274 
.60298 
60321 


.79864 
.79846 
-79*29 
.79811 

79703 
79776 
79758 


,61566 
,61589 
61612 
.61635 
,61658 
.61681 
,61704 


78801 
7S7S3 
.7S765 
78747 
78729 
78711 
78694 


,62932 

62955 
62977 
,63000 
63022 
63045 
6306S 


■77715 
77696 
-7767S 
.77660 

77041 
77623 
■7f«bS 


7 
3 

9 

10 

u 

12 


57524 
57548 
57572 
57596 
57619 

57t>43 


,8179s 
81782 

8174* 
.81731 
.81714 


■58043 
.5S967 
5S990 
.59014 

59037 
59061 

59084 
59108 

■59t 3 i 
59154 
59178 
59201 


S0782 
8076s 
80748 
80730 
S0713 
Spggjj 


60344 
60367 
60390 
60414 
60437 
604OO 


•79741 
■79723 
.79706 
79688 
79671 
79653 


.61726 
61749 

01772 

6181S 
61841 


78076 
78658 
.78640 
7S622 
781104 
78^80 


63090 
63113 
63»3S 

63158 
63180 
63203 


77586 

77568 
77550 
77531 
775'3 
77494 


5J 

52 
5» 

50 

% 


M 

*5 
16 

IS 


57667 
57691 

■57715 
-57733 

.57786 


S169S 
1 K1681 
Si 664 
81647 
81631 
81614 


80670 
80662 
80644 
80627 
80610 
80593 


60483 
60506 
60529 
60553 
.60570 
■60599 


-79635 
7961S 
.79600 
795f3 
♦79565 
-79547 


.61864 
.61887 
.61909 
61932 

■61955 
.6197S 


7S56S 
.78550 

78532 

78514 
■ 78496 

78478 


^3225 

63248 

r; .i-7i 

63293 
63316 
63338 


.77476 
■77458 
77439 
77421 
,77402 
77384 


% 

45 
44 
43 
42 
41 
40 

*t 
38 

3* 


19 

20 
21 

22 

^3 
24 

25 
26 

27 

28 
2 9 

30 


57S10 
57833 

5792s 


81507 
81^80 
81563 
81546 
.81530 
.81513 


5924S 
59272 

59295 
■59318 
59342 


80576 
80558 
80541 
S0524 
S0507 
S04S9 


.60622 
,60645 
.60668 
.60691 
.60714 
,60738 


79530 
.79512 

♦79494 
■79477 
'79459, 
7944t 


.62001 
. 62024 
.62046 
.62069 
.62092 
.62115 


.7S460 
.78442 
78424 
7S405 
783S7 
78369 


63361 

63406 

63451 
63473 


77366 
77347 
77329 
77310 
77292 
77273 


5795; 
.57976 

■57999 
■5&023 

.5S047 
.5S070 


81496 

8i479 
81462 
81445 
8142S 
81412 


■593^5 
59389 
59412 

59436 
-59459 
.59482 


.80472 
80455 

S0438 
S0420 
80403 
80386 


,60761 
60784 

.60S07 
60S30 
60813 


■79424 
.79406 

79388 
■79371 
79353 
79335 


.62138 
.62100 
.62183 
.62206 
.62229 
.62251 


7f35' 
78333 
78315 
78297 
78279 
. 7S26 1 


0349^ 
63518 

6jS 4 o 
635<?3 
635*$ 
6360S 


-77255 
77236 
77218 

77199 
77181 
7711.2 

77»44 
77125 
77107 
77088 
77070 
77051 


35 
34 
33 
32 
31 
30 

2 

37 

26 

35 

24 

23 

22 
21 

20 

3 


3i 
32 
33 
34 

S 


.5S094 

.581 iS 

.5S141 
5S165 

5S>S9 

5*2 1 J 


81395 

8137& 
81361 
81344 
81327 
81310 


.59500 
.59529 
♦59552 
59570 
59599 
.59622 


80368 
S035' 
80334 
S0316 
S0209 
S02S2 


60899 

.60922 
60945 
6096& 
.60991 
qioi; 


-7931S 
79300 

.792S2 
.79264 

79247 
79229 


62274 
62297 
62320 
62342 
62 30 ^ 


"8243 
7S225 
7S206 
781SS 
78170 
78152 


03030 

63653 
63675 
-6369S 
63720 
63742 


8 

39 

40 

4" 

42 

43 

44 
45 
46 


■SS230 
.58200 

SH& 
5*354 
5837S 
-58401 

58425 
S&449 

S&472 
$8496 


81293 
81276 
81259 
81242 
S1225 
81208 


.59646 
.59669 
.59693 

5971b 

■59739 
■59TO 


80264 
S0247 
S0230 
.80212 
80195 
S017S 


61038 
.61061 
.61084 
.6j 107 
Oi 1 v: 
61 \ls 


7921 1 

79193 
79176 
79158 
-79 MO 


62411 

62433 
02450 
62479 
62502 
.62524 


78134 
78 1 1 u 

7S098 

78079 
78061 

78043 


63765 
63787 
63810 
63833 
63854 
63S77 


77033 
770M 
7000*1 

,76977 

76959 
76940 


.81191 
81 1 74 
S1157 
81 140 
S1123 
81100 


59786 

5'>8j2 

59*79 
59902 


S0160 

tei43 

S0125 
8010S 
80091 
.80073 


61176 
61199 
.61222 
.61245 
6126$ 
61291 


79105 
79087 
79069 
.79051 

79033 
79016 


62547 

.02570 
62592 
62615 

6SG3S 
62600 


7S025 

.78007 

77988 
77970 
77952 
77034 


. 63890 
-639; 2 

63944 
,63966 
63989 

64011 


7092J 
76903 
76S84 
.76866 
.^847 
76828 


'7 
16 

IS 

14 
13 

12 
11 
10 

! 

1 


49 

50 
5i 
52 
53 
54 

55 
56 

% 

59 
60 


5*5*9 

5*5*7 

5S590 

.58014 
5S637 
5S661 
$8694 
5S708 
5S73i 
5|755 

stow 


.81089 
S1072 

.8 1038 

8*021 

S1004 


59946 
59949 

59972 

5W5 
.60019 
.60042 


.^0056 

8003S 
.80021 
-S0003 
■79986 
79968 


61314 

61337 

t>i ;"■■:■ 
613S3 
.61406 
61429 


78998 
78980 

78962 
78941 
7S926 
7S90S 


.62683 
.62700 
62728 
62751 
62774 
.62796 


.77916 
77897 

77- s 7'J 

77843 
77824 


t*4*33 
64056 

6407S 
64100 
64123 
64145 


76S10 
70701 
76772 
,76754 

♦76735 
76717 


.80987 
.80970 

.80953 
80930 
S0919 
80902 


•60065 

.60089 
60112 
60135 
s;S 
.60182 


7995' 
79934 
79916 

7986* 


61451 

.61474 
.61497 
.61520 

61566 


78891 
rt«73 

7»37 

-7S819 
7S801 


,62819 
0.>S,j: 
62864 

62909 
62933 


77*00 
77788 
77769 
7775 1 
77733 
7:715 


64167 
64190 
64212 

64234 
64256 
64279 


,76698 

76679 
7666 1 
76642 

.76604 


5 
4 
3 






N. t'is. 


N". sine 


^J. COS. 


X + sine 


N, cos. 


?f, sine 


N. co*u 


N. »me 




N, stne 


* 
















t 


)iyw^d J 


y VjUI 


J 8 lu 





4 










TABLE V. 
















40° 


41° 


49* 


43° 


44' 






t 


I 

2 

3 
4 

I 


N. lite 


N» cos. 


N. sine 


£ COS. 


N. sine 


N. cos. 


N. sine 


N, cos. 


N, -irir- 


N. cos. 






.64279 
,64301 

64.W 
64546 
.64368 

■6439° 
64412 


.76604 
.765^ 
76567 
.76548 
■76530 
.76511 
. 76492 


.65628 
■65650 

65694 
657t6 
6573S 


■75471 
75452 

-75433 
754U 

■75395 
75375 


66913 
66935 
(K956 

66978 
66999 
67021 
67043 


■74314 
■74295 
.74276 
.74256 
■74237 
74217 
74198 


68200 
,68221 
68242 
,68264 
,68285 
,68306 
,68327 


■73135 
73"6 
73096 
73076 
73056 
-73036 
73016 


.69466 
694* 

69508 
69529 
69549 

69570 
.69591 


71934 

.71914 

7iS04 
-7i|73 

7i|53 
71833 
■71813 


60 

5 2 
58 

57 
56 
55 
54 




I 

9 

IO 

II 

12 

'3 
*4 

\l 


6443S 
.64457 
64479 
64501 

Mm 

64546 


764;3 
■76455 
■76436 
.76417 
■7639S 

76380 


65759 

657*1 
65803 
.65825 
65S47 
65869 


-75337 
■753'* 

75299 
75-*'" 
75*61 

75-4 T 


67064 
,67086 
67107 
67129 
67151 
67172 


.74178 
-74159 
'74139 
.74120 
.74100 
74080 


6*34.1 
68370 
.68391 
.68412 
684 14 
.68455 


.72976 
,72957 
■72937 
■72917 
72897 


.60612 
69633 
69654 
69675 
.69696 
69717 


■71792 
.71772 

■71752 
.71732 
.71711 
71691 


53 
52 
51 

50 

% 




6456* 

64590 
,64612 

64635 
64657 
64679 


.76361 
.76342 

■76323 
.76304 

,76286 
. 76267 


.65891 

65qi3 

65935 
.65956 
6597S 

660O0 


75222 
752O3 
75«f4 

75>65 
75146 
75126 


67194 
67215 

67237 
67258 
,67280 
67301 


,74061 

.74041 
. 74022 
74002 

73083 
73963 


,68476 

6S497 
.68518 

68539 
68561 
6S582 


.72S77 

72§57 
72837 
,72817 
.72797 
72 777 


69737 
69758 
69779 
69S00 
69821 

69S42 


.71671 
71650 

. 7 1 630 
71610 
71S90 
71569 


47 
46 

45 
44 
43 

42 




I* 

20 
21 
22 

23 
24 


64701 
.64723 
64746 
6476S 

64790 
64812 


7624S 
, 76220 
,76210 
76102 
76173 
76i5+ 


66022 
66044 
66066 

.66083 
.66109 
.66131 


75069 
75<>5 
75^3° 
ftoii 


67323 
.67344 
67366 

67387 
67409 
.67430 


■73944 
■73924 
73904 

73»5 

■7386| 

73X4(1 


6860^ 
68624 
68645 
.68666 
68688 
68709 


72757 
72 737 
72717 
72697 
.72677 
72657 


60S62 

69SS3 

69904 

69946 
.69966 


71549 

.71529 
71508 

71488 

71468 

71447 


41 
40 

39 
38 

36 




27 
28 
29 
30 

31 
32 

33 
34 

$ 


64S34 
64856 

64901 
64923 
64945 


>I35 
76116 

76097 
7607S 
,76059 
76041 


-66153 
.66175 
06197 
.66218 

66240 
66262 


-74973 
74953 
74934 

74S06 


67452 

67473 
.67495 

■67538 
67559 


73826 
7J Soti 
■73787 
■73767 
73747 
■7372S 


68730 

,68751 
6877a 

as 

68835 


72637 
72617 
72597 
72577 
72557 
72537 


699S7 

.70008 

.70029 
.70049 
70070 
70091 


71427 
7*407 
71386 

71325 


3$ 
34 
33 
32 
3' 
30 




64967 
649S9 
.6501 1 
65033 
65055 
65077 


76022 
76003 

759S4 
75965 
75946 
75927 


.66284 
.66306 
66327 

raits 

■66371 
66393 


.74876 
74SS7 
74S38 
.74818 
-74799 
7478o 


<J75*> 
1 ,67602 

■67633 

■67645 
67666 
6768s 


■73 70S 
736SS 
73669 
73649 
73629 

73610 


6S57 
,6887s 
.68899 
.68920 

^68962 


72517 
.724971 

72477! 

72457 
■72437 
■72417 


.70112 
.70132 

70153 
.70174 

70195 

jw 1 s 


713°^ 
71284 

7 1 264 

71243 
.71223 
.71203 


2 

2 

25 
24 




3 

39 
40 
4i 
4* 


.65100 
►65122 
.65144 
.65166 
, .651SS 
.65210 


■75908 
-75S89 
'75S70 
75*5' 
75832 
►75813 


66414 
66436 
6645s 
664S0 
.66501 
66523 


■74760 
■74741 
.74722 

74703 
.746S3 

74664 


.67709 
-6773° 
■67752 
■67773 
■67795 
67S16 


■73590 
■7357° 
73551 
7353' 
-735" 
7349* 


.68983 
.69004 
69025 
69046 
69067 
690S8 


7»397 

■72377 
■72357 
■72337 
72317 
.72297 


70336 

■70257 
70277 

,70298 

70319 
70339 


71182 
.71162 
.71141 
.71121 
.7IIOO 
.710S0 


23 
22 
21 

20 
19 




43 

44 

a 

s 


■65332 
.65254 

65276 
.6529S 
.65320 
■65342 


-75794 
►75775 
75756 
75738 

75719 
75700 


66545 
66566 
66588 
G6610 

6665a 


74644 
.74625 

74606 
■74586 

74567 

74548 


67S37 

■5 7 55 9 
.67SS0 

.67901 

.67923 

67944 


73472 
73452 
73432 
73413 
73393 
-73373 


.69109 
.69130 
.69151 
.69172 

■69193 
69214 


72277 
72257 
72236 
72216 

72196 
72176 


70360 
70381 
70401 
.70422 

■70443 
,70463 


7*059 
71039 
,71019 

.70908 
70978 
709S7 


17 
16 

15 

H 
>3 

12 




49 

So 
5i 
5* 

53 
54 


.65364 
653S6 
6540S 
65430 
65452 
65474 


756S0 
.75661 
75642 
75623 
.75604 

■755BS 


.66675 
.66697 
66718 
.66740 
66762 
667S3 


7452S 
.74509 
■74489 
■74470 
74451 
74431 


67965 

'-•7^7 
.68008 

.68029 
6S051 
68672 


■73353 
73333 
733U 
73294 
73274 
73254 


■69235 
.69256 

■69277 
6929$ 

69319 
6*340 


72156 
72136 
72116 

72095 
72075 

.7*055 


7^4 
.70505 

70525 
,70546 
70567 
70>87 


70037 
70916 
70896 
■ 70875 

70855 
70834 


it 

10 

t 

7 
b 

S 
4 
3 

2 
1 





9 

!Z 

59 
60 


.65496 
.65518 
.65540 
.65562 
■655S4 
.65606 


75566 
-75547 

755*8 
75509 
■75490 

7547" 


66S05 
66S27 
66S4S 
66S70 
.66801 
66913 


■74412 
■74392 
74373 
■74353 
74334 
743H 


■68093 
,68111; 
.68136 
.68157 

.68 1 79 
.6S200 


73234 
732J5 
73195 

73175 
73155 
73135 


6936 1 
60^82 
.69403 
■69424 
■69445 
69466 


72035 
72015 

■71995 

,71974 

•7*954 

71934 


TOCOS 
-7062S 

70649 

70670 
.7069O 

70711 


70813 

70793; 
.70772, 

■70752 
■70731 
.70711 






N. cos. 


N. sine 


Ff . cos. 


SJ. sine 


N, cos. 


N, sine 


N. cos* 


N. sine 


N\ cos* 


N T . rise 


,00 






49° 


1* 


17 = 


46° 


_i 


iUC| 





TABLE VI.— ADDITION AND SUBTRACTION LOGARITHMS, 



TABLE VI. 



ADDITION AND SUBTRACTION LOGARITHMS. 



PRECEPTS. 

I. When difference of given logarithms is less than 2.00. 
Addition. — Enter table with difference between logarithms 
as Arg. A, and take out B. 
Add B to subtracted logarithm. 

Subtraction. — Subtract lesser from greater logarithm; enter 
with the difference as B, and take out A. 
Add A to the subtracted logarithm. 

II. When difference of given logarithms exceeds 2.00. 
Subtract lesser from greater. 

Addition. — Enter table with difference as Arg. A, take out 
2?— A and add it to the greater logarithm. 

SUBTRACTION. — Enter column B with difference of logarithms ; 
take out B—A, and subtract it from greater logarithm. 



B. 



Prop. Pte. 



5. 
6.0 

6.1 
6.2 
6.3 

6.4 
6.5 
6.6 

6.7 
6.8 

6.9 

7.0 

7.i 
7.2 

7.3 
7.4 

7.6 

7-7 
7.8 
7.9 

8.0 



0.00 000 



001 



001 



001 



001 



001 



002 



002 



003 



003 



004 



004 



003 



005 



00? 



005 



005 



005 



005 



005 



005 
007 
009 

on 
014 
017 

022 
027 
034 



006 
007 
009 

on 
014 
018 

022 
028 
035 



006 
007 
009 

on 
014 
018 

023 
029 
036 



006 
007 
009 

012 
015 
019 

023 
029 
037 



043 



044 



045 



047 



006 
008 
010 

012 
015 
019 

024 
030 
038 
048 



006 
008 
010 

012 
015 
019 

024 
031 
039 



006 
008 
010 

013 

OI0 

020 

025 
031 
040 



006 
008 
010 

013 
016 
020 

026 
032 
041 



007 
008 
010 

013 
017 
021 

026 

o33 
041 



007 
008 
on 

013 
017 
021 

027 

034 
042 



8 


4 


5 


0.3 


0.4 


0.5 


0.6 


0.8 


x.o 


0.9 


Z.3 


X.5 


1. a 


x.6 


a.o 


»5 


9.0 


a.5 


x.8 


9-4 


3.0 


a.x 


a.8 


35 


»-4 


3-« 


4.0 


»-7 


3-6 


4-5 



049 



069 
087 

109 
137 
173 
217 
273 
344 
433 

B. 



056 
070 
089 

11 

140 

177 

222 
280 
352 

442 



057 
072 
091 

114 
144 
181 

227 
286 
360 

452 



059 
074 
093 
117 
147 
185 

233 
29, 

& 
463 



060 

o75 
095 

119 

l l° 
189 

238 
299 

377 
474 



061 
077 
097 

122 

154 
194 

244 
306 
_385 
485 



o?o 051 

064 
081 
102 



063 
079 
099 

125 

157 
198 

249 
3i3 
394 

496 



128 
161 
203 

25? 
321 
4Q3 
507 



052 
066 
083 
104 

131 
165 
207 

261 
328 
4'3 
519 



053 
067 
085 
106 

134 
169 
212 

267 
336 
422 

"53T 



7 


8 


9 


0.7 


0.8 


0-9 


x-4 


x.6 


x.8 


a.x 


a. 4 


a. 7 


3.8 


32 


3-6 


3-5 


40 


4-5 


4-a 


4-8 


54 


4-9 


5-6 


6-3 


5-6 


6.4 


7. a 


6.3 


7.a 


8.x 



6 

0.6 \ 

x.a 

x.8 

a. 4 

3.0 

36 

4-a 

4-8 

5-4 



a.o 

3-o 
4.0 

5-o 
6.0 
7.0 
8.0 
9.0 



Prop. Pts. 



*6 


. 








TABLE VL 












^-[logia + tl^loga + B. Su * J log(a- *f =log* + ^. 


A. 


B. 


1 


2 


8 


4 


6 


6 


7 


8 


9 


Pro^Pte. 


8.00 

8.01 


0.00 432 


433 


434 


435 


436 


437 


438 


439 


440 


441 




442 


443 


444 


445 


446 


447 


448 


449 


450 


451 


8. 02 


452 


453 


454 


456 


457 


458 


459 


460 


461 


462 




8.03 


463 


464 


465 


466 


467 


468 


469 


470 


47i 


473 




8.04 


474 


47? 


476 


477 


478 


479 


480 


481 


482 


483 




8.05 


48I 


486 


487 


488 


489 


490 


491 


492 


494 


495 




8.06 


496 


497 


498 


499 


500 


502 


5<>3 


504 


505 


506 




8.07 


5o7 


508 


510 


5" 


512 


513 


514 


515 


517 


518 




8.08 


519 


520 


521 


523 


524 


525 


526 


527 


529 


530 




s 


8.09 
8.10 

8.11 


53i 


532 


533 


535 


536 


537 


538 


540 


54i 


542 


1 
2 
3 

4 


0.2 

Si 

0.8 


543 


545 


546 


547 


548 


55o 


55i 


552 


553 


55? 


5 I? 


557 


558 


560 


561 


562 


564 


565 


566 


567 


8.12 


569 


570 


57i 


573 


574 


575 


577 


578 


579 


581 


I 


1.0 


813 


582 


583 


585 


586 


587 


589 


59o 


59i 


593 


594 


1.2 

!i 


8.14 


595 


597 


598 


599 


601 


602 


604 


605 


606 


608 


8.15 


609 


611 


612 


613 


615 


616 


618 


619 


620 


622 


9 


1.8 


8.16 


623 


62? 


626 


628 


629 


630 


632 


633 


635 


636 




8.17 


638 


639 


641 


642 


644 


645 


646 


648 


649 


651 




8.18 


652 


654 


655 


657 


658 


660 


661 


663 


664 


666 




8.19 
8.20 

8.21 


667 


669 


671 


672 


674 


675 


677 


678 


680 


681 




683 


684 


686 


688 


689 


691 


692 


694 


696 


697 


699 


700 


702 


703 


705 


707 


708 


710 


712 


713 


8.22 


71? 


716 


718 


720 


721 


723 


725 


726 


728 


730 




8 


8.23 


73' 


733 


735 


736 


738 


740 


74i 


743 


745 


747 


1 

2 


Z.l 


8.24 


748 


750 


752 


753 


755 


757 


759 


760 


762 


764 


3 


0.9 


8.25 


766 


767 


769 


77i 


773 


774 


776 


778 


780 


78i 


4 


1.2 


8.26 


783 


785 


7S7 


789 


790 


792 


794 


796 


798 


799 


I 

I 


2. 1 


8.27 


801 


803 


805 


807 


809 


810 


812 


814 


816 


818 


8.28 


820 


822 


823 


825 


827 


l 2 % 


831 


833 


835 


837 


2.4 


8.29 
8.30 

8.31 


839 


841 


842 


844 


846 


848 


850 


852 


854 


856 


9 


2.7 


858 
878 


860 


862 


864 


866 


868 


870 


872 


874 


876 




880 


882 


884 


886 


888 


890 


892 


894 


896 


8.32 


898 


900 


902 


904 


906 


908 


910 


912 


915 


917 




8.33 


919 


921 


923 


925 


927 


929 


931 


933 


936 


938 




8.34 


940 


942 


^ 


946 


948 


95i 


953 


955 


957 


959 




i 3 I 


962 


964 


966 


968 


970 


973 


975 


977 


979 


981 




8.36 


984 


986 


988 


990 


993 


995 


997 


999 


*002 


♦004 




4 


8.37 


0.01 006 


009 


on 


013 


016 


018 


020 


022 


025 


027 


1 
2 


SI 


8.38 


030 


032 


034 


037 


039 


041 


044 


046 


O48 


051 


3 

4 

I 

I 


1.2 


8.39 

8.40 

8.41 


053 


056 


058 


060 


063 


065 


068 


070 


073 


07? 


1.6 
2.0 

Si 


077 


080 


082 


085 


087 


090 


092 


o95 


O97 


100 


102 


105 


107 


no 


112 


"5 


117 


120 


122 


125 


8.42 


128 


130 


133 


135 


138 


140 


143 


146 


I48 


151 


3. a 


8.43 


153 


156 


159 


161 


164 


167 


169 


172 


175 


177 


9 


36 


8.44 


180 


183 


185 


188 


191 


193 


196 


199 


202 


204 




8.45 


207 


210 


213 


215 


218 


221 


224 


226 


229 


232 




8.46 


235 


238 


240 


243 


246 


249 


252 


255 


257 


260 




8.47 


263 


266 


269 


272 


275 


278 


280 


283 


286 


289 




8.48 


292 


295 


298 


301 


304 


307 


310 


313 


316 


319 




8.49 
8.50 


322 


325 


328 


33i 


364 


337 


34o 


343 


346 


349 




352 


355 


358 


361 


368 


37i 


374 


377 


380 


A. 


B. 1 2 8 4 5 


6 


7 


8 


9 


Prompts. 





ADDITION AND SUBTRACTION LOGARITHMS. 




8' 


A __ flog£ — log a = A. Q i log a — logd = £. 

X log(* + b) = log* + A bUB * J log (a - d) = log* + ^. 


A. 


b. 


1 


i 


8 


4 


5 


6 


7 


8 


9 


Prop. Pts. 


8.50 

S o' Sl 

8.52 
8.53 


0.01 352 


355 


358 


361 


364 


368 


37i 


374 


377 


380 




383 
415 

447 


386 
418 
450 


389 
421 

454 


393 
424 
457 


396 
428 
460 


399 
464 


402 
434 
467 


405 

437 
470 


408 
441 

474 


412 
444 
477 


8.54 
8.56 


480 
514 
549 


484 
518 

552 


487 
556 


490 

525 
559 


494 
528 

563 


497 
53i 
566 


501 

535 
57o 


504 
538 
574 


507 
542 
577 


5" 
58i 


1 
2 


3 

1:1 


S:i 


8.57 

8.58 
8.59 

8.60 

8.61 
8.62 
8.63 


584 
621 
658 


588 
624 
661 


I 9 i 
628 

665 


I 95 
632 

669 


599 
635 

673 


602 

639 
676 


606 
643 
680 


610 
646 
684 


613 
650 
688 


617 
654 
692 


3 

4 

i 

I 

9 


0.9 
1.2 

!:I 

2.1 

24 
2.7 


1.2 
1.6 
2.0 

it 

36 


695 


699 


703 


707 


711 


7i? 


719 


722 


726 


730 


734 
774 
814 


738 
778 
818 


742 

782 

•822 


746 
786 
827 


7?6 
790 
831 


754 
794 
835 


758 
798 
839 


762 
802 
843 


766 
806 
847 


770 
810 
851 


8.64 
8.65 
8.66 


856 
898 
941 


860 
902 
945 


864 
906 
950 


868 
911 
954 


872 
915 
959 


877 
919 

963 


881 
924 
967 


885 
928 
972 


889 

932 
976 


894 
937 
981 




5 


6 


8.67 
8.68 
8.69 

8.70 

8.71 
8.72 

8.73 


985 

0.02 030 

077 


990 

035 
081 


994 
040 
086 


999 
044 
091 


♦003 
049 
095 


*<x>8 
053 
100 


*OI2 
058 
IO5 


♦017 
063 
no 


*02I 
067 
114 


*026 

072 
119 


1 
2 
3 

4 

I 

I 

9 


05 
1.0 

2.0 

25 

3-o 

3 5 
40 

4"> 


0.6 
1.2 

1.8 

2 4 

3 6 
42 
48 
5-4 


124 


129 


133 


138 


143 


148 


153 


158 


l62 


167 


172 
221 
272 


177 
226 
277 


182 
231 
282 


187 
236 
287 


192 
241 
292 


197 
246 
297 


202 
252 
3<>3 


207 
257 
308 


211 
262 
313 


216 
267 
3i8 


8.74 
8.75 
8.76 


323 
376 

430 


329 
381 
435 


334 
387 
441 


339 
392 
446 


344 
397 
452 


35o 
403 
457 


* 5 I 
408 

463 


360 
414 
468 


365 
419 

474 


37i 

424 
479 




*-77 
8.78 

8.79 

8.80 

8.81 
8.82 
8.83 


48? 
541 
599 


490 

547 
604 


496 

552 
610 


502 

558 
616 


564 
622 


5i3 
57o 
628 


518 

I 75 
634 


5 ^ 
581 

639 


530 
587 
645 


535 
593 
651 


1 

2 
3 
4 

i 

I 

9 


7 

0.7 
1.4 

2.1 

2.8 

35 
4 2 

4-9 


8 

0.8 
1.6 
2.4 
3 2 

7.2 


657 


663 


669 


675 


681 


687 


693 


699 


705 


7H 


7i7 
779 
841 


723 
785 
848 


729 
791 
854 


735 
797 
860 


742 
803 
867 


748 
810 

873 


754 
816 

879 


760 
822 
886 


766 
829 
892 


772 
835 
899 


8.84 
8.85 
8.86 


905 

971 

0.03 037 


912 

977 
044 


918 

984 
051 


925 
991 
058 


931 
997 
065 


938 

♦004 

071 


944 

*OII 

078 


95i 
♦017 

085 


957 

♦024 

092 


964 

♦031 

099 


« 


8.87 
8.88 
8.89 

8.90 

8.91 
8.92 
8.93 


106 

175 
247 


113 
183 
254 


120 
261 


126 
197 
268 


133 
204 

276 


140 
211 
283 


147 
218 
290 


154 
225 
298 


161 
232 
305 


168 
240 
312 





IO 

1.0 
2.0 

3-o 
4.0 

1:1 
1:1 

a r» 


320 


327 


334 


342 


349 


357 


364 


37i 


379 


386 


1 
2 
3 

4 

I 
I 




!:! 

45 


394 
470 

548 


401 
478 
555 


409 

485 
563 


417 
493 
571 


424 
501 
579 


432 
587 


439 
516 

59? 


447 
524 
603 


455 
532 
611 


462 
540 
619 


8.94 
8.95 
8.96 


627 
708 
790 


635 
716 
799 


643 
724 
807 


651 
732 
816 


659 

74i 
824 


667 

749 
832 


675 
757 
841 


683 
765 

849 


691 

774 
858 


700 
782 
866 


6.3 


8.97 
8.98 
8.99 

9.00 


87? 

961 

0.04 049 


883 
970 
058 


892 

979 
067 


987 
076 


909 
996 
085 


918 

*oo5 

o$4 


926 

♦014 

103 


935 

♦023 

112 


944 

♦032 

121 


953 
♦040 

130 


y -•- y~ 


139 


148 


157 


167 


176 


18? 


194 


203 


213 


222 


A. 


B. 


1 


2 


8 


4 


6 


6 


7 


8 


9 


Prop. Pts. 



. i log J - log a = A. «,„„ S lo«« - ^g* = *• 




1 log(a + b) = loga + B. ~ w "* ) log(a - b) 


= logt + A. 


A. 


E 


1 


i 


8 


4 


5 


6 


7 


8 


9 


Prop. Pte. 


9.00 


0.04 139 


148 


157 


167 


176 


18? 


194 


203 


213 


222 




9.01 


231 


240 


250 


259 


268 


278 


287 


297 


306 


315 




y 


1© 


IX 


9.02 


32? 


334 


344 


353 


3^3 


373 


382 


392 


401 


411 


a 


0.9 

1 8 


3.0 




9.03 


421 


430 


440 


450 


460 


469 


479 


489 


499 


509 


3 


a. 7 


3-0 


3-3 


9.04 


319 


528 


538 


548 


558 


568 


578 


588 


598 


608 


4 


3-6 


4.0 


4-4 


9.05 


618 


628 


639 


649 


659 


669 


679 


689 


700 


710 


5 


4-5 


5.0 


55 


9.06 


720 


73i 


741 


75i 


762 


772 


782 


793 


803 


814 


6 


5-4 
6 3 


6.0 


6.6 


9.07 


824 


835 


845 


856 


867 


877 


888 


898 


909 


920 


8 


7. a 


8.0 


8.8 


9.08 


931 


94i 


952 


963 


974 


98? 


995 


*oo6 


♦017 


♦028 


9 


8.x 


9.0 


9-9 


9.09 


0.05 039 


050 


061 


072 


083 


094 


105 


116 


127 


139 


X 

a 
3 


1? 

M 

9 1 
* • 


13 

'3 

V9 


*4 

*-4 
- 8 

ft 


9.10 


i?o 


161 


172 


183 


195 


206 


217 


229 


240 


251 


9.11 


263 

378 


274 


286 


297 


308 


320 


332 


343 


355 


366 


9.12 


39o 


401 


413 


425 


436 


448 


460 


472 


484 


4 


4 


M 


6 


913 


496 


508 


519 


53i 


543 


555 


567 


579 


59i 


604 


5 


t 


6>S 


" ° 


9.14 


616 


628 


640 


652 


664 


677 


689 


701 


7U 


726 


6 


7 ■ 


7.8 


8.4 


9.15 


738 


75i 


763 


775 


788 


800 


8i3 


825 


838 


851 


I 
8 




9,1 


98 


9.16 


863 


876 


889 


901 


914 


927 


939 


952 


965 


978 


9 


5' 
xc 


ti,7 


«6 


9.17 


* 991 


*oo4 


♦017 


♦030 


*<H3 


♦056 


♦069 


♦082 


♦095 


*io8 




I-. 


Tfi 


*7 


9.18 


O.OO 121 


134 


147 


161 


174 


187 


200 


214 


227 


240 


X 


I -S 


t.5 


a -7 


9.19 


254 


267 


281 


294 


308 


321 


335 


348 


362 


376 


a 
3 
4 
5 


30 

4 5 
6.0 


3. a 

4-a 

*4 


3-4 
5-x 
6.8 
8-S 


9.20 


389 


403 


417 


430 


444 


458 


472 


486 


500 


513 


9.21 


527 


54i 


555 


569 


583 


597 


612 


626 


640 


654 


9.22 


668 


683 


697 


711 


725 


740 


754 


769 


783 


798 


6 


< 


96 


u.i 


9.23 


812 


827 


841 


856 


870 


885 


900 


914 


929 


944 


7 


xo*5 


t!,< 


•9 


9.24 


959 


973 


988 


♦003 


*oi8 


♦033 


♦048 


♦063 


*o78 


*Q93 


8 
9 


X9.D 


ta<8 

14,4 


136 
15.3 


9.25 


0.07 108 


123 


138 


154 


169 


184 


199 


215 


230 
385 


245 




19 






9.26 


261 


276 


291 


307 


322 


338 


354 


369 


400 




l 9 


a. a 


9.27 


416 


432 


448 


463 


479 


49? 


5" 


527 


543 


559 


a 


3* 


3-8 


4 * 


9.28 


575 


59i 


607 


623 


639 


655 


671 


687 


704 


720 


3 


, ■ 


5 7 


6,0 


9.29 


736 


753 


769 


785 


802 


818 


835 


851 


868 


884 


4 
5 
6 

7 


7.3 
xo.B 

13 6 


<3 3 


Bo 

to. a 

13. O 


9.30 


901 


918 


934 


95i 


968 


985 


*OOI 


*oi8 


*035 


*052 

223 


9.31 


0.08 069 


086 


103 


120 


137 


154 


171 


188 


206 


9- 32 


240 


257 


275 


292 


309 


327 


344 


362 


379 


397 


8 


*4 4 


»5*3 


l6,0 


9-33 


4i3 


432 


450 


468 


485 


503 


521 


539 


557 


574 


9 


x6-v 


17. * 


iEp 


934 


592 


610 


628 


646 


664 


683 


701 


719 


737 


755 




91 


** S3 


935 


774 


.792 


810 


829 


847 


86s 


884 


902 


921 


940 


X 


S. 1 


»-? 


1 A 6 


936 


958 


977 


996 


♦014 


♦033 


*052 


*o7i 


♦090 


*io8 


♦127 


1 


4 ■■ 


4 -4 

6,6 


I 4-u 
64 


9-37 


0.09 146 


165 


184 


204 


223 


242 


261 


280 


299 


3i9 


4 


84 


B.I 


9* 


9-3» 


338 


357 


377 


396 


416 


435 


455 


474 


494 


5H 


5 


to 5 


11,0 


kM 


939 


533 


553 


573 


593 


612 


632 


652 


672 


692 


712 


6 


x? 6 


IJ 3 


13.* 


9.40 


732 


752 


773 


793 


813 


833 


853 


874 


894 

*IOO 


9H 

*I20 


7 
8 

9 


xfi S 
18 9 


15-4 

jg.S 


18,4 

*o.7 


9.41 


935 


955 


976 


996 


♦017 


♦038 


♦058 


♦079 


9.42 


0.10 141 


162 


183 


204 


225 


246 


267 


288 


309 


330 




** 


aj 


af 


943 


35i 


373 


394 


415 


437 


458 


479 


501 


522 


544 


X 


a 4 


= ■5 


a 6 


944 


565 


6 


609 


630 


652 


674 


696 


718 


739 


761 


a 


**e 


5-u 


78 


945 


783 


827 


849 


872 


894 


916 


938 


960 


983 


4 


9 ,rt 


10. c 


to 4 


946 


0.11 005 


028 


050 


073 


095 


118 


140 


163 


186 


208 


5 


xa .* 


13.5 


13.0 


9-47 


231 


254 


277 


300 


323 


345 


368 


392 


415 


438 


6 


»4 4 


15-0 


ij 6 


9.48 


461 


484 


507 


53i 


S54 


577 


601 


624 


648 


671 


7 
8 
9 


X 


17. s 


lB\3 


949 


695 


719 


742 
981 


766 
*oo5 


790 
♦030 


814 
♦054 


837 
*o78 


861 

*I02 


885 
♦127 


909 

♦151 


91.6 


3*^ 


2--I 4. 


9.50 


933 


957 




A. 


B. 6 


1 


2 


8 


4 


5 


6 


7 


8 


9 


Prop. Pte. 





ADDITION AND SUBTRACTION LOGARITHMS. 








8. 


. S log* - loga = A. ■ ClTD S log* - tog* - B. 


XWJ 


I log(a + b) = loga + B. ""*" ) \og(a — b) = logd + A. 


A. 


B. 


1 


2 


8 


4 


5 


6 


7 


8 


9 


Prop. Pts. 1 


9.50 

9.5i 
9.52 


0.1 1 933 


957 


981 


♦005 


♦030 


♦054 


♦078 


*I02 


♦127 


*i 5 i 




0.12 175 
422 


200 

447 


224 
472 


249 
497 


274 
522 


298 
547 


323 
572 
826 


348 

597 


372 
622 


397 
648 


X 
3 


5»7 

a. 7 
5.4 


20 

a. 8 
5.6 


3.9 
5.8 


30 

3.0 I 
6.0 


9.53 


673 


698 


724 


749 


775 


800 


851 


877 


903 


3 


8.x 


8-4 


8-7 


9.0 


9-54 


*ll 


954 


980 


♦006 


*032 


"058 


♦084 


♦no 


♦136 


*l62 


4 


xo.8 


xx. a 


xx. 6 


12.0 , 


955 


0.13 188 


214 


240 


267 


293 


3*9 


346 


372 


399 


425 


5 


»3- 5 


x 4 .o 


»4-5 


15.0 ' 


9.56 


452 


479 


505 


532 


559 


586 


613 


640 


667 


694 


6 
7 


x6.a 
18.9 


16.8 
19. 6 


»7-4 
30.3 


18.0 
21.0 j 


9.57 


721 


748 


771 


802 


829 


857 


884 


911 


939 


966 


8 


ax. 6 


33. 4 


33.3 


24.0 ' 


9.58 


994 


*02I 


*049 


♦077 


♦104 


♦132 


*i6o 


*i88 


*2l6 


*244 


9 


243 


35.3 


36.x 


27.0 1 


9.59 
9.60 

9.61 


0.14 272 


3OO 


328 


356 


384 


412 


441 


469 


497 


526 


1 
3 
3 


3* 

»♦■ 

a. a 

9*3 


3a 

3 * 
64 
9.6 


33 

33 
6 6 

9-9 


3-4 
till 

£0,3 


554 


583 


611 


640 


668 


697 


726 


755 


783 


812 


841 


870 


899 


928 


957 


986 


*oi6 


♦045 


*o74 


♦104 


9.62 


0.15 133 


l62 


192 


221 


251 


281 


310 


34o 


37o 


400 


4 


13,4 


13.8 


13 .3 


13-6 


9-63 


430 


460 


489 


520 


55o 


58o 


610 


640 


670 


701 


5 


*$ 5 


T<> O 


16.5 


17.0 


9.64 


„ 73i 


76l 


792 


822 


853 


884 


914 


943 


976 


♦007 


6 


iM 


19 3 


19.S 


1 


9.65 


0.16 037 


068 


099 


130 


161 


192 


224 


255 


286 


317 


7 
8 


at, 7 

ml R 


S5.G 


'['. ' 


33 L 


9.66 


349 


380 


411 


443 


474 


506 


538 


569 


601 


633 


9(37. 


=8. a 


20.4 
*9 7 


37,2 


9.67 


*>I 


697 


729 


761 


793 


82T 


*l 7 
*i8i 


889 


921 


954 




35 


3 6 


37 


3* 


9.68 


986 


*oi8 


♦051 


♦083 


*u6 


*i 4 8 


♦214 


♦247 


♦279 


X 


3-5 


3.6 


3-7 


38 


9.69 
9.70 

9.71 


0.17 3" 


345 


378 


411 


444 


477 


.510 


544 


577 


610 


a 
3 
4 
5 


7-*> 
m-S 

*7 5 


7.3 
10. B 

H 4 


7-4 

it .1 

14 B 


76 
If ,4 

IS 2 

ly.O 


643 


677 


710 


744 


777 


811 


845 


878 


912 


946 


980 


♦014 


*o48 


♦082 


*n6 


♦150 


♦184 


*2l8 


♦253 


♦287 


9.72 


0.18 322 


356 


390 


423 


460 


494 


529 
879 


564 


599 


s 


6 


3 to 


31.6 


33, » 


«.s 


9.73 


668 


703 


738 


773 


808 


844 


914 


949 


7 


*4 5 


35 t 


35 9 


*6.6 


974 


0.19 020 


056 


091 


127 


163 


198 


234 


270 


306 


342 


8 
9 


31 ,5 




11) 6 

33 3 


3* 4 


9-75 


378 


414 


4?o 


486 


522 


558 


595 


631 


667 


704 












9.76 


740 


777 


813 


850 


887 


923 


960 


997 


♦034 


♦071 


X 


99 

3-9 


4° 

4.0 


4* 

4 1 


4* 

4.3 


9.77 


0.20 108 


145 


182 


220 


257 


294 


33i 


369 


406 


444 


a 


7-8 


8.0 


8.3 


8.4 


9.78 


481 


S 1 * 
898 


557 


594 


632 


670 


708 


746 


784 


822 


3 


xx. 7 


XS.O 


X3.3 


13.6 


9-79 
9.80 
9.81 


860 


937 


97? 


♦013 


♦052 


♦090 


♦128 


♦167 


♦206 


4 
5 

6 
7 


x 5 .6 
*9-5 
33-4 
*7-3 


16.O 
30. 
34.O 
38. 


x6.4 
30. s 
34.6 
38.7 


x6.8 

31 .0 
35.3 
39.4 


0.21 244 


283 


322 


361 


399 


438 


477 


516 


556 


59? 


634 


673 


712 


752 


791 


831 


870 


910 


949 


989 


9.82 


0.22 029 


069 


109 


149 


189 


229 


269 


309 


349 


389 


8 


3X.a 


33.0 


3 a.8 


33-6 


9-«3 


430 


470 


510 


551 


591 


632 


673 


713 


754 


79? 


9 


35.x 


36.O 


36.9 


37-8 


9.84 


836 


877 


918 


959 


♦ooo 


♦041 


♦082 


♦123 


*i6? 


*206 




43 


44 


45 


4* 

4-6 


*-\\ 


0.23 247 


289 


330 


372 


414 


455 


497 


539 


58i 


623 


X 


4*3 
8.6 


4-4 
8.8 


4-5 


9.86 


665 


707 


749 


791 


833 


875 


918 


960 


♦003 


♦045 


3 


xa.9 


13. 3 


9.0 
X3-5 


9.3 
x 3 .8 


9.87 


0.24 088 


130 


173 


216 


258 


301 


344 


387 


430 


473 


4 


17. a 


x 7 .6 


18.0 


18.4 


9.88 


516 


559 


603 
♦038 


646 


689 


733 


776 


819 


863 


907 


5 


ax. 5 


33. 


33.5 


23.0 


9.89 


950 


994 


♦082 


*I26 


♦170 


*2I4 


♦258 


*302 


*346 


6 


35.8 


36.4 

10 8 


27.0 


27.6 


9.90 

9.91 


0.25 390 


434 


479 


523 


568 


612 


657 


701 


746 
•196 


79' 
♦242 


7 
8 

9 


30.x 
34-4 
38.7 


35.2 
39-6 


3 1 "5 
36.0 
40.5 


32.2 
36.8 
4* 4 


836 
0.26 287 


881 


926 


970 


*oi6 


♦061 


*io6 


*i 5 i 


9.92 


332 


378 


423 


469 


5i? 


560 


606 


652 


698 




47 


48 


49 


SO 


9-93 


744 


790 


836 


882 


928 


974 


*02I 


♦067 


*I 14 


♦160 


X 


4-7 


48 


4-9 


50 


9-94 


0.27 207 


253 


300 


346 


3g 


440 


487 


534 


581 


628 


a 
3 


9-4 
14. 1 


9.6 
X4.4 


9.8 
14. 7 


10.0 
15.0. 


995 


675 


722 


769 


817 


9I i 


959 


♦006 


♦054 


*IOI 


4 


18.8 


X9.3 


19.6 


20.0 


9.96 


0.28 149 


197 


245 


292 


34o 


388 


436 


484 


532 


58i 


5 


23-5 


24.O 


34-5 


25.0 


997 


629 


677 


726 


774 


822 


871 


920 


968 


*OI7 


♦066 


6 


28.3 


38.8 


29-4 


30.0 


9.98 


0.29 n| 


163 


212 


261 


310 

804 


359 


409 


458 


507 


556 


7 


33.9 


33-6 
38.4 
433 


343 


3S-o 


9-99 
0.00 


606 


655 


705 


754 


854 


903 


953 
454 


*oo3 
505 


*o53 
555 


9 


37.6 
43.3 


39.3 
44.x 


45- 


0.30 103 


153 


203 


253 


3<>3 


354 


404 


' 


1 A. 


1 B. 


1 


2 


8 


4 


5 


6 


7 


8 


9 


Prop. Pts. 
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TABLE VI. 


















I log(* + *) = log J + B. bUB - J log(a - b) = log* + ^. 


A. 


B. 


1 


2 


8 


4 


5 


6 


7 


8 





Prop. Pte. 


0.00 


0.30 103 


153 


203 


253 


303 


354 


404 


454 


505 


555 




O.OI 


606 


656 


7<>7 


758 


809 


859 


910 


961 


*OI2 


*o6 3 




50 


5» 


Sa 
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AND SUBTRACTION LOGARITHMS. 






9' 


1 log (a + *) = log* + B. bUB * { log(a - b) = log* + ^. 


A. 


B. 


1 


2 


8 


4 


5 


6 


7 


8 





Prop. Pts. 


0,50 

0.51 
0.52 
o.53 


0.61 933 


♦009 


♦085 


*i6i 


*237 


*3H 


*39° 


*466 


*542 


*6i9 




0.62 69"? 
0.63 461 
0.64 231 


771 
308 


848 

615 
386 


924 
692 
463 


*OOI 

768 
540 


*o77 
845 
618 


*I54 
§23 
695 


♦231 

♦ooo 

773 


*3<>7 

♦077 

850 


*384 

*I54 

928 


X 

a 
3 


74 

7.4 

X4.8 

99.9 


75 

7-5 
iS-o 
99.5 


70 
7.6 

IS- a 

99.8 


0.54 

0.56 

0.57 
0.58 
0.59 

0.60 

0.61 
0.62 
0.63 


0.65 005 

783 
0.66 565 

0.67 351 

0.68 141 

935 


083 
861 
644 

430 

220 

♦014 


160 

939 
722 

509 

300 

♦094 


238 

*oi8 

801 

588 

379 

♦174 


316 

♦096 
879 

667 
458 

*253 


394 
♦174 

958 

746 

♦ 53 * 
*333 


472 
♦252 
♦037 

825 

617 

*4i3 


549 
*33<> 
♦115 

904 

696 

*493 


627 
♦409 
♦194 

983 
776 

*573 


705 

*487 
♦273 

*o62 

855 

♦652 


4 
5 

6 

7 
8 

9 

z 
a 
3 
4 
5 


99.6 

37 .0 
44-4 
Si. 8 

59-a 
66.6 

77 
77 
«5-4 

30.8 
38.5 


30.0 
375 
45.0 
59.5 
60.0 
67.5 
78 
7.8 
x 5 .6 
«3-4 
31. 9 
39° 


30.4 

38.0 
45-6 
53-a 
60.8 
68.4 

79 

7-9 
15.8 
93.7 
31.6 
395 


0.69 732 


812 


892 


972 


♦052 


♦132 


*2I2 


*293 


*373 


*453 


0.70 533 
0.71 33» 
0.72 146 


614 

419 
227 


694 

499 
308 


774 
580 

39o 


855 
661 

47i 


935 
742 
552 


♦016 

823 
633 


*oo6 
904 
7H 


♦177 
984 
796 


*257 
*o65 

877 


0.64 
0.65 
0.66 


958 
o.73 774 
0.74 592 


♦040 

855 
674 


*I2I 

937 
757 


*202 

*OI9 

839 


*284 

*IOI 

921 


?365 
♦183 
*oo3 


*447 
♦264 
♦085 


*529 
*346 
♦168 


*6io 
♦428 
♦250 


♦692 
♦510 
*332 


6 
7 
8 

9 


46.9 

539 
61.6 

69.3 


46.8 
54-6 
69.4 
70.2 


474 
553 
63.9 
71. X 


0.67 
0.68 
0.69 

0.70 

0.71 
0.72 
0.73 


o.75 415 
0.76 240 
0.77 069 


497 
323 
152 


579 
406 

235 


662 
488 
318 


744 
571 
401 


827 
654 
485 


909 

737 
568 


992 
820 
651 


*o75 
903 
734 


*i57 
986 
818 


X 

9 
3 
4 
5 
6 
7 


80 

8.0 
x6.o 
94.0 
39.0 
40.0 
48.0 
56.0 


81 

8.1 

X6.9 

*4-3 
32.4 
40.5 
48.6 
56.7 


8a 

8.9 

16.4 

24.6 
3*.8 
4X.0 
49.9. 
57-4 


901 


984 


*o68 


*I5I 


*2 3 5 


*3*8 

**55 

838 


♦402 


*485 


*569 


♦653 


0.78 736 

o.79 575 
0.80 416 


820 
659 
500 


904 

743 
58? 


987 
827 
669 


♦071 
911 
754 


*239 

♦079 

922 


*323 
♦163 
♦007 


♦407 
♦248 
♦091 


* 49 i 
* 332 

♦176 


o.74 
0.75 
0.76 


0.81 261 

0.82 108 

959 


345 

193 

♦044 


430 

278 

♦129 


51? 

363 

*2I4 


599 

448 

♦300 


684 

533 

*385 


769 

618 

♦470 


854 

703 

♦556 


938 

788 

♦641 


♦023 

873 
♦727 


8 
9 


64.0 
79.0 

«3 

8.T 


64.8 
79.9 

84 

8 A. 


65.6 
73-8 

85 

8 K 


o.77 
0.78 
0.79 


0.83 812 
0.84 668 
0.85 527 


898 
754 
613 


983 
840 
700 


♦069 
926 
786 


*i54 

*OI2 
872 


*240 

♦097 
958 


*325 
♦183 

*Q44 


♦411 
♦269 
♦130 


*497 
*355 
♦217 


*583 
♦441 

*3°3 


9 
3 

4 


x6.6 
94.9 
33» 


x6.8 
95.9 

33-6 


17.0 
25- 5 
34.0 


0.80 

0.81 

i 0.82 
1 0.83 


0.86 389 

0.87 254 

0.88 121 

991 


476 


562 


648 


735 


821 


908 


994 


*o8i 

947 

817 

*68 9 


*i6 7 _ 

♦034 

904 

♦776 


5 
6 

7 
8 

9 


41-5 
49.8 
58.x 
66.4 
74-7 


49.0 
50.4 
58.8 
67.9 
75.6 


42.5 
510 
595 
68.0 
76.5 


340 

208 

♦078 


427 

295 

♦165 


5H 

382 

♦252 


600 
469 

*339 


687 

556 

*427 


774 

643 

*5H 


861 

730 
*6oi 


0.84 
0.85 
0.86 


0.89 863 
0.90 738 
0.91 616 


95i 
826 
704 


♦038 
914 
791 


♦125 

*OOI 

879 


♦213 

*o89 

967 


♦300 
*i77 
*<>55 


♦388 
*264 
*H3 


*475 
*352 
♦231 


*5^3 
*440 
*3*9 


♦651 
♦528 
♦408 


X 

a 
3 


86 

8.6 
17. 9 
9^.8 


«7 

8.7 
17.4 
96. 1 


88 

8.8 
17.6 
96.4 


0.87 
0.88 
0.89 

0.90 

0.91 
0.92 
o.93 


0.92 496 

0.93 378 
0.94 263 


584 
466 
351 


672 

555 

440 


760 

643 
529 


848 
732 
617 


936 
820 
706 


♦025 
908 
795 


♦,13 

997 
883 


*20I 

♦086 
972 


♦290 
*I74 
*o6i 


4 
5 

6 

7 
8 

9 

X 


344 
43 
SX.6 
60.9 
68.8 
77-4 

89 

89 


34-8 
435 
59.9 
60.9 
69.6 
78.3 

90 

9.0 


35-a 
44© 
59.8 
6x.6 

704 
79.9 

91 

9-* 


o.95 i?° 


239 


327 


416 


505 


594 


683 


772 


861 


950 


0.96 039 

931 
0.97 824 


128 

*020 
914 


217 
♦109 
♦003 


306 
*I98 
♦093 


395 
♦288 

*l82 


485 
*377 

*272 


574 
♦467 

* 3 62 


663 
*556 
*45* 


752 
♦645 
*54i 


841 

♦631 


o.94 
0.95 
0.96 


0.98 720 
0.99 618 
1. 00 519 


8lO 
708 
609 


900 

798 
699 


989 
888 

789 


♦079 
978 
879 


♦169 

*o68 
969 


*259 
♦158 
*o6o 


*349 
♦248 
♦150 


*439 
*338 
♦240 


♦528 

♦428 
*33<> 


a 
3 
4 
5 


x 7 .8 
a6. 7 
35-6 
445 


x8.o 
97.0 
36.0 
450 


X8.9 

97.3 
364 
455 


0.97 
0.98 
0.99 

1.00 


1. 01 421 

1. 02 32? 

1.03 231 


5" 

415 
322 


601 
506 
413 


692 

597 
503 


782 
687 
594 


873 
778 
685 


8 

776 


*o53 

959 
867 


*I44 
*o?o 

957 


♦234 
♦140 
♦048 


6 

7 
8 
9 


534 
69.3 
7X.a 

8n 1 


54.0 
63.0 
79.0 
81 .« 


54.6 
637 
73.8 


1.04 139 


230 


321 


412 


5<>3 


594 


685 


776 


867 


958 




A. 


B. 


1 


2 


8 


4 


6 


6 


7 


8 





Prop. Pte. 
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1. 19 841 

1.20 779 

1. 21 717 


935 
872 
811 


♦029 
966 
905 


*I22 

*o6o 
999 


*2l6 

*I54 
*Q93 


♦310 
*248 
*i87 


*4<>3 
*342 
♦281 


*497 
*435 

*375 


* 59 i 
♦529 
* 4 6 9 


♦685 
♦623 
*563 


1.20 


1.22 657 


751 


845 


939 


*034 


♦128 


*222 


♦316 


♦410 


♦504 




1. 21 
1.22 
1.23 


123 599 

1.24 54i 

1.25 485 


693 
635 
579 


787 
73o 
674 


881 
824 
768 


918 
863 


♦070 

♦013 

957 


♦164 
*I07 
♦052 


♦258 

*202 
*I46 


*352 
♦296 
♦241 


*447 
* 39 o 

*335 


1 

2 


94 

It 


1.24 
1.26 


1.26 43° 

1.27 376 

1.28 323 


524 
471 
418 


619 
565 
513 


7H 
660 
608 


808 
755 
703 


903 
850 

797 


997 
944 
892 


♦092 

*0 39 

987 


♦187 

♦134 
♦082 


♦281 
♦229 
*I77 


3 

4 

I 


28.2 
376 
470 

85 


1.27 
1.28 
1.29 


1.29 272 

1.30 221 

1. 31 172 


367 
316 
267 


462 
362 


557 
5o7 
458 


652 
602 

553 


746 

697 

^648 


841 
792 
743 


936 
887 
838 


*OJI 

982 
933 


♦126 
*o77 
♦029 


I 

9 


1.80 


1.32 124 


219 


3H 


410 


505 


600 


695 


791 


886 


981 




1.31 

1.32 

1 1-33 


1.33 °77 

1.34 °3o 
985 


172 

126 

*o8i 


267 

221 

♦176 


363 

317 

♦272 


458 

412 

♦367 


ill 
♦463 


649 

603 

*559 


744 
699 

*6 5 4 


840 

794 
♦750 


935 
890 

*8 4 5 


1 

2 1 

3 * 

4 3 

U 


95 

9-5 
0.0 


9* 

9.6 
I9.2 
28.8 
3f4 
48.O 
§7.6 
67.2 


1-34 
1.36 


! -35 94i 

1.36 898 

1.37 856 


*Q37 
994 
951 


♦132 
*o89 
*Q47 


♦228 
♦185 
♦143 


*324 

*28l 

*239 


♦419 
*377 
*335 


*5'5 
*472 
*43i 


*6n 
♦568 
*527 


♦706 
♦664 
^622 


*802 

♦760 
♦718 


8.0 
75 
7 ° 


1-37 
1.38 
1.39 


1.38 814 

1.39 774 

1.40 734 


910 
870 
830 


*oo6 
966 
926 


*I02 
*o62 
*022 


♦198 
♦158 
♦119 


*294 

*254 
♦215 

♦176 


* 39 o 

*35° 
* 3II 


*486 
♦446 
♦407 


♦582 
*542 
*5©3 


♦678 
*6 3 8 
*599 


6.0 
55 


1.40 


1 41 6 95 

1.42 658 

1.43 621 

1.44 584 


792 


888 


984 


*o8o 


*273 


♦369 


*465 


♦561 




1. 4i 
1.42 
1.43 


754 
717 
681 


850 
813 
777 


946 
9IO 
874 


*043 

*oo6 

970 


**39 

*I02 

*o66 


*235 
♦199 
♦163 


*332 
*295 
*259 


*428 
* 39 i 

*356 


♦524 
♦488 
♦452 


I 

2 


\9I 

97 
19.4 


1.44 
1.45 
1.46 


1.45 549 

1.46 5*4 

1.47 48o 


645 
611 

577 


742 
707 
674 


838 
804 
770 


935 
901 
867 


*o3i 

997 
964 


♦128 
♦094 
*o6o 


♦225 
♦190 
*I57 


♦321 
♦287 
♦254 


*4i8 
*384 
*35<> 


3 

4 

I 


20. 1 
388 

48-S 

?•* 
67.Q 

77.6 
873 


1.47 
1.48 
1.49 


1.48 447 

1.49 415 

1.50 383 


544 
512 
480 


641 
608 
577 


737 
705 

674 


834 
802 
771 


93i 
899 
868 


♦028 
996 
964 


♦124 
♦093 
*o6i 


*22I 

♦189 
♦158 


♦318 
*286 

*255 


I 

9 


1.50 


1. 5i 352 


449 


546 


643 


740 


837 


934 


♦031 


♦128 


*22? 




A. 


B. 


1 


2 


8 


4 


5 


6 


7 


8 


9 


Prop.Pte. 
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Add 1 log*— log # = -<*. SuB f loga-log* = A 
***• X log (a + b) = log b + B. bUB ' \ log (a - b) = log * + ^. 


A. 


B. 


1 


2 


8 


4 


5 


6 


7 


8 





Prop. Pte. 


1.50 

i. 51 
1.52 
1.53 


1.51 352 


449 


546 


643 


740 


837 


934 


♦031 


*I28 


*22"5 




1.52 322 

1.53 292 

1.54 263 


419 

389 
360 


516 
486 
457 


613 
583 
553 


710 
680 
652 


807 
77S 
749 


904 

873 
846 


*oox 

972 

943 


♦098 
♦069 
♦040 


*I95 

*i66 
♦138 


1.54 
1.56 


1. 55 23? 

1.56 207 

1.57 180 


332 
304 

277 


429 
402 

37? 


526 

499 
472 


624 
569 


721 

& 

667 


818 
791 
764 


915 
888 
861 


♦013 
985 
959 


♦no 
*o8 3 
♦056 




X ' 5 Z 
1.58 

1.59 

1.60 

1. 61 
1.62 
1 63 


1.58 153 

1.59 128 

1.60 102 


251 
225 
200 


348 
322 
297 


446 
420 
395 


543 
517 
492 


640 
6i3 
590 


738 
712 
687 


835 
810 

783 


933 
907 
882 


♦030 

♦005 

980 


1 
2 
3 
4 

I 
I 


S7 

9-7 
194 
20.1 
38.8 
4|.5 
S8.2 
67.Q 
77.6 
873 


1 .61 077 


173 


273 


37o 


468 


565 


663 


760 


858 


956 


1 .62 053 

1.63 030 

1.64 006 


151 
127 
104 


248 
225 
202 


346 
322 

299 


444 
420 

397 


541 

518 

495 


639 
616 

593 


737 
713 
690 


834 
811 
788 


932 
909 
886 


1.64 
1.65 
1.66 


984 

1.65 962 

1.66 940 


*o8i 

*o59 
♦038 


*I79 
♦157 
*I36 


♦277 
♦25? 
*233 


*373 
*353 
*33i 


*473 
*45i 
♦429 


♦576 
*548 
*527 


♦668 
♦646 
♦625 


♦766 

*744 
♦723 


*864 
♦842 

*82I 


9 


1.67 
1.68 
1.69 
1.70 

1.71 
1.72 

1.73 


1.67 919 

1.68 898 

1.69 %j% 


*oi7 
996 
976 


*"3 
♦094 
*o74 


*2I2 
*I92 
*I72 


♦310 
♦290 
♦270 


♦408 
♦388 
*368 


*5o6 
♦486 
♦466 


♦604 
*5*4 
*564 


♦702 
*682 
♦662 


*8oo 
♦780 
♦760 




1.70 858 


956 


♦054 


*I52 


*250 


*348 


♦446 


*544 


♦642 


*74i 


1. 7i 839 

1.72 820 

1.73 801 


937 
918 

899 


*o 3 ? 

*oi6 

998 


*I33 
♦114 
♦096 


♦231 

*2I2 

♦194 


*329 
♦310 
♦292 


*427 
♦409 

*39o 


*525 
*507 
♦489 


♦623 
*6o? 
*587 


*722 
* 7 3 

*68"5 


1 

2 


98 

19.6 


1.74 
1.76 


1.74 783 

1.75 766 

1.76 748 


881 
864 
847 


962 

94? 


♦078 
*o6o 
*o43 


♦176 
♦159 
♦141 


♦274 
♦257 
♦240 


*373 
*355 
*338 


*47i 
*453 
*436 


♦569 
*552 
*533 


♦667 
*6?o 

*633 


3 

4 

i 


29.4 

39-2 
68.6 

81 


1.77 
1.78 
1.79 
1.80 

1. 81 
i 1.82 
'1.83 


1.77 731 

1.78 715 

1.79 699 


830 
813 
797 


928 
912 
896 


*026 

*oio 
994 


♦123 
*io8 
♦092 


♦223 
♦207 
*i9i 


♦321 

*3°5 
♦289 


♦420 

♦403 
♦388 


♦518 

*CQ2 
*486 


*6i6 
*6oo 
*584 


I 

9 


1.80 683 


781 


880 


978 


♦077 


*i75 


*274 


*372 


♦471 


♦569 




1. 81 667 
1.82*652 
1.83 638 


766 

75i 
736 


864 
849 
835 


963 
948 
933 


*o6i 
♦046 
♦032 


♦160 

*H3 
♦130 


♦258 

*244 
♦229 


*357 
*342 
*328 


*455 
♦441 

*426 


*554 
*539 
*523 


1.84 
1.85 
1.86 


1.84 623 

1.85 609 

1.86 595 


722 
708 
694 


820 
806 
793 


919 
905 
891 


*oi8 

*oo4 

990 


*n6 

*I02 
♦089 


♦213 

*20I 
*l87 


*3i3 
♦299 
♦286 


♦412 
*398 
*383 


* 5 u 
*497 
*4§3 


99 


1.87 
1.88 
1.89 

1.90 

1. 91 
1.92 

1.93 


1.87 582 

1.88 569 

1.89 556 


681 
667 
655 


779 
766 

753 


878 
865 
852 


977 
964 
951 


♦075 
♦062 
*o*Jo 

♦037 

♦025 
*OIj 

*002 


♦174 
*i6i 
*I48 

♦124 

*II2 

*ioo 


*273 
♦260 

*2 4 7 


*37i 
*35f 
*346 


♦470 
*457 
*445 


I 
2 

3 
4 

I 
I 

9 


19*8 
29.7 
39-6 
49-5 
59 4 
69-3 

is-: 


1 90 543 


642 


74i 


840 


938 


♦235 


*333 


*432 


1. 91 53i 

1.92 519 

1.93 5o7 


630 
618 
606 


729 

717 
705 


827 
815 
804 


926 
914 
903 


♦223 

*2II 

♦199 


♦321 
♦310 
♦298 


♦420 
♦408 
*397 


1.94 

1 -2! 
1.96 


1.94 496 

1.95 485 

1.96 474 


593 
583 
573 


694 
682 
671 


792 
781 
770 


891 
880 
869 


990 

979 
968 


♦089 

*o78 
♦067 


*i88 
♦177 
*i66 


♦287 
♦276 
♦265 


*3& 

*373 
♦364 




"-97 

1.98 

1.99 
2.00 


1.97 463 

1.98 45 2 

1.99 442 


562 
551 
54i 


661 
650 
640 


760 
749 
739 


859 
848 
838 


958 
947 
937 


♦057 
♦046 
♦036 


♦156 
*i35 


♦254 
*244 
♦234 


*353 
*343 

♦323 




2.00 432 


53i 


630 


729 


828 


927 


♦026 


♦125 


*224 


iu 


B. 


1 


2 


8 


4 


5 


6 


7 


8 





Prop. Pte. 



4 






TABLE VI. 












log0 — log^aB^f. loga — bg£aB<& 

log(a + *)«log* + (^-^). log(tf-^) = logtf-(^-^). 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


1.9823 

.9833 
.9842 
.9852 
.9862 


1.9868 
.9878 
.9887 
.9897 
.9907 


.00450 
449 
448 

447 
446 


2.0337 
.0348 

.0359 
.0370 
.0381 


2.0377 
.0388 
.0399 
.0410 
.0421 


.00400 

399 
398 
397 
396 


2 


.0920 
.0932 
0945 
.0957 
0970 


2 


0955 
.0967 
.0980 
.0992 

1005 


.00350 | 

349 
348! 
347 
346 


1.9872 
.9882 

.9891 
.9901 
.9911 


1. 9917 
.9926 
•9935 
•9945 
•9955 


.00445 
444 
443 
442 
441 


2.0392 
.0403 

.0414 
.0425 

.0437 


2.0432 
.0443 

.0454 
.0465 
.0476 


00395 
394 
393 
392 
391 


2 


0982 

0995 
1008 
1020 
1033 


2 


1017 
1029 
1042 
1054 
1067 


.00345 
344 
343 
342 
341 


I. 9921 

.9931 
.9941 
.9951 
.9961 


1.9965 
•9975 
.9985 
9995 

2.0005 


.00440 

439 
438 
437 
436 


2.0448 
.0459- 
.0470 
.0481 
•0493 


2.0487 
.0498 
.0509 
.0520 
.0532 


.00390 

387 
386 


2 


1046 
1059 
1072 
1085 
1098 


2 


1080 

1093 
1 106 
1119 
1 132 


.00340 
339 
338 
337 
336 


I. 9971 
.9981 
.9991 

2.0001 
.0011 


2.0015 
.0024 
.0034 
.0044 
.0054 


.00435 
434 
433 
432 
431 


2.0504 
.0515 
.0527 
0538 
.0550 


2.0543 

0553 
.0565 
.0576 
.0588 


.00385 
384 
383 
382 

38i 


2 


IIII 

1124 

"37 
1 1 50 
1 163 


2 


1 144 
1157 
1 170 
1 183 
1196 


.00335 
334, 
333 1 
332| 

331 ! 


2.0021 
.0032 
.0042 
.0052 
.0062 


2.0065 
.0075 
.0085 
.0095 
.0105 


.00430 
429 
428 

427 
426 


2.0561 

.0573 
.0584 
.0596 
.0607 


2.0600 
.0611 
.0622 
.0634 
.0645 


.00380 

379 
378 
377 
376 


2 


1 176 
1190 
1203 
1216 
1229 


2 


1209 
1223 
1236 
1249 
1262 


00330 

329 
328 

327 
126 


2.0073 
.0083 
.0093 

.0104 
.0114 


2.0115 
.0125 

.0135 
.0146 
.0156 


.00425 
424 
423 
422 
421 


2.0619 
.0630 
.0642 
.0654 
.0666 


2.0656 
.0667 

.0679 
.0691 
.0703 


.00375 
374 
373 
372 
37i 


2 


1243 
1256 
1270 
1283 
1297 


2. 


1275 
1288 
1302 

1315 
IJ29 


.00325 
324 
323 
322 
321 


2.0124 

.0135 
.0145 

.0156 
.0166 


2.0166 

.0177 
.0187 
.0198 
.0208 


.00420 
419 
418 

417 
416 


2.0677 
.0689 
.0701 

0713 
.0725 


2.0714 
.0726 
.0738 
.0750 
.0762 


.00370 

368 

307 
366 


2 


1310 
1324 
1338 
1351 
1365 


2 


1342 
1356 
1370 
1383 
1397 


.00320 1 
319 
3i8 

316 


2.0177 
.0187 
.0198 
.0208 
.0219 


2.0218 
.0228 
.0239 
.0249 
.0260 


.00415 
414 
413 
412 
411 


2.0737 
.0749 
.0761 

.0773 
.0785 


2.0773 
.0785 
.0797 
.0809 
.0821 


.00365 
364 
363 
362 
361 


2 


1379 
1393 
1407 
1421 

H35 


2 


1410 
1424 
1438 
1452 
1466 


.00315 

314 

313 
312 

3" 


2.0229 
.0240 
.0251 
.0261 
.0272 


2.0270 
.0281 
.0292 
.0302 
.0313 


.00410 
409 
408 
407 
406 


2.0797 
.0809 
.0821 
.0833 
.0845 


2.0833 

.0845 
.0857 
.0869 
.0881 


.00360 

359 
358 

356 


2 


1449 

1463 
1477 
1491 
1505 


2 


1480 

1494 
1508 
1522 
1536 


.00310 

309 
308 
307 
306 


2.0283 

.0294 
.0305 
.0315 

.0326 


2.0324 
.0334 
.0345 
.0355 
.0366 


.00405 
404 

403 
402 
401 


2.0858 
.0870 
.0882 
.0895 
.0907 


2.0893 
.0905 
.0917 
.0930 
.0942 


00355 
354 
353 
352 
35i 


2 


1520 

1534 
1548 

1563 
1577 


2 


1550 
1564 
1578 

1593 
1607 


.00305 
304 
303 
302 
301 


2.0337 


2.0337 


.00400 


2.0920 


20955 


.00350 


2 


1592 


2 1622 


.00300 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


A. [ 


B. 


B-A. 
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loga — logtmA. loga — logfi = £. 

tog (a + *) — loga + (B - ^). log(a - b) = loga - (.3 - ^). 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


2.1592 
.1606 
.1621 

.1635 
.1650 


2.1622 
.1636 
.1651 
.1665 
.1680 


.00300 

299 
298 

297 
296 


2.2386 

2403 
.2421 

.2439 
.2456 


2.2411 
.2428 
.2446 
.2464 
.2481 


.00250 

249 
248 

247 
246 


2.3358 
.3379 
.34oi 
.3423 
.3446 


2.3378 

3399 
.3421 

•3443 
.3466 


.00200 
199 
198 

196 


2.1665 
.1680 
.1694 
.1710 
.1724 


2.1694 

.1709 
.1723 

.1739 
.1753 


.00295 

294 
293 
292 
291 


2.2474 
.2492 
.2510 
.2528 
.2546 


2.2498 
.2516 

.2534 
.2552 
.2570 


.00245 
244 
243 

241 


2.3468 
.3490 
.3513 
•3535 
.3558 


2.3487 

.3509 

3532 

•3554 

• 3577 


.00195 
194 

193 
192 
191 


2.1739 

.1754 
.1770 
.1785 
.1800 


2.1768 

1783 

.1799 

.1814 

.1829 


.00290 

287 
286 


2.2564 
.2582 
.2600 
.2618 
.2637 


2.2588 
.2606 
.2624 
.2642 
.2661 


.00240 

239 
238 

237 
236 


2.3581 
.3604 
.3627 
.3650 
.3673 


2.3600 

.3623 

.3646 

.3669 

3692 


.00100 

1*7 
186 


2.1815 
.1830 
.1846 
.1861 
.1877 


2.1844 
.1858 

.1874 
.1889 
.1905 


.00285 
284 
283 
282 
281 


2.2656 
.2674 
.2693 
.2711 
.2730 


2.2679 
.2697 
.2716 
.2734 
.2753 


.00235 
234 
233 
232 
231 


2.3697 
.3720 

• 3744 
.3768 

.3792 


2.3715 
.3738 
.3762 
.3786 
.3810 


.00185 
184 

182 
181 


2.1892 

.1908 

1923 

.1939 

.1955 


2.1920 
.1936 

.1951 
.1967 
.1983 


.00280 

279 
278 

277 
276 


2.2749 
.2768 
.2787 
.2806 
.2825 


2.2772 
.2791 
.2810 
.2829 
.2848 


.00230 
229 
228 
227 
226 


2.3816 
.3840 
.3865 
.3889 
.3914 


2.3834 
.3858 
.3883 
.3907 
.3932 


.00180 
179 
178 
177 
176 


2.1971 
.1987 
.2002 
.2019 
.2035 


2.1998 
.2014 
.2029 
.2040 
.2062 


.00275 
274 
273 
272 
271 


2.2845 
.2864 
.2884 
.2903 
.2923 


2.2867 
.2886 
.2906 
.2925 
.2945 


.00225 
224 
223 
222 
221 


2.3939 
.3964 
.3989 
.4014 
.4039 


2.3956 

.3981 
.4006 

.4031 
.4056 


.00175 
174 
173 
172 

171 


2.2051 
.2067 
.2083 

2099 
.2116 


2.2078 
.2094 
.2110 
.2126 
.2143 


.00270 
269 
268 
267 
266 


2.2943 
.2962 
.2982 
.3002 
.3022 


2.2965 
.2984 
.3004 
.3024 
.3044 


.00220 
219 
218 
217 
216 


2.4065 
.4090 
.4116 
.4142 
.4168 


2.4082 
.4107 
4133 
.4159 
.4185 


.00170 

3 

167 
166 


2.2132 
.2149 
.2165 
.2182 
.2198 


2.2159 
.2175 
.2191 
.2208 
.2224 


.00265 
264 
263 
262 
261 


2.3043 
.3063 

.3083 
3104 
.3124 


2.3064 

.3084 

.3104 

.3125 

3H5 


.00215 
214 
213 
212 
211 


2.4195 
.4221 
.4248 

.4275 
.4302 


2.4211 

.4237 
.4264 
.4291 
4318 


.00165 
164 
163 
162 
161 


2.2215 
.2232 
.2249 
.2266 
.2283 


2.2241 
.2258 
.2275 
.2292 
.2309 


.00260 
259 
258 
257 
256 


2.3145 
.3166 

.3187 
.3208 
.3229 


2.3166 
.3187 
.3208 
.3229 
.3250 


.00210 
209 
208 
207 
206 


2.4329 
.4356 
.4383 
.4411 
•4439 


2.4345 
•4372 
•4399 
.4427 
•4455 


.00160 

158 

157 
156 


2.2300 

.2317 

2334 

.2351 

.2369 


2.2325 
.2342 

2359 
.2376 

.2394 


.00255 

254 
253 
252 
251 


2.3250 

.3271 

3293 

.33H 

.3336 


2.3271 
.3291 
.3313 
•3334 
3356 


.00205 
204 
203 
202 
201 


2.4467 

4495 

.4523 

.4552 

.4581 


2.4482 
.4510 
.4538 
.4567 
.4596 


.00155 
154 
153 
152 

151 


2.2386 


2.2411 


.00250 


2.3358 


2.3378 


.00200 


2.4609 


2 4624 


.00150 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


A. 


B. 


B-A. 
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TABLE VI. 








log*- 
log (a 


-log£a 
+ *)- 


loga + (B-A) 


log* — log£aB<& 

log (tf — *) a- log* — (B 


-^ 


JL 


B. 


B-A. 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


2.4600 
.4638 
.4668 
.4697 
.4727 


2.4624 

.4712 
.4742 


.00150 

IS 


2.6373 
.6416 
.6461 
.6505 
.6550 


2 :$t 

.6471 

•&& 
.6560 


.OOIOO 


3.9385 

•9474 

9563 

9S55 

•974« 


3.9390 
•9479 

.9000 
9753 


.00050 

3 


2.4757 
.4787 
.4817 
.4848 
.4878 


3.4772 
.480I 
.4831 
.4862 
.4892 


.OOI45 
144 
143 
142 

141 


2.6596 
.6042 
.6688 


2.6606 
.6651 
.6697 
.6744 
.6792 


.00095 

94 
93 
92 

9i 


3.9844 
3.9941 

30041 
.0143 
.024B 


2.9848 
2.9945 
30045 
.0147 
.0252 


.OOO45 

44 
43 
42 
4i 


2.4910 
.4941 
.4972 
.5004 
.5036 


2.4924 

St 

.50l8 
.5050 


.OOI40 

139 
138 
137 
136 


2.6831 
.6880 
.6928 
.6978 
.7028 


3.6840 
.6889 
.6937 
.6987 
7037 


87 
86 


3.0356 
.0466 
.0578 
.0694 
.0813 


3.0360 
.0470 
.0582 
.0698 
.0817 


.00040 

$ 

36 


2.5068 
.5100 

.5133 
.5165 

.5199 


2.508l 

.5146 
.5178 
.5212 


.00135 
134 
133 
132 
131 


2.7079 
.7131 
.7183 
.7236 
.7289 


2.7088 

7139 
.7191 
.7244 
.7297 


.00085 
84 

I 3 
82 

81 


30935 
.1061 
.1191 
.1324 
.1463 


30939 
.1064 

.1194 
.1327 
.1466 


.00035 
34 
33 
32 
3i 


2.5232 
.5266 
.5299 


2.5245 
.5279 
.5312 
.5346 
.5381 


.OOI30 
129 
128 
127 
126 


2.7343 
.7398 
7453 
.7509 
.7566 


2-735J 
.7406 
.7461 
.7517 
•7574 


.00080 

7 f 
78 

77 
76 


3.1606 

.1753 
.1905 
.2063 
.2226 


3.1609 
.1756 
.1908 
.2066 
.2229 


.00030 

28 

27 
26 


2.5402 
•5437 
.5472 
.5508 
•5544 


2.5415 
•5449 
.5484 
.5520 

.5556 


.OOI25 
124 
123 
122 
121 


2.7623 
.7682 

.7741 
.7801 
.7862 


2.7631 
.7689 
.7748 
.7808 
.7869 


.00075 
74 
73 
72 
7i 


32396 

2575 
.2760 
.2952 
.3154 


3.2399 
.2577 
.2762 

.2954 
3156 


.00025 
24 
23 
22 
21 


.56l6 

.5653 
.569O 

.5727 


2.5|92 
.5628 
.5665 
.5702 
•5739 


.00120 

\\t 

117 
Il6 


2.7923 

.7985 
.8050 
.8114 
.8180 


2.7930 
.7992 
.8057 
.8121 
.8187 


.00070 
69 
68 

67 
66 


33366 
.3590 
.3825 
.4072 

•4335 


3.3368 
.3592 
.3827 
.4074 
.4337 


.00020 

Si 


2.5765 
.5803 
.5841 
.588O 

5919 


2.5776 
.5814 
.5852 
.589I 
•5930 


.OOII5 
114 

"3 
112 
in 


2.8245 

Pi 3 
.8381 

.8451 
.8521 


2.8252 
.8319 
.8387 
.8457 
.8527 


.00065 
64 

62 
61 


34617 
.4917 
.5237 
.5587 
.5964 


34619 
.4918 

■ sa 32 

• 5 *I 8 
.5965 


.00015 
14 
13 
12 
11 


2.5958 
.5998 
.6038 
.6079 
.6l20 


2.5969 
.6009 
.6049 
.609O 
.6131 


.00110 

108 
107 
106 


2.8593 

.8666 

.8741 
.8816 
.8893 


2.8599 
.8672 

.8747 
.8822 

.8899 


.00060 

9 

% 


3.6377 
.6835 
•7345 
.7925 
.8595 


3.6378 
.6836 

.7346 
.7926 

.8596 


.00010 

3 

06 


2.6l6l 
.6202 
.6244 
.6287 
.6329 


2.6172 
.6212 
.6254 
.6297 

6339 


.00105 
104 
103 
102 

IOI 


2.8971 
.9051 
.9132 

.9215 
.9300 


2.8977 
.9056 

9137 
.9220 

9305 


.00055 
54 
53 
52 
5i 


39390 
4.0355 
4.1600 

4.3375 
4.6367 


3.9391 
40355 
4.1600 

4.3375 
46367 


.00005 

04 
03 
02 
01 


2.6373 


2.6383 


.OOIOO 


2.9385 


2.9390 


.00050 


00 


00 


.00000 


A. 


B. 


B-A. 


A. 


B. 


B-A. 


A. c 


B. 


B-A. 







TABLE VU. 


—SQUARES OF NUMBERS. 
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TABLE VII. 










SQUARES OF NUMBERS. 




No. 


SkjQSTG* 


No. 


Square. 


No. 


Square. 


No. 


Square. 


No. 


Square. 




I 


O 


20 

21 


400 


40 

4i 


1600 


60 

61 


3600 


80 

81 


6400 


I 


441 


1681 


3721 


6561 


2 


4 


22 


4*4 


43 


1764 


62 


3844 


82 


6724 


3 


9 


23 


529 


43 


1849 


63 


3969 


83 


6889 


4 


16 


34 


576 


44 


1936 


64 


4096 


84 


7056 


5 


35 


35 


625 


45 


2025 


65 


4225 


85 


7335 


6 


36 


26 


676 


46 


21 16 


66 


4356 


86 


7396 


7 


49 


27 


729 


47 


2209 


67 


4489 


87 


7569 


8 


64 


28 


784 


48 


2304 


68 


4624 


88 


7744 


9 
10 

ii 


8i 


39 
80 

3i 


841 


49 
50 

51 


2401 


69 
70 

7i 


4761 


89 
90 

9i 


7921 


IOO 


900 


2500 


4900 


8100 


121 


961 


2601 


5041 


8281 


12 


144 


33 


1024 


53 


2704 


73. 


5184 


93 


8464 


*3 


169 


33 


1089- 


53 


2809 


73 


5339 


93 


8649 


14 


196 


34 


1156 


54 


2916 


74 


5476 


94 


8836 


'5 


225 


35 


1225 


55 


3035 


75 


5625 


95 


9025 


16 


256 


36 


1296 


56 


3136 


76 


5776 


96 


9216 


17 


289 


37 


1369 


57 


3349 


77 


5939 


97 


9409 


18 


3H 


3« 


1444 


58 


3364 


7« 


6084 


98 


9604 


19 
20 


361 


39 
40 


1 521 


59 
60 


348i 


79 
80 


6241 


99 
100 


9801 


400 


1600 


3600 


6400 


IOOOO 



8 




SQUARES OF NUMBERS FROM 100 TO 1000 


. 








14* 


»44 


34* 


444 


544 


044 


744 


944 


•44 




Diff. 


00 


100 


400 


900 


1600 


2500 


3600 


4900 


6400 


8100 


00 


1 


OI 

02 
03 


102 

3 


412 


906 
912 
918 


1608 
1616 
1624 


2510 
2520 
2530 


3612 
3630 


49H 
4928 

4942 


6416 
6448 


81 18 
8136 
8154 


01 
04 
09 


3 
s 
7 


04 

3 


108 
no 
112 


416 
420 
424 


924 
93? 
936 


1632 
1640 
1648 


2540 
2550 
2560 


31672 


4956 
4970 
49»4 


6464 
6480 
6496 


8172 
8190 
8208 


16 

% 


9 
11 

*3 


3 

09 


I.I 

118 


428 
432 

43 6 


942 
948 
954 


1656 
1664 
1672 


2570 
2580 
2590 


3 

3708 


4998 
5012 
5026 


6512 
6528 
6544 


8226 


81 


«5 

17 
«9 # 


10 


121 


44' 


961 


1681 


2601 


3721 


5041 


6561 


8281 


00 


St 


11 
12 
13 


"3 
"5 
127 


445 
449 
453 


967 
973 
979 


1697 
I7P5 


261 1 
2621 
2631 


3733 
3745 
3757 


5055 
5089 
5083 


6577 


8299 
8317 
8335 


21 

s 


«3 

«7 


14 

3 


129 
132 
134 


466 


985 
998 


1713 
1722 

1730 


2641 
2002 


3769 
3782 

3794 


5097 
5112 
5126 


6625 
6642 
6658 


|3S3 
8372 
8390 


96 

si 


»9* 

» 


3 

19 


136 
'39 
14* 


470 
475 
479 


1004 
ion 
1017 


1738 
1747 
1755 


2672 
2683 
2693 


3806 
3819 
3831 


5140 
5155 

5189 


6691 
6707 


8408 
8427 
8445 


«9 
61 


3S" 

37 

39' 


20 


M4 


484 


1024 


1764 


2704 


3844 


5184 


6724 


8464 


00 


4» 


21 
22 
23 


I4 £ 
148 

*5* 


488 
492 
497 


1030 
1036 
1043 


3E 

1789 


2714 
2724 
2735 


m 

3881 


5198 
5212 
5227 


6740 
6756 
6773 


84S2 
8500 
8519 


*9 


43 
4S« 

47 


*4 

3 


158 


506 
5x0 


1049 


33 

1814 


2745 

3S- 


3893 
3900 
3918 


5241 
5256 
5270 


m 

6822 


! S3 2 
8556 

8574 


76 

9 


49* 

S» 

S3 # 


3 

29 


161 

IS 


5*5 

519 
524 


1069 
1075 

1082 


1823 
1831 
1840 


2777 
2787 

2798 


393' 
3943 
3955 


5285 
5299 
53*4 


S 39 
6872 


us 
8630 


8 

4X 


ss 

57* 


80 


169 


529 


1089 


1849 


2809 


3969 


5329 


6889 


8649 


00 


61 


31 
32 
33 


171 
176 


9 

54» 


1095 

1 102 

1108 


1874 


2819 
2830 
2840 


398i 
3994 
4006 


9 

5372 


6922 
6938 


8667 

8686 
8704 


61 

89 


«3 # 

«7» 


34 

9 


2 

184 


547 
55* 


1115 

112a 

1128 


1892 
I900 


2851 
2862 
2872 


4019 
4032 
4044 


5387 
5402 
5416 


$955 

IS 


8723 
gg 


56 

9 


69' 

7» 
7S # 


39 


187 
190 

193 


571 


"35 
1142 

"49 


I918 
1927 


2883 
2894 
2905 


4057 
40JJD 
4083 


543J 
5446 
546l 


7005 
7022 
7939 


B 


69 
44 

31 


7J # 
77* 
79 # 


40 


196 


57« 


1156 


1936 


2916 


4096 


5476 


7056 


8836 


OO 


81 


4i 
42 
43 


198 
201 
204 


5f° 
5«5 

S90 


1162 

3 


*944 


2926 

2937 
2948 


4108 
4121 
4134 


5490 
55P5 
5520 


s 


8892 


8l 
64 

49 


K 

•7* 


44 

2 


207 
210 
213 


605 


1183 
1190 
1197 


1989 


2959 
2970 
2981 


4H7 
4100 

4173 


5535 
5550 
55% 


7123 
7140 
7157 


891 1 
8930 
8949 


3« 
3 


5* 


8 

49 


216 
219 
222 


610 

620 


1204 
1211 
1218 


IO98 
2OI6 


2992 
3003 
3014 


4186 

4199 
4212 


5580 

5595 
50x0 


7x74 
7x91 
7208 


8968 


09 

ox 


99 


60 


225 


625 


1225 


2O25 


3025 


4225 


5625 


7225 


9025 


00 







S<^UAKj£S UP 


NUMtfJt 


;ks j*kum 100 


jlu 1000 {Lontimua). 




—2 




1*# 


«♦♦ 


a** 


4** 


*♦♦ 


•♦♦ 


*♦♦ 


a** 


9** 


JDiff. 


50 


225 


6»5 


1225 


2025 


3025 


4225 


5625 


7225 


9025 


00 


z 


5i 

5« 
53 


228 
231 
234 


630 

64O 


1232 
1239 
1246 


2034 
2043 
2052 


3036 
3047 
3058 


4238 
4251 

4264 


5640 
5655 
5670 


7242 
7259 
7276 


9044 
9063 
9082 


01 
04 
09 


3 
5 

7 


54 


237 
24O 

243 


650 
655 


"53 
1260 
1267 


2061 
2070 
2079 


3069 
3080 
3091 


4277 
4290 

4303 


5685 
5700 

5715 


7293 
7310 
7327 


9101 
9120 
9i39 


16 

3 


9 

XX 

»3 


59 


246 
249 
252 


660 

S 65 

670 


1274 
1281 
1288 


2088 

2097 
2106 


3102 
3»3 
3124 


43i6 
4329 
4342 


5730 

5745 
5760 


7344 
73*1 

7478 


9158 

9177 
9190 


81 


*3 

*7 
X9 # 


60 


256 


676 


1296 


21 16 


3136 


4356 


5776 


7396 


9216 


00 


ss 


6i 
62 
63 


2<9 
202 
265 


681 

686 
691 


1303 
1310 

1317 


2125 
2134 
2143 


3H7 
3158 
3169 


43{>9 
4382 
4395 


ins 

5&1 


7413 
7430 
7447 


9235 
9254 
9273 


21 


93 
27 




268 
272 
275 


696 
702 
707 


1324 
1332 
1339 


2152 
2162 
2171 


3180 
3192 
3203 


4408 
4422 
4435 


5836 


7464 
7482 
7499 


9292 
9312 

933i 


96 


*9 
3i 
33 


8 

69 


278 
252 
285 


712 
7i8 
723 


1346 
1354 
1301 


2180 
2190 
2199 


3214 
3226 

3237 


4448 
4402 
4475 


5882 
5898 
5913 


7516 
7534 
7551 


935o 
9370 
9389 


89 
61 


35* 

37 
39* 


70 


289 


729 


1369 


2209 


3249 


4489 


5929 


7569 


9409 


00 


4* 


7i 
7a 

73 


292 
295 
299 


734 
739 
745 


1376 

1383 

•1391 


2218 
2227 
2237 


3260 

3271 
32*3 


4502 
4515 
4529 


5944 
5959 
5975 


7586 
7803 
7621 


9428 

9447 
9467 


39 


43 

45 # 

47 


74 

9 


306 
309 


750 


1398 
1406 

1413 


2246 
2256 
2205 


3294 
33™ 
3317 


4542 
45|6 
4569 


6021 


2 3 f 
7656 

7673 


9486 
9506 
9525 


76 
9 


49* 
53* 


79 


313 
318 
320 


167 
778 


1421 
1428 
1436 


2275 
2284 
2294 


3329 
3340 
3352 


4583 
4596 
4610 


6037 

0000 


7691 
7708 
.7726 


9545 
95J4 
9584 


41 


55 

57* 
59* 


80 


3*4 


7*4 


1444 


2304 


33^4 


4624 


6084 


7744 


9604 


00 


6z 


81 
82 
83 


3*7 
331 
334 


789 
81 


1451 

38 


2313 
2323 
2332 


3375 
33*7 
3398 


4f37 
ft 


6099 
61 15 
6130 


7761 
777? 
7796 


9f23 

88 


61 

S 4 
89 


«3* 

65 

67* 


f 4 
1 


338 
342 
345 


806 
812 
817 


1474 
1482 
1489 


2342 
2352 
2361 


34io 
3422 

3433 


4678 
4692 
4705 


6146 
6162 
6177 


£32 
7849 


9682 

9702 
9721 


56 

9 


«9* 

7» 
73* 


89 


349 
353 
357 


823 
829 
835 


1497 
1505 

1513 


2371 
2381 
2391 


3445 
3457 
3W 


4719 
4733 
4747 


6193 
6209 
6225 


7903 


9741 
978i 


69 
44 
21 


75* 

►77* 

79* 


00 


361 


841 


1521 


2401 


348i 


4761 


6241 


7921 


9801 


00 


81 


91 
9a 

93 


372 


846 

852 
858 


1528 
1536 
1544 


2410 
2420 
2430 


3492 
35<H 
3516 


3S 


6a 5 6 
6272 
6288 


793f 
7956 
7974 


9820 
9860 


81 
64 
49 


83* 
«5* 
87* 


94 


384 


f* 4 
870 

876 


1552 
1500 
1568 


2440 
2450 
2400 


3528 
3540 
3552 


4816 
4830 
4844 


6304 
6320 
6336 


7992 
8010 
8028 


9880 
9900 
9920 


36 
3 


89* 
9** 
93* 


9 

99 


388 
396 


882 
888 


1576 
1584 
1592 


2470 
2480 
2490 


3564 

3522 
35» 


4858 


S8 
6384 


8082 


9940 
9960 
998o 


09 
04 
01 


*: 

97* 
99 


100 


400 


900 


1600 


2500 


3600 


4900 


6400 


8100 


IOOOO 


00 
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TABLE VIII.— DECIMALS OF DAY INTO HOURS, Etc. 
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D. 


H. M. S. 


H. M. S. 
IOO 


H.M.S. 


D. 


H. M. S. 


H. M. S. 
IOO 


H.M.S. 


IOO* 


IOO* 


d. 


A. m. s. 


m. s. 


S. 


d. 


rl» fft, S» 


tn. s. 


S. 


O.OI 
0.02 
O.O3 
O.O4 
O.O5 


14 24 
28 48 

043 " 

57 36 

1 12 


8.64 
17.28 
25.92 
34.56 
43.20 


O.O9 
O.I7 
O.26 
O.35 
0.43 


0.51 
0.52 
o.53 
o.54 
o.55 


12 14 24 
12 28 48 
12 43 12 

12 57 36 

13 12 O 


7 20.64 
7 29.28 
7 3792 
7 46.56 
7 55-20 


4.41 
4.49 
4.|8 
4.67 
4.75 


O.06 
O.07 
O.08 
O.O9 
O.IO 


1 26 24 
1 40 48 

1 55 12 

2 9 36 
2 24 0. 


51.84 

1 0.48 
1 9.12 
1 17.76 
1 26.40 


O.52 
O.60 
O.69 
O.78 
O.86 


0.56 
0.57 
0.58 
0.59 
0.60 


13 26 24 
13 40 48 

13 55 12 

14 9 36 

14 24 O 


8 3.84 
8 12.48 
8 21.12 
8 29.76 
8 38.40 


4.84 
492 
5.0I 

5.18 


O.II 

O.I2 

0.13 

0.14 

0.15 


2 38 24 

2 52 48 

3 7 12 

3 21 3 6 
3 36 


1 3504 
1 4368 

1 52.32 

2 0.96 
2 9.60 


O.95 
I.04 
1. 12 
1. 21 
I.30 


0.61 
0.62 
0.63 
0.64 
0.65 


14 38 24 

14 52 48 

15 7 12 
15 21 36 
15 36 O 


8 4704 
855.68 

9 432 
9 12.96 
9 21.60 


536 
544 
553 
5.62 


0.16 

0.17 
0.18 
0.19 
0.20 


3 $o 24 

4 448 
4 19 12 

4 33 36 
448 


2 18.24 
2 26.88 
2 35.52 
2 44.16 
2 52.80 


1.38 

'I 6 
I.64 

1.73 


0.66 
0.67 
0.68 
0.69 
0.70 


I| 50 24 
l6 4 48 
l6 19 12 
16 35 36 

1648 O 


9 3024 
9 38.88 
9 4752 
9 56.16 
10 4.80 


570 
579 
5.88 

I 96 
6.05 


0.21 
0.22 
0.23 
0.24 
0.25 


5 2 24 
5 16 48 
5 3i 12 
5 45 36 
600 


3 1.44 
3 10.08 
3 18.72 
3 2 7.36 
3 3600 


1. 8l 
I.90 
1.99 
2.07 
2.l6 


0.71 
0.72 

o.73 
0.74 
0.75 


17 2 24 
17 16 48 
17 31 12 

17 45 36 

18 


10 13.44 
10 22.08 
10 30.72 
10 39.36 
10 48.00 


6.13 
6.22 

5:8 


0.26 
0.27 
0.28 
0.29 
0.30 


6 14 24 
6 28 48 
6 43 12 

6 57 36 

7 12 


34464 

3 5328 

4 192 
4 10.56 
4 19.20 


2.25 

2.33 
2.42 
2.51 

259 


0.76 

o.77 
0.78 

0.79 
0.80 


18 14 24 
18 28 48 

18 43 12 

18 57 36 

19 12 


10 56.64 

11 5.28 
11 1392 
11 22.56 
11 31.20 


%% 
6.74 
6.83 
0.91 


0.31 
0.32 
0.33 
0.34 
0.35 


7 26 24 

7 4048 

I SS l l 

8 936 

8 24 


4 27.84 
4 3648 
4 45.12 

4 5376 

5 2.40 


2.68 
2.76 
2.85 
2.94 
3.02 


0.81 
0.82 
0.83 
0.84 
0.85 


19 26 24 
19 40 48 

19 55 12 

20 9 36 
20 24 


11 30.84 
11 48.48 

11 57.12 

12 5.76 
12 14.40 


7.00 
7.08 

7.17 
7.36 

7-34 


0.36 

0.37 
0.38 
0.39 

0.40 


8 38 24 

8 52 48 

9 7 12 
9 21 36 
9 36 


5 "-04 
5 10.68 

5 *£ 

5 36.96 
54560 


3.11 
3.20 
3.28 
337 
346 


0.86 
0.87 
0.88 
0.89 
0.90 


20 38 24 

20 52 48 

21 7 12 
21 21 36 
21 36 


12 23.04 
12 31.68 
12 40.32 
1248.96 
12 57.60 


7-43 
7.52 

7$P 

?:9 


0.41 
0.42 
0.43 
0.44 
0.45 


9 5o *4 
10 4 48 
10 19 12 
10 35 36 

1048 


1 *% 

6 2.88 

6 11.52 
6 20.16 
628.80 


363 
372 

3.89 


0.91 
0.92 
0.93 
0.94 
0.95 


21 50 24 

22 448 
22 19 12 
22 35 36 
22 48 


13 6.24 
13 14.88 
13 23.52 
13 32.16 
13 40.80 


7.86 

795 
8.O4 

8.12 
8.21 


0.46 
0.47 
0.48 
0.49 

0.50 


11 2 24 
11 16 48 
11 31 12 

11 45 36 

12 


6 37.44 
646.08 

654.72 

7 336 
7 12.00 


397 
4.06 

4.15 
423 
4.32 


0.96 
0.97 
0.98 
0.99 
1. 00 


23 2 24 
23 16 48 
23 31 12 

23 45 36 

24 


*3 4*44 

13 5§.o8 

14 6.72 
14 15.36 
14 24.00 


8.29 

8.38 
8.47 

T f-55 

8.64 



02 






TABLE 


DC— ARC INTO TIME AND VICE VERS 


A- 






O 


JLm. 





JLm. 





*.«. 





JLm. 





JLm. 





JLm. 


/ 


m.M* 


// 


- 1 


o 





60 


4 ° 


120 


8 


ito 


12 


240 


16 


y» 


20 


O 





O 


0.000 


I 

2 


°ot 


61 
62 


it 


121 
122 


It 


181 
183 


12 8 


241 
242 


16 1 
16 8 


30i 
302 


£1 


I 


SI 


2 


0.066 
©•133 


3 


O 12 


*3 


4 1* 


"3 


8 12 


*f3 


12 12 


«43 


16 12 


303 


20 12 


3 


12 


3 


0.200 


4 


O l6 


64 


4 '6 


124 


8 16 


•«4 


12 16 


244 


16 16 


304 


20 16 


4 


16 


4 


0.266 


i 


O 20 
O 24 
O 2& 
O 32 




4 20 

4 £ 


3 

3 


820 
8 24 
828 

5£ 


3 


12 20 
12 24 
12 28 
ia 32 


246 

3 


16 20 
16 24 
1628 
1632 


a 


20 20 
20 24 
20 28 
20 32 


i 


20 
24 
28 
032 


i 
I 


0-333 
0.400 
0.466 

0.000 


9 


O 36 


69 


436 


129 


836 


189 


12 36 


249 


16 36 


3°9 


20 36 


9 


36 


9 


IO 


O 40 


To 


440 


130 


8 40 


190 


12 40 


250 


16 40 


310 


20 40 


10 


040 


10 


0.666 


ii 

12 


O 48 


7i 
72 


\t 


131 
132 


f? 


191 
192 


1244 
12 48 


251 
252 


£2 


3" 
3«2 


2044 
2048 


11 
12 


048 


12 


0.733 
0.800 


13 


O52 


73 


452 


«33 


f 5 ? 


»93 


1252 


253 


16 52 


313 


20 52 


"13 


52 


«3 


0.866 


M 


O 56 


74 


456 


"34 


856 


194 


12 56 


254 


16 56 


3*4 


20 56 


14 


56 


M 


0.933 


»5 


I O 


9 


5 ° 


3 


9 


'?§ 


13 


255 
250 


17 


3, 2 

3i6 


21 


ii 


1 


15 


1. 000 


ifi 


5 t 

1 12 


5 ** 


9 * 
9 « 
9 12 


196 


13 * 
13 12 


17 i 
17 8 

17 12 


21 4 
21 8 
21 12 


I t 

1 12 


16 


1.066 


\l 


9 


3 


3 


all 


3I Z 
318 


ii 


18 


*-«33 
1.200 


19 


1 16 


79 


5 « 6 


«39 


9 16 


199 


13 16 


259 


17 16 


319 


21 16 


19 


1 16 


19 


1.266 


20 


1 20 


80 


5 20 


140 


9 20 


200 


13 20 


26O 


17 20I 


320 


21 20I 


20 


1 20 


20 


« 333 


21 
22 


13 


81 
82 


i^ 


141 
142 


924 
9 28 


201 
202 


1324 
13 28 


26l 
262 


1724 
17 28 


321 
322 


21 24 
21 28 


21 
22 


IS 


21 
22 


1.400 
1.466 


23 


1 ?! 


! 3 


5 2 


M3 


93? 


203 


1332 


IP 


>7 3J 


323 


21 32 


«3 


1 32 


23 


! §33 

1. 000 


24 


1 36 


«4 


536 


144 


936 


204 


«3 36 


264 


1736 


324 


21 36 


24 


136 


24 


2 
S 


1 40 

I 44 

I 48 
1 52 


is 


540 

552 




940 
9 44 
94* 
952 


3 

3 


13 40 
13 44 
I3 4» 
«3 52 


a 

s 


1740 
17 44 
1748 
1752 




3 


21 40 
21 44 
21 48 
21 52 


3 

-2 


1 40 

:* 

» 5» 




1.666 

1 733 
1.800 
1.866 


29 


I 56 


89 


5 56 


149 


956 


209 


«3 5* 


269 


1756 


329 


21 56 


29 


156 


29 


1 933 


30 


2 O 


90 


6 


150 


10 


210 


14 


270 


18 


330 


22 


30 


2 O 


30 


2.000 


3" 

32 


;i 


91 

92 


II 


151 
152 


10 8 


211 
212 


14 t 
14 8 


271 
27a 


18 * 
18 8 


331 
332 


22 t 
22 8 


3* 
32 


:i 


3' 
32 


2.066 
2 133 


33 


2 12 


93 


6 12 


153 


10 12 


213 


14 12 


273 


18 12 


333 


22 12 


33 


2 12 


33 


2.200 


34 


2 16 


94 


6 16 


154 


10 16 


214 


14 16 


274 


18 16 


334 


22 16 


34 


2 16 


34 


2.266 


3 


2 20 
2 24 
2 28 
2 32 


s 

9 


6 20 
6 24 
628 

2£ 


3 


10 20 
10 24 
10 28 
10 32 


"5 

210 

217 
218 


14 20 
1424 
14 28 
1432 


3 
3 


18 20 
18 24 
1828 
18 32 




22 20 
22 24 
22 28 
22 32 


9 


2 20 
2 24 
2 28 
232 


9 


2333 
2.400 
2.466 

2 533 
2.600 


39 


236 


99 


6 36 


159 


10 36 


219 


1436 


279 


1836 


339 


22 36 


39 


2 36 


39 


40 


2 40 


100 


6 40 


160 


10 40 


220 


1440 


280 


18 40 


340 


22 40 


40 


2 40 


40 


2.666 


41 
42 


2 48 


101 
102 


S3 


161 
162 


10 48 


221 
222 


1448 


281 

282 


!!$ 


341 

342 


2244 
22 48 


42 


:a 


42 


2 733 
2.800 


43 


2 52 


103 


6 52 


163 


1052 


223 


1452 


283 


*!S 


343 


22 52 


43 


2 52 


43 


2.866 


44 


2 56 


104 


6 56 


164 


10 56 


224 


1456 


284 


18 56 


344 


22 56 


44 


2 56 


44 


2.933 


45 
46 


3 

it 

3 12 


3 


7 

7 12 


a 


II 

ii t 

n 12 


3 


15 

15 i 
15 12 


a 


19 

19 8 
19 12 


340 


23 

23 t 
23 8 
23 12 


3 


3 

3 i 
3 * 
3 12 


3 


3.000 
3.066 


:3 


IS 


3 


3 


2 M 


$ 


8 


t 


3 133 
3.200 


49 


316 


109 


7 16 


169 


n 16 


229 


15 16 


289 


19 16 


349 


23 16 


49 


316 


49 


3266 


50 


3 20 


no 


7 20 


170 


n 20 


230 


15 20 


290 


19 20 


350 


23 20 


50 


3« 


50 


3333 


51 
52 


3 28 


in 
112 


7 2A 

7 28 


171 
172 


ii3 


231 
232 


15 24 
15 28 


291 

292 


1924 
19 28 


351 

352 


23 2A 
23 28 


5' 
52 


is 


51 
52 


3 1S 
3.466 


53 


332 


113 


732 


173 


11 32 


233 


15 32 


293 


1932 


353 


23 32 


53 


3 32 


53 


3 533 
3.000 


54 


336 


114 


736 


174 


11 36 


234 


1536 


294 


1936 


354 


2336 


54 


336 


54 


9 

ii 


340 


US 

m 


740 


a 


11 40 


235 
238 
237 

23* 


15 40 


3 

3 


1940 


355 
350 

S 


23 40 




340 


1 


3666 


S3 

3 5; 


?3 

7 52 


11 w 


1548 
15 52 


19 44 
1948 
1952 


23 44 
23 4* 
23 52 


IS 

3 P 


3 •00 

3.866 


59 


3 56I «9 


7 56|i79 


11 S 6 


239 


15 56 


299 


19 56 


359 


23 56 


59 


356 


59 


3933 





TABLE Xa. 


—TO CO* 


JVERT MEAN INTO SIDEREAL TIME. 


10; 


Mean T. 


Correction. 


MeanT. 




Mean T. 


v^orfpcuon. 


Corr. for min. 


COflGCtlOU* 




+ . 


• 


+ 




+ 


and sec. 


k. m. 


m. s. 


h. m. 


m. s. 


h. m. 


m. s. 


m. s. s. 


o o 


0.00 


8 


1 18.85 


16 * 


2 37.7o 


10 


0.03 


IO 


164 


10 


20.50 


10 


3935 


20 


0.05 
0.08 


20 


3-*9 


ao 


23.14 
33.78 


30 


40.99 


30 


30 


493 

i 57 


30 


30 


42.65 
4428 


40 
5o 


O.II 

0.14 


40 


40 


25.42 


40 


50 


8ai 


5o 


27.07 


5o 


4592 


1 
10 


0.16 
0.19 
0.22 














20 


1 


9.86 


9 


1 28.71 


17 


2 4756 


30 


0.25 


10 


11.50 


10 


30.35 


10 


49.20 


40 


0.27 


30 


13.4 


ao 


31.99 


ao 


50.85 


5o 


0.30 


30 


1473 
16.43 


30 


3364 
35.28 


30 


5249 


a 


033 
0.36 


40 


40 


40 


54.13 


10 


5o 


18.07 


50 


36.92 


50 


5577 


ao 
30 


0.38 
0.41 


3 


19.71 


10 


1 38.56 


18 


2 5742 


40 
50 


0.44 
047 


10 


ai.36 


10 


40.21 


10 


59.06 


30 


33.00 


ao 


41.85 


20 


3 0.70 


3 


0.49 


30 


2:3 

27.93 


30 


4349 


30 


2.34 


10 

30 


0.52 

0.55 
0.57 
0.00 


40 
50 


40 
50 


45.14 
46.78 


40 
50 


399 
563 


30 
40 














50 


0.63 


3 


39.57 


11 


1 4842 


19 


3 727 
8.92 


4 


0.66 


10 


31.21 


10 


50.06 


10 


10 


0.68 


ao 


32.86 


ao 


51.71 


20 


10.56 


30 


0.71 


30 


3f50 
36.4 
37.78 


30 


5335 


30 


12.20 


30 


0.74 


40 
50 


40 
5o 


5499 
56.64 


40 
50 


1384 
15.49 


40 
50 


0.77 
0.79 














5 


0.82 


4 


3943 


12 


1 58.28 


20 


3 17.13 


10 

30 


0.85 
0.80 


10 


41.07 


10 


5992 


10 


18.77 


30 
40 


0.90 

093 
0.90 


ao 


42.71 


20 


a 1.56 


20 


20.42 


30 
40 


4435 
46.00 


30 
40 


321 

I 85 
6.49 


30 
40 


22.06 
2370 


50 

6 
10 


50 


4764 


50 


50 


2534 


0.99 
1. 01 














30 


1.04 


5 


49.28 


13 


2 8.13 
9.78 


21 


3 26.99 


30 


1.07 


10 


50.92 


10 


10 


28.63 


40 


1. 10 


ao 


52 57 


20 


11.42 


20 


30.27 


50 


1. 12 


30 


54.21 


30 


13.06 


30 


31.91 


7 


!:!§ 


40 


55.85 


40 


14.70 
16.35 


40 


3356 


10 


50 


5750 


50 


50 


3520 


30 


1. 21 


6 


59.4 

1 0.78 


14 


a 17.99 


23 O 


3 36.84 


30 
40 
50 


123 

1.30 
1.29 


10 


10 


19.63 
21.28 


IO 


38.48 


ao 


2.42 


ao 


20 


40.13 


8 


I 31 


30 


407 


30 


22.92 


30 


41.77 


10 


'•34 


40 


571 


40 


34.56 


40 


4341 


30 


'37 


So 


735 


50 


26.20 


50 


4506 


30 
40 
50 


1.40 
1.42 
I.45 


7 
10 
ao 


1 9.00 
10.64 
13.38 


15 
10 
ao 


a 37.85 
2949 
31.13 


23 O 
IO 
20 


3 46.70 
48.34 
4998 


9 
10 
20 


1.48 
1.50 

'53 
1.56 


*> 


139a 


30 


32.77 


30 


51.63 


30 


40 


1557 


40 


H*Z 


40 


53.27 


40 


1.62 


«o 


17. ai 


so 


36.06 


50 


Digitr**^ ' 


jO(J*2 
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TABLE XJ.- 


-TO CONVERT SIDEREAL INTO MEAN TIME. 




Sid. T. 


Correction. 


Sid.T. 


Correction. 


Sid. T. 


Correction. 


Con*, for min. 




— 




— 




— 


and sec. 


k. m. 


m. s. 


h. m. 


m. s. 


h. m. 


M. S. 


m. s. s. 


o o 


0.00 


8 


1 18. 64 
20.28 


16 


2 3727 


10 


0.03 


IO 


3.2* 
4.92 


10 


10 


38.91 


ao 


0.05 
0.08 

O.II 

0.14 


ao 

30 


20 
30 


21.91 
23.55 


ao 

30 


40.55 
42.19 


30 
40 
50 


40 


6.55 


40 


3:g 


40 


4383 


50 


8.19 


5o 


SO 


4546 


1 
10 


0.16 
0.19 




. 










ao 


0.22 


1 


9.83 


9 


1 28.47 


17 


2 4JI.IO 


30 


0.25 


10 


11.47 


10 


30.10 


10 


48.74 


40 


0.27 


ao 


13." 


20 


31.74 


ao 


50.38 


50 


0.30 


30 


4.74 
1638 


30 


3338 


30 


52.02 


a 


0.33 


40 


40 


35-« 


40 


53.66 


10 


0^38 


50 


18.03 


50 


3666 


50 


5529 


ao 














30, 


0.41 


a 


19.66 


10 


1 38.30 


18 


2 56.93 


40 
50 


0.44 

0.47 


10 


21.30 


10 


3993 


10 


58.57 




TO 


22.94 


ao 


41.57 


20 


3 0.21 


3 
10 


0.49 
0.52 
55 


30 


24.57 


30 


43-21 


30 


3*48 
5.12 


20 


40 
50 


26.21 
27.85 


40 
50 


4485 
46.49 


40 
50 


30 
40 


0.57 
0.60 














50 


0.63 


3 


29.49 


11 


1 48.12 


19 


3 6.76 


4 


0.66 


10 


31.13 


10 


4976 


10 


8.40 


10 


0.68 


30 


32.76 


20 


51.40 


20 


10.04 
11.68 
1332 


20 


0.71 
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